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1 Surreal Operations and Relations

Notation. We use < as an infix operator corresponding to applying term
SNoLt. We use < as an infix operator corresponding to applying term
SNoLe. We use + as a right associative infix operator corresponding to ap-
plying term add _SNo. We use —— as a prefix operator corresponding to
applying term minus SNo. We use *x as a right associative infix operator
corresponding to applying term mul SNo. We use + as an infix opera-
tor corresponding to applying term div_SNo. We use superscripts for the
operation corresponding to applying term exp SNo nat.

2 Integers and Diadic Rationals as Rings
Definition 2.1. We define subring_with_id to be

ARR'.Ring _with_id R A Ring _with_id R'A

R C R' A zero = zero A one = onée' A\
(Vzy € R.plus  y = plus’ x y)A
(Vaxy € Romult x y = mult’ x y)))

of type L — 1 — o.
Let Z be int.

Theorem 2.1. 7 C UnivOf Empty.



Proof. Proof unfinished. O
Theorem 2.2. Vn € Z.SNo n.
Proof. Proof unfinished. O]

Definition 2.2. We define intRing to be pack b b e e Z add SNo mul SNo (01
of type t.

Let ZR be intRing.
Theorem 2.3. C'Ring _with_id intRing.
Proof. Proof unfinished. O]
Definition 2.3. We define diadicrational to be SNoS  omega of type ¢.
Let D@ be diadicrational.
Theorem 2.4. Vx € UnivOf Empty.SNo x — x € DQ).

Proof. Proof unfinished. O]
Theorem 2.5. DQ C UnivOf Empty.

Proof. Proof unfinished. O
Theorem 2.6. Vo € DQ.SNo .

Proof. Proof unfinished. O]
Theorem 2.7. Z C DQ.

Proof. Proof unfinished. O

Theorem 2.8. Vn € int.Vm € omega.Nx.SNo v — xx2" =n — x € DQ.
Proof. Proof unfinished. ]
Theorem 2.9. Vr € DQ).3n € int.dm € omega.x * 2™ = n.

Proof. Proof unfinished. O
Definition 2.4. We define diadicrationalRing to be

pack b _b_e_e diadicrational add_SNo mul_SNo 0 1

of type t.



Let DQR be diadicrationalRing.
Theorem 2.10. C'Ring _with_id DQ.
Proof. Proof unfinished. m
Theorem 2.11. subring with id ZR DQR.
Proof. Proof unfinished. O]
Theorem 2.12. —Field ZR.
Proof. Proof unfinished. O]
Theorem 2.13. —Flield DQR.

Proof. Proof unfinished. O]

3 Ring Homomorphisms and Ideals
Definition 3.1. We define Ring_with _id Hom to be

ARR'g.Ring _with_id RN\ Ring with_id R'A

ge R Ag zero=zerd A g one = one'A
(Voy € R.g (plus x y) = plus’ (g x) (g y))A
(Voy € R.g (mult x y) = mult’ (g ) (9 y))))

of type t = 1t — 1 — o.

Definition 3.2. We define Ring_with _id _Ker to be

of type t =1 — 1 — L.
Theorem 3.1. Ring_with_id Hom ZR DQR (\x € int.z).
Proof. Proof unfinished. O]

Theorem 3.2. Ring with_id Ker ZR DQR (Az € int.x) = {0}.
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Proof. Proof unfinished. O
Definition 3.3. We define Ring_with_id Leftldeal to be

ARI : 1. Ring with_id RA

ICRAVre RVz e lmultrxzel)
of type L — 1 — o.
Definition 3.4. We define Ring_with_id Rightldeal to be

ARI : 1. Ring with _id RA

I CRAVre RVz € lomult x rel)
of type L — 1 — o.
Definition 3.5. We define Ring_with _id_Ideal to be
ARI : 1.Ring with_id R A Ring_with _id Leftldeal R I A Ring_with id Rightldeal R I
of type L — 1 — o.
Theorem 3.3.
VRR'g.Ring_with_id Hom R R' g — Ring_with_id Ideal R (Ring_with_id Ker R R’ g).
Proof. Proof unfinished. O]

Theorem 3.4.

VRI.Ring with id Ideal R I — 3dR'.Ring with_id R'A
Jg.Ring_with_id_Hom R R' g ARing_with id Ker R R g=1
Asurj (R 0) (R 0) (Ax.g x).

Proof. Proof unfinished. O]

Theorem 3.5.

VRI.CRing with_id R — Ring_with_id _ldeal R I — 3JR'.CRing_with_id R'A
Jg.Ring_with_id Hom R R’ g ARing_with_id Ker RR g=1
Asurj (R 0) (R 0) (Ax.g z).
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Proof. Proof unfinished. O
Definition 3.6. We define Ring_with _id Primeldeal to be

ARP.Ring_with_id _Ideal R PA P # R OA
VAB.Ring with id ldeal R A —
Ring with id Ideal RB > ANBCP > ACPVBCP

of type L — 1 — o.

Theorem 3.6.

VP.Ring_with _id Ideal ZR P —>1¢ P —
Vp € P.prime_nat p — Ring_with _id_Primeldeal ZR P.

Proof. Proof unfinished. O]
Theorem 3.7. VP.Ring_with_id Primeldeal ZR P — 1 ¢ P Adp € P.prime_nat p.
Proof. Proof unfinished. O

Definition 3.7. We define Ring_with_id univar_poly to be

{p € R°™9%|3n € omega.¥m € omega \ n.p m = zero})
of type v — ¢.
Definition 3.8. We define Ring_with _id univar_poly Ring to be

pack b b e e (Ring_with_id univar_poly R)
(App’ Ni € omega.plus (p i) (p' 7))
(App’ . Ni € omega.mult (p i) (p' 1))

(A\i € omega.zero)
(Ni € omega.if i =0 then one else zero))

of type L — ¢.

Theorem 3.8.

VR.Ring with_id R — Ring with _id (Ring_with_id univar_poly Ring R).
Proof. Proof unfinished. O
Theorem 3.9.

VR.CRing with_id R — CRing with_id (Ring_with_id univar_poly Ring R).
Proof. Proof unfinished. ]



4 Topology on Diadic Rationals

Theorem 4.1. diadic_open Empty.
Proof. We will prove

Empty C SNoS  omega
Vo € Empty.dn € omega.Vy € SNoS _ omega.
rT+—eps n<y—y<zxr+t+eps n—yec Empty

Apply andl to the current goal. Apply Subq Empty to the current goal.
Let = be given. Assume Hx: x € Empty. We will prove False. Exact
EmptyE x Hzx. O]

Theorem 4.2. diadic open DQ).

Proof. Proof unfinished. O]
Theorem 4.3. VXY C DQ.diadic_open X — diadic_open Y — diadic_open (X NY).
Proof. Proof unfinished. O

Theorem 4.4. VC.(VX € C.diadic_open X) — diadic_open (Union C').
Proof. Proof unfinished. m
Theorem 4.5.

Vey € DQ.x # y — JUV.
diadic_open U A diadic_open V Nxe e UANy e VAUNV =0.

Proof. Proof unfinished. ]
Definition 4.1. We define diadic_ rationals Cauchy seq to be

Ar.x € DQ"9 ANVn € omega.dM € omega.
Vij € omega\ M.—eps_ n<zxi+—zjAxi+—xj<eps n

of type L — o.
Definition 4.2. We define diadic_ rationals _seq_lim to be

Axy.x € D" AVn € omega.dM € omega.
Vi € omega \ M.—eps_ n<zi+—-yAzi+—y<eps n

of type L — 1 — o.



Theorem 4.6. Jx.diadic_rationals_ Cauchy seq x A Vy € D(Q).—diadic_rationals_seq lim x y.

Proof. Proof unfinished. O]
Theorem 4.7. Vx.SNox —x #0 — Ir.SNor — x*xr = 1.

Proof. Proof unfinished. O]
Theorem 4.8. Vxy.SNox — SNoy —y#0— 3¢.SNoqg—>y*xq==x.
Proof. Proof unfinished. ]

5 Reals

Theorem 5.1. Vzy € real.x +y € real.

Proof. Proof unfinished. O]
Theorem 5.2. Vxy € real.x x y € real.

Proof. Proof unfinished. O]
Theorem 5.3. Vay € real.z : / - y € real.

Proof. Proof unfinished. m
Theorem 5.4. explicit Field real 0 1 add SNo mul_ SNo.

Proof. Proof unfinished. O
Theorem 5.5. explicit OrderedField real 0 1 add _SNo mul _SNo SNolLe.
Proof. Proof unfinished. O
Theorem 5.6. explicit _ Reals real 0 1 add_SNo mul_SNo SNoLe.
Proof. Proof unfinished. O]
Theorem 5.7.

YU. TransSet U — ZF _closed U — omega € U —
explicit_ Field {x € U/SNo z} 0 1 add_SNo mul_SNo.

Proof. Proof unfinished. O]

Theorem 5.8.

YU. TransSet U — ZF _closed U — omega € U —
explicit Field {x € U[SNo z} 01 add SNo mul SNo.

Proof. Proof unfinished. O
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