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Let ty_2Flist 2Elist : 1= be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2FElist 2Elist A0) (1)
Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2FElist 2ENIL A 27a € (ty2FElist_2Elist
A_27a)

(2)

Definition 1 We define c.22Emin_2E_3D to be AA.\x € A \y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c2Emin_2E_3D_3D_3E to be AP € 2.0Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Definition 4 We define c_2Ebool 2E 21 to be A\A_27a : t.(A\VOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 5 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let ty_2FEpair 2Eprod : t1=-1=>1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)

(3)
Let c2Epair 2EABS __prod : t=1=1 be given. Assume the following.
VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
A27Ta A27b € ((ty-2Epair 2Eprod A-27a A_27b)(2* ™) 1)
(4)
Definition 6 We define c_2Epair 2E_2C to be A\A27a : t.NA27b : 1. A\V0x € A27a.\V1y € A_27b.(ap (c2F



Let ty 2FEone_2Fone : 1 be given. Assume the following.
nonempty ty_2Eone_2Eone (5)
Let ty 2Esum_2Esum : t=-1=-1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(6)

Let c2Esum 2EABS__sum : 1=t=-t be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c 2Esum 2FEABS__sum
A27a A27b € ((ty-2Esum_2Esum A_27a A,27b)(((2A727b)A727a)2))
(7)
Definition 7 We define c 2Esum_2EINL to be AA_27a : t.ANA27b : 1.A\V0e € A27a.(ap (c2Esum_2EABS_

Let ty_ 2FEoption_2FEoption : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty-2FEoption_2FEoption A0) (8)
Let c2FEoption_2Eoption__ABS : 1=t be given. Assume the following.

VA 2Ta.nonempty A27a=-c2FEoption_2Eoption__ABS A 27a € (9)
((ty,2E0pti0n,2Eoption A727a) (ty2Esum_2Esum A_27a ty,2Eone,2Eone))

Definition 8 We define c_2Eoption_ 2ESOME 0 be AA_27a : 1. A\VO0x € A 27a.(ap (c.2Eoption_2FEoption__~

Definition 9 We define c 2Emin_2E_40 to be \AAP € 24.4f (32 € Ap (ap P x)) then (the (\z.x € AAp
of type L1=>t.

Definition 10 We define c_2EDecode_2Edec2enc to be AA_27a : t.AV0d € ((ty-2Eoption_2FEoption (ty-2E}
Definition 11 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Eone_2Eone) (\V 0z € ty 2FEone_2
Definition 12 We define c_22Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV 0t € 2.V 0t)).

Definition 13 We define c_2Ebool 2E_TE to be (AV Ot € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 14 We define c 2Esum_2EINR to be AA_27a : t. N\A27b : t.AV0e € A 27b.(ap (c.2Esum 2EABS
Definition 15 We define c_2Eoption_2ENONE to be AA_27a : v.(ap (c-2Eoption_2Foption__ABS A_27a) (¢
Let ¢ 2Elist 2EAPPEND : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c2Flist 2EAPPEND A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))(ty,2Elist,2Elist A,27a))

(10)



Let c2Epair 2ESN D : t=-1=>1 be given. Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2Epair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(11)

Let c2Epair 2EF ST : 1=1= be given. Assume the following.

VA 27Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927Ta A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(12)

Definition 16 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA27b : t.AA27c: L. AVOf € ((14,27CA*27
Definition 17 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 18 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Definition 19 We define c 2EDecode_2Eenc2dec to be AA_27a : 1t.A\VOp € (24-27%).A\V 1e € ((ty-2Elist 2El
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (13)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (14)
Let c.2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS_num € (ty_ 2Enum_2Enum®™%) (15)
Definition 20 We define cC2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 21 We define c_2Earithmetic_ 2EZERO to be c_2Enum_2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (16)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™%) (17)

Definition 22 We define c 2Enum_2ESUC to be \VOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num

Let c 2Earithmetic2E_2B : 1 be given. Assume the following.

c.2Earithmetic2E 2B € ((ty_2Enum_2Enum!y-2Enum-2Enum )ty 2Enum_2Enum)
(18)

Definition 23 We define c 2Earithmetic_2EBIT2 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic



Definition 24 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Definition 25 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic
Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.
c2Earithmetic 2E 2D € ((ty_2Enum 2 EnumtY-2Enum-2Enum)ty 2Enum 2Enum )
Let c2FEarithmetic2EDIV : 1 be given. Assume the following. 1
c2FEarithmetic 2EDIV € ((ty_2Enum_2Enum!y-2Enum-2Enum )ty 2Enum-2Enum)
Let ¢ 2Elist 2ECONS : 1=t be given. Assume the following. 20

VA 27a.nonempty A_27a=c2Elist 2ECONS A27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(21)
Let c.2Farithmetic2EEV EN : 1 be given. Assume the following.

c2Earithmetic2EEV EN ¢ (2ty-2Pnum-2Enum) (22)

Definition 26 We define c 2Ecombin_2EK to be A\A_27a : t. \A27b : 1.(AVOx € A 2Ta.(A\V1y € A27b.V0x

Definition 27 We define c_2Ecombin_2ES to be AA_27a : t.AA27b : t.AA27c: 1. (AVOf € ((A,27CA*27Z’)A72'

Definition 28 We define c 2Ecombin_2E| to be AA 27a : 1.(ap (ap (c_2Ecombin 2ES A 27a (A 27a"-*"") A

Definition 29 We define c_2Erelation 2EWF to be AA_27a : tAVOR € ((24-279)"™) (ap (c_2Ebool 2E_21
Let c.2Ebool 2EARB : 1= be given. Assume the following.

VA 27a.nonempty A_2T7a=c2Ebool 2EARB A 27a € A27a (23)
Definition 30 We define c_2Erelation 2ERESTRICT to be AA_27a : t. AA_27b: L AVOf € (A2762-27%) AV 1]

Definition 31 We define c_2Erelation 2ETC to be A\A_27a : L. AVOR € ((24-270)**"") \V1a € A27a.\V2b

A_27a

Definition 32 We define c 2Erelation 2Eapprox to be AA_27a : t.AXA_27b : L A\VOR € ((24-279) )AVIM

A_27a

Definition 33 We define c_2Erelation_2Ethe_fun to be A\A_27a : t.AA_27b : L. \VOR € ((24-27%) ).AVIA

AT AV 1A

Definition 34 We define c 2Erelation 2EWFREC to be NA 27a : t. A\A_27b : 1. AVOR € ((24-272)

Definition 35 We define c_2EEncode_2Eencode__num to be (ap (ap (c_2Erelation_2EWFREC ty_ 2Enum_2E

Definition 36 We define c 2EDecode 2Edecode__num to be A\V0p € (2tv-2Enum-2Enum) (qp (qg (c_2EDecoc



Let ¢ 2Flist 2EisPREFIX : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2Elist 2EBisPREFIX A27a € ((2(tv-2Flist-2Blist A27a))(ty 2Elist 2Elist A27
(24)

Definition 37 We define c 2EEncode 2Ewf__encoder to be AA_27a : 1. AV Op € (24-27%). AV 1e € ((ty_2Elist.

Assume the following.

VA 27a.nonempty A 27a=(YV0p € (24-270) (VV1e €
((ty2Elist 2Elist 2)4-27%) (VV2x € A27a.(((p (ap (ap
(c_2EEncode_2Ewf__encoder A_27a) VOp) V1e))A(p (ap VOp V2x)))=
((ap (ap (c-2EDecode_2Edec2enc A_27a) (ap (ap (c_2EDecode_2Eenc2dec
A27a) VOp) Vle)) V2z) = (ap Ve V2z))))))

(25)
Assume the following.
(YVOp € (2tv-2Enum-2Enum) (4, (qp (ap (c_2EEncode 2Ewf__encoder (26)
ty_2Enum_2Enum) V0p) c_2EEncode_2Eencode__num)))
Assume the following.
True (27)

Assume the following.

(VVOt € 2.(((Truen(p VOL))<(p VOO))A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)AN((((p VOt)AFalse)<False)A  (28)

t)
(((p VOt)A(p VOt))=(p V01)))))))

Assume the following.

(VVOt € 2.(((True=-(p VOt))=(p VOO)A((((p VOt)=>True)&
True)AN(((False=(p VOt))=True) A((((p VOt)=(p VOt))=True)A(( (29)
(p VOt)=False)<(~(p V0t))))))))

Assume the following.

VA 27a.nonempty A27a=(VYV0x € A27a.(VO0z = VOz)&

True)) (30)

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €

A27a.(V0x = Viy)e(Viy = V0x)))) (81)

Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p VOt))
(p VOO))A(((Falses(p VOt))<(—(p VOt)))

p V0i)))))))

((((p VOt)eTrue)=

N
A(((p VOt)=False)=(—=( (32)



Assume the following.

(VVOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(0 V1E2)=(p V23))((p VODAG V1) = (p V23))) D)

Assume the following.

(VV0z € 2.(¥V1z.27 € 2.(¥V2y € 2.(YV3y.27 €
2.(((p VOz)=(p V1x27))A((p V1z27)=((p V2y)=(p V3y27))))= (34)
(((p VOz)=(p V2y))&((p V1z27)=(p V3y-27))))))))

Theorem 1

(VVOp € (2ty-2Enum-2Enum) (¢\/ 1y € ty 2 Enum_2Enum.
((p (ap VOp V1z))=((ap (ap (c-2EDecode_2Edec2enc ty_2Enum_2Enum)
(ap c_2EDecode_2Edecode__num V0p)) V1x) = (ap c_2EEncode_2Eencode__num

Viz)))))



