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Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € A.inj_o (x = vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 5 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 6 We define c_2Ebool 2E_2F_5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool _2E_21 2) (AV2t € :

Definition 7 We define c 2Emin_2E_40 to be NAAP € 24.4f (32 € A.p (ap P x)) then (the (\z.x € AAp
of type L1=-t.

Definition 8 We define c.2Ebool_2ECOND to be AA_27a : t.(AVOt € 2.(A\V1tl € A_27a.(AV2t2 € A 27a.(a
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c.2Farithmetic2E 2A : ¢« be given. Assume the following.
c2Earithmetic2E_2A € ((ty-2Enum_2EnumtY-2Fnum-2Enum)ty_2Enum-2Enum)
Let c.2Farithmetic2E 2B : 1 be given. Assume the following. 2

c2Earithmetic2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)

(3)



Let ty_2FEpair 2Eprod : t1=>1= be given. Assume the following.
VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(4)

Let c2Epair 2ESN D : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))

(5)

Let c2Epair 2EF ST : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A27a A2Tb € (A727a(ty,2Epair,2Eprod A_27a A,27b))

(6)
Definition 9 We define c_2Epair_2Epair__CASE to be AA_27a : t.NA_2Tb : L. NA27¢ : 1. AV 0p € (ty-2Epair_2

Let ty_2Foption_2FEoption : 1=t be given. Assume the following.
VAO0.nonempty A0=nonempty (ty_2Foption_2FEoption AQ) (7)
Let c.2FEoption_2FEoption__CASE : t=>1t=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2FEoption_2FEoption__ CASE
A927a A27b € (((A727b(A,27bA*27a))A,27b)(ty,QEoption,ZEoption A,27a))
(8)

Let ty_2Fone_2Fone : 1 be given. Assume the following.

nonempty ty_2Eone_2Eone (9)
Definition 10 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Fone_2Eone) (A\V0x € ty_2Fone_2
Definition 11 We define c_2Ebool 2E_7E to be (AVOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Let ty_2Esum_2FEsum : t=>t=>t be given. Assume the following.

VAO0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2Esum
A0 A1)
(10)
Let c2Esum 2EABS__sum : 1=>1=>1 be given. Assume the following.
VA 27a.nonempty A27a=VA_27b.nonempty A27b=c2Esum 2EABS__sum
2 _27a\2
A27a A27b € ((ty2Esum_2Esum A27a A_27b)((2*™)" 7707
(11)
Definition 12 We define c_2Esum_2EINR to be AA_27a : t.NA_27b : 1.AV0e € A27b.(ap (c2Esum_2EABS
Let c_2Foption_2FEoption__ABS : 1= be given. Assume the following.

YA 2Ta.nonempty A_27a=-c_2Eoption_2Eoption__ABS A 2Ta €

((ty,2E0pti0n,2E0ption A727a)(ty,2Esum,2Esum A_27a ty,ZE'one,2Eone)) (12)



Definition 13 We define c_2Eoption_2ENONE to be AA_27a : v.(ap (c-2Eoption_2Foption__ABS A_27a) (c
Let ty 2Flist 2Elist : 1= be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty_2Elist 2Elist A0) (13)
Let ¢ 2Elist 2Elist_CASE : 1=1=1 be given. Assume the following.

YA 27a.nonempty A_27a=VA_27b.nonempty A 27b=c 2Flist 2Flist_ CASE
A27a A2Tb € (((A27p((A-2Tp(tv-2rtist-2tist A*27“))A’27"'))A,27b)(ty,2Elist,2Elist A-27a))

(14)
Let c2Epair 2EABS __prod : 1=1=>1 be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=-c 2Epair 2EABS__prod

A27a A27b € ((tnyEpaihQEprod A 27a A727b)((2A727b)A727a))
(15)

Definition 14 We define c 2Epair 2E 2C to be N\A 27a : t. \A27b : 1. AV0x € A27aAV1y € A 27b.(ap (c2
Definition 15 We define c_2Esum_2EINL to be NA_27a : 1t.NA_27b : 1.AV0e € A 27a.(ap (c2Esum_2EABS
Definition 16 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c.2Eoption_2Eoption__
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (16)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum’™9%) (17)

Definition 17 We define cC2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Let c.2E Decode 2Edec__bnum : ¢ be given. Assume the following,.

¢2EDecode_2Edec__bnum € (((ty-2Foption_2Eoption (ty-2Epair_2Eprod
ty,QEnum,QEnum (ty,ZElzst,QElzst 2)))(ty,2Elist,2Elist 2) )ty,2E'num,2E'num)

Let c2Enum 2EREP__num : ¢ be given. Assume the following. "
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (19)

Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™9%) (20)

Definition 18 We define c 2Enum_2ESUC to be \VOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num
Definition 19 We define c 2Earithmetic_2EBIT2 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic

Definition 20 We define c_2Earithmetic_2EZERO to be c_2Enum_2EO.



Let c.2Farithmetic2E 2D : . be given. Assume the following.

c2Earithmetic2E_2D € ((ty-2Enum_ 2 EnumtY-2Enum-2Enum)ty_2Enum-_2Enum)
(21)

Definition 21 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 22 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Assume the following.

((WVOl € (ty-2Elist 2Elist 2).((ap (ap c.2EDecode_2Edec__bnum
c_2Enum_2EQ) V0I) = (ap (c2Eoption 2ESOME (ty_2FEpair_2Eprod
ty 2Enum_2Enum (ty_2Flist 2Elist 2))) (ap (ap (c-2Epair_2E_2C
ty_2Enum_2Enum (ty_2Elist 2Elist 2)) c.2Enum_2E0) V01))))A
(VV1im € ty 2Enum_2Enum.(VV 2l € (ty_2Elist_2Elist
2).((ap (ap c.2EDecode_2Edec__bnum (ap c2Enum_2ESUC V1m)) V2I) =
(ap (ap (ap (c-2Elist 2Elist_CASE 2 (ty_2FEoption_2Eoption (
ty_2Epair 2Eprod ty_2Enum_2Enum (ty-2Elist_2Elist 2)))) V2I)
(c-2Eoption_2ENONE (ty-2Epair_2Eprod ty_2Enum_2Enum (ty-2Elist_2Elist
2)))) (A\V3h € 2.(A\V4t € (ty-2Elist_2Elist 2).(ap (ap (
ap (c2Eoption_ 2FEoption__CASE (ty_2Epair 2Eprod ty 2Enum_2Enum
(ty2Elist 2Elist 2)) (ty_2FEoption_2Eoption (ty_2Epair 2Eprod
ty2Enum_2Enum (ty-2Elist 2Elist 2)))) (ap (ap c-2EDecode_2Edec-_bnum
V1m) V4t)) (c-2Eoption_2ENONE (ty-2Epair_2Eprod ty_2Enum_2Enum
(ty2Elist_2Elist 2)))) (AVbv € (ty-2Epair_2Eprod ty_ 2Enum_2Enum
(ty-2Elist_2Elist 2)).(ap (ap (c-2Epair_2Epair__CASE (ty_2Eoption_2Eoption
(ty_2Epair 2Eprod ty 2Enum_2Enum (ty 2Elist 2Elist 2))) ty 2Enum_2Enum
(ty2Elist_2Elist 2)) Vbv) (A\V6n € ty_2Enum_2Enum.(AVTt_27 €
(ty-2Elist_2Elist 2).(ap (c2Eoption_2ESOME (ty-2Epair_2Eprod
ty-2Enum_2Enum (ty-2Elist 2Elist 2))) (ap (ap (c-2Epair_2E_2C
ty_ 2Enum_2Enum (ty_2Elist 2Elist 2)) (ap (ap c.2Earithmetic 2E 2B
(ap (ap c2FEarithmetic2E 2A (ap c_2Earithmetic 2ENUMERAL (ap
c_2Earithmetic_2EBIT2 c_2Earithmetic_.2EZERO))) V6n)) (ap (ap
(ap (c2Ebool 2ECOND ty_2Enum_2Enum) V3h) (ap c_2Earithmetic.Z2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic_2EZERO))) c_2Enum_2E0)))

VTt2m))))))
(22)



Assume the following.

VA_27a.nonempty A27a=(VVOf € ((A27atV-2Enum-2Enum)ty 2Enum_2Enum)
(VV1g € (A27qty-2Enum-2Enum) (¢ 2n € ty 2Enum_2Enum.

((ap V1g (ap c2Enum_2ESUC V2n)) = (ap (ap VOf V2n) (ap c2Enum_2ESUC
V2n))))e((VV3n € ty-2Enum_2Enum.((ap V1g (ap c2Earithmetic 2ENUMERAL
(ap c_2Earithmetic 2EBIT1 V3n))) = (ap (ap VOf (ap (ap c2Earithmetic 2E_2D

(ap c_2Earithmetic2ENUMERAL (ap c_2Earithmetic 2EBIT1 V3n)))
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_ 2EZERO))))
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 V3n)))))A
(VVdan € ty2Enum_2Enum.((ap V1g (ap c2EarithmeticZ2ENUMERAL
(ap c2Earithmetic_2EBIT2 V4n))) = (ap (ap VOf (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT1 V4n))) (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT2 V4n)))))))))
(23)
Assume the following.

(VVotl € 2.(VV1t2 € 2.(((p VOt1)=(p V1t2))=(((p

V162)=(p VOt1))=((p VOI1)=(p V1t2)))))) (29)



Theorem 1

((VVOI € (ty2Elist2Elist 2).((ap (ap c2EDecode_2Edec__bnum
c_2Enum_2EQ) V0I) = (ap (c_2Eoption_2ESOME (ty_2FEpair 2Eprod
ty 2Enum_2Enum (ty_ 2Elist 2Elist 2))) (ap (ap (c_2Epair_2E_2C
ty2Enum_2Enum (ty-2Elist 2Elist 2)) c.2Enum_2EQ0) V0I))))A
(VV1m € ty-2Enum_2Enum.(NYV2l € (ty2Elist_2Elist
2).((ap (ap c-2EDecode_2Edec-_bnum (ap c_2EarithmeticZ2ENUMERAL
(ap c2Earithmetic 2EBIT1 V1m))) V2I) = (ap (ap (ap (c2Elist 2Elist._ CASE
2 (ty_2FEoption_ 2Foption (ty_2Epair 2Eprod ty_ 2Enum_2Enum (
ty_2FElist_2Elist 2)))) V2l) (c_2Eoption_2ENONE (ty_2Epair_2Eprod
ty2Enum_2Enum (ty-2Elist 2Elist 2)))) (AV3h € 2.(A\V4t €
(ty-2Elist 2FElist 2).(ap (ap (ap (c-2Eoption_2Foption__CASE
(ty2Epair 2Eprod ty_2Enum_2Enum (ty_2Elist 2Elist 2)) (ty-2Foption_2FEoption
(ty2Epair 2Eprod ty_2Enum_2Enum (ty-2Elist 2Elist 2)))) (
ap (ap c2EDecode 2Edec__bnum (ap (ap c.2Earithmetic 2E 2D (ap
c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 V1m))) (
ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZERO))))
V4t)) (c2Eoption 2ENONE (ty_2Epair_2Eprod ty_2Enum_2Enum (
ty 2Elist 2Elist 2)))) (A\Vbv € (ty_2Epair 2Eprod ty_2Enum_2Enum
(ty_2FElist 2Elist 2)).(ap (ap (c2Epair 2Epair__CASE (ty_2FEoption_2FEoption
(ty-2Epair 2Eprod ty2Enum_2Enum (ty_2Elist 2Elist 2))) ty-2Enum_2Enum
(ty2Elist_2Elist 2)) V5v) (A\V6n € ty_2Enum_2Enum.(AVTt27 €
(ty-2Elist_2Elist 2).(ap (c2Eoption2ESOME (ty_2Epair_2Eprod
ty 2Enum_2Enum (ty2Elist 2Elist 2))) (ap (ap (c-2Epair2E_2C
ty 2Enum_2Enum (ty_2Elist 2Elist 2)) (ap (ap c2Earithmetic2E 2B
(ap (ap c2Earithmetic.2E_2A (ap c-2Earithmetic 2ENUMERAL (ap
c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO))) V6n)) (ap (ap
(ap (c2Ebool 2ECOND ty_2Enum_2Enum) V3h) (ap c2Earithmetic. 2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic_2EZERO))) c_2Enum_2E0)))
Ve 2tN)))NN)))ANV8m € ty 2Enum _2Enum.(YV Il €
(ty2Elist 2Elist 2).((ap (ap c2EDecode_2Edec__bnum (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic2EBIT2 V8m))) VII) = (ap (ap (ap (c-2Elist 2Elist__CASE
2 (ty-2Foption_2Eoption (ty-2Epair 2Eprod ty_2Enum_2Enum (
ty_2Flist 2Elist 2)))) V9I) (c_2Eoption_2ENONE (ty_2Epair_2Eprod
ty 2Enum_2Enum (ty_2Elist 2Elist 2)))) (AV10h € 2.(AV11t €
(ty2Elist 2Elist 2).(ap (ap (ap (c-2Eoption_2Eoption__CASE
(ty-2Epair 2Eprod ty_2Enum_2Enum (ty-2Elist 2Elist 2)) (ty-2Eoption_2Eoption
(ty-2Epair 2Eprod ty 2Enum_2Enum (ty_2Elist 2Elist 2)))) (
ap (ap c2EDecode_2Edec__bnum (ap c_2Earithmetic 2ENUMERAL (
ap c2Earithmetic 2EBIT1 V8m))) V11t)) (c_2Eoption2ENONE (ty_2Epair_2Eprod
ty 2Enum_2Enum (ty2Elist 2Elist 2)))) (A\V12v € (ty_2Epair_2Eprod
ty_2Enum_2Enum (ty-2Elist 2Elist 2)).(ap (ap (c-2Epair_2Epair__.CASE
(ty-2Eoption_2Eoption (ty-2Epair 2Eprod ty-2Enum_2Enum (ty-2FElist 2Elist
2))) ty2Enum_2Enum (ty_2Elist 2Elist 2)) V12v) (A\V13n €
ty 2Enum_2Enum.(AV14t 27 € (ty_2Elist 2Elist 2).(ap (c_2Eoption_2ESOME
(ty_2Epair 2Eprod ty_ 2Enum_2Enum (ty 2Elist 2Elist 2))) (ap
(ap (c2Epair 2E_2C ty 2Enum_2Enum (ty 2Elist 2Elist 2)) (ap
(ap c2Earithmetic2E 2B (ap (ap c@FEarithmetic 2E_2A (ap c-2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO))) V13n)) (
ap (ap (ap (c.2Ebool 2ECOND ty_2Enum_2Enum) V10h) (ap c_2EarithmeticZ 2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic_2EZERO))) c_2Enum_2E0)))

V14t.27))))))))))))))



