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Let ty 2Flist 2FElist : 1= be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2FElist 2Elist A0) (1)

Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type L1=>1.

Definition 2 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type t.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (\V0x € 2.V0z)) (\V1z € 2.V
Definition 4 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c_2Emin_2E_3D (24-27
Definition 5 We define c_.2Ebool 2E_2F_5C to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let ty_2FEpair 2Eprod : t1=-1= be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)

(2)

Let ¢ 2Epair 2EABS __prod : 1=-1=1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2Epair 2EABS __prod
A27a A27b € ((ty-2Epair 2Eprod A27a A,27b)((24727b)14727a))
(3)
Definition 6 We define c_2Epair 2E 2C to be NA 27a : t. \A27b : L AVOx € A 27a.\V1y € A 27b.(ap (c2F
Let ty 2FEone_2Fone : 1 be given. Assume the following.
nonempty ty_2FEone_2FEone (4)
Let ty 2Esum_2FEsum : t1=>1t=>¢ be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Esum_2FEsum
A0 A1)

(5)



Let c2Esum 2EABS__sum : 1=t=-t be given. Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A27b=c2Esum 2EABS__sum
_27a\2
A2Ta A27b € ((ty 2Esum 2Esum A 27a A275)(@* 7710y

(6)
Definition 7 We define c.2Esum_2EINL to be AA_27a : t.AA27b : 1. AV 0e € A27a.(ap (c2Esum_2EABS_
Let ty_2FEoption_2FEoption : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2FEoption_2FEoption A0) (7)
Let c2Eoption 2Eoption__ABS : 1=t be given. Assume the following.

VA 27a.nonempty A27a=c_2Eoption 2Eoption__ABS A 27a €
((ty,QEoption,QEoption A,27a) (ty_2Esum_2Esum A_27a ty,QEone,QEone)) (8)

Definition 8 We define c_2Eoption_ 2ESOME to be AA_27a : 1. A\VOx € A 27a.(ap (c_2Eoption_2Eoption__~
Definition 9 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).

Definition 10 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool _2E
Let c2Elist 2EAPPEND : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Elist 2EAPPEND A 27a € (((ty-2Elist 2Elist
A727a)(ty72Elist,2Elist A,27a))(ty,2Elz'st,2Elist A,27a))

9)

Definition 11 We define c 2Emin_2E_40 to be \A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type t=>t.

Definition 12 We define c 2Ebool 2E_3F to be AA 27a : 1.(AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40

Definition 13 We define c 2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(AV2t2 € A_27a.(

Definition 14 We define c 2EDecode 2Ewf__decoder to be A\A_27a : 1. AV Op € (24-279) \V'1d € ((ty_2Eopti
Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2ENIL A 27a € (ty 2Elist 2Elist
A_27a)
(10)

Definition 15 We define c_2EDecode_2Edec2enc to be AA_27a : t.AV0d € ((ty-2Eoption_2FEoption (ty-2E}
Definition 16 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Fone_2FEone) (A\V0x € ty_2Fone_2
Definition 17 We define c 2Esum_2EINR to be AA_27a : t. N\A27b : t.AV0e € A 27b.(ap (c.2Esum 2EABS

Definition 18 We define c 2Eoption_2ENONE to be AA_27a : t.(ap (c2Eoption_2Eoption__ABS A_27a) (c



Let c2Epair 2ESN D : t=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(11)
Let c2Epair 2EF ST : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(12)

Definition 19 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L. AA27c 1 LAVOS € ((A27¢A-7

Definition 20 We define c 2EDecode_2Eenc2dec to be NA_27a : t.\VOp € (24-27%). AV 1e € ((ty_2Elist 2EI
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2FEnum (13)
Let c.2E Encode_2Eencode_blist : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c_2FE Encode_2FEencode__blist
A92Ta A27Th € ((((ty,QEl’LSt,ZElZSt A,27(l) (ty_2Elist_2Elist A_2Tb) ) ((ty_2Elist 2Elist A_27a)?-2"%) )ty,QEnum,2E7
(14)

Definition 21 We define c_2EDecode_2Edecode__blist to be N\A_27a : 1. \VOp € (2(ty-2Blist2Elist A2Ta)y \y/

Let c2FElist 2ELENGTH : 1=t be given. Assume the following.

VA 27a.nonempty A 27a=c2Elist 2ELENGTH A_27a € (ty_2Enum_2Enum(ty-2Flist-2Blist A27a))
(15)
Let c2Elist 2EEV ERY : 1= be given. Assume the following.

VA_27a.nonempty A2Ta=c2Elist 2EEVERY A27a € ((2(tv-2Elist-2Elist A-2Ta))(2"=27%))
(16)

Definition 22 We define c_2EEncode_2Elift__blist to be AA_27a : t.AVOm € ty_2Enum_2Enum. \V1p € (24

Let c.2Elist 2EisPREFIX : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2Elist 2EisPREFIX A27a € ((2(tv-2Flist-2Blist A27a))(ty 2Elist 2Elist A27
(17)

Definition 23 We define c 2EEncode 2Ewf__encoder to be NA 27a : 1. AV Op € (24-27%) AV 1e € ((ty_2FElist.
Let c2FEarithmetic2Enum__CASE : 1= be given. Assume the following.

VA 27a.nonempty A27a=-c2FEarithmetic2Enum__CASE A 27a €

(((A727a(A,27(1““’*2E""‘”“zE"“"") )A,27a)ty,QEnum,,QEnum,) (18)



Definition 24 We define c_2Ecombin_2EK to be AA_27a : t.AA_27b : 1. (AVO0z € A27a.(A\V1y € A27b.V 0z

Definition 25 We define c_2Ecombin_2ES to be \A_27a : tAA2Tb : LAA2Tc : 1.(AVOf € ((A27cA27)"

Definition 26 We define c 2Ecombin 2E| to be AA_27a : 1.(ap (ap (c_2Ecombin 2ES A 27a (A 27a”-27") A
Let c2Elist 2EHD : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Elist 2EHD A_27a € (A27a(ty-2Blist2Elist A2Ta))

(19)
Let c2Elist 2ETL : 1= be given. Assume the following.
YA_27a.nonempty A27a=c2Elist 2ETL A 27a € ((ty-2Elist 2Elist
A727a>(ty,2Elist,2Elist A,27a))
(20)
Let c2Enum 2EZERO__REP : . be given. Assume the following.
c2Enum 2EZERO__REP € omega (21)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS_num € (ty-2Enum_2Enum®™) (22)

Definition 27 We define c22Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=c2FElist 2ECONS A27a € (((ty-2Elist 2Elist
A727a‘)(ty,2Elist,2Elist A,27a))A,27a)

(23)
Let c2Eoption_2Eoption._ CASE : 1=1=>1 be given. Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2Foption_2FEoption__CASE
A927a A27Th € (((A727b(A,27bA*27a))A,27b)(ty,2Eoption,2Eoption A,27a))
(24)

Definition 28 We define c_2Epair_2Epair__CASE to be AA_27a : t. AA27Tb : t.AXA27c: L.AVOp € (ty_2Epair.
Let c2Enum 2EREP__num : 1 be given. Assume the following.
c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (25)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™%) (26)
Definition 29 We define c2Enum_2ESUC to be \VOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num

Definition 30 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €



Assume the following.

VA 27a.nonempty A_27a=(VV0p € (24-27%).(VV1e €
((ty2Elist 2Elist 2)4-27%).(VV 2l € (ty_2Elist 2Flist
2).(((ap (ap (ap (c2EDecode_2Eenc2dec A_27a) VOp) Vle) V2I) =
(c-2Eoption_2ENONE (ty-2Epair 2Eprod A27a (ty-2FElist 2FElist
2))))=(VV3x € A27a.(VV4t € (ty-2Elist 2Elist 2).
((p (ap VOp V3z))=(~(V2l = (ap (ap (c2Elist 2EAPPEND 2) (ap Ve
V3z)) V4t))))))))))
(27)
Assume the following.

VA 27a.nonempty A 27a=(YV0p € (24-27%).(VV1e €
((ty2Elist 2Elist 2)4-27%).(VV 2l € (ty-2Elist 2Flist
2).(VV3x € A27a.(VV4t € (ty2Elist 2Elist 2).
((p (ap (ap (c-2EEncode_2Ewf__encoder A_27a) VOp) V1e))=(((ap
(ap (ap (c_2EDecode 2Eenc2dec A_27a) V0p) Vle) V2I) = (ap (c_2Eoption 2ESOME
(ty2Epair 2Eprod A 27a (ty 2Elist 2Elist 2))) (ap (ap (c_2Epair_2E_2C
A_27a (ty-2Elist 2Elist 2)) V3z) V4t)))<((p (ap VOp V3z))A(V2] =
(ap (ap (c-2Elist 2EAPPEND 2) (ap V1e V3x)) V4))))))))))
(28)
Assume the following.

VA_27a.nonempty A27a=(VV0p € (24-27).(VV1d €
((ty_2Eoption_2Eoption (ty_2Epair 2Eprod A_27a (ty 2Elist 2Elist
2)))(ty-2Elist2Elist 2)y (W2 € A 27a.(VV3l €
(ty-2Elist 2Elist 2).((p (ap (ap (c-2EDecode_2Ewf__decoder

A 27a) VOp) V1d))=((((ap (ap (c-2EDecode_2Edec2enc A_27a) V'1d)

V2x) = V3)A(p (ap VOp V2z)))<=((ap V1d V3I) = (ap (c-2Eoption_2ESOME
(ty2Epair 2Eprod A 27a (ty_2FElist 2Elist 2))) (ap (ap (c_2Epair_2E_2C
A27a (ty 2Elist 2Elist 2)) V2z) (c2Elist 2ENIL 2))))))))))
(29)
Assume the following.

VA 27a.nonempty A_27a=(YV0p € (24-270) (YV1d €
((ty2Eoption_2Eoption (ty-2Epair_2Eprod A27a (ty-2Elist 2Elist
2)))(ty-2Elist 2Elist 2)) ¢V 23 € A 27a.(VV3t €
(ty2Elist 2Elist 2).(((p (ap (ap (c.2EDecode_2Ewf__decoder
A27a) VOp) V1d))A(p (ap VOp V2x)))=((ap V1d (ap (ap (c2Elist 2EAPPEN D
2) (ap (ap (c_2EDecode_2Edec2enc A_27a) V'1d) V2z)) V3t)) = (ap (
c_2Eoption 2ESOME (ty_2Epair 2Eprod A_27a (ty 2FElist 2Elist
2))) (ap (ap (c2Epair_2E_2C A_27a (ty-2Elist 2Elist 2)) V2zx)

V3))))) 0



Assume the following.

VA 27a.nonempty A_27a=-(VV0p € (24-270).(VV1d €
((ty2FEoption_2FEoption (ty-2Epair 2Eprod A_27a (ty2Elist 2Elist
2)))(ty-2Elist2Elist 2)y ((p (ap (ap (c.2EDecode 2Ewf__decoder (31)
A27a) VOp) V1d))=(p (ap (ap (c2EEncode_2Ewf__encoder A_27a)
VO0p) (ap (c-2EDecode_2Edec2enc A_27a) V'1d))))))

Assume the following.

VA_27a.nonempty A27a=(VV0p € (24-270).(YV1d €
((ty-2Eoption_2Eoption (ty-2Epair_2Eprod A27a (ty-2Elist 2Elist
2)))(ty-2Elist 2Elist 2)y ((p (ap (ap (c.2EDecode 2Ewf__decoder (32)
A_27a) VOp) V1d))=((ap (ap (c-2EDecode_2Eenc2dec A_27a) V0Op) (
ap (c-2EDecode_2Edec2enc A_27a) V1d)) = V1d))))

Assume the following.

VA 27a.nonempty A_27a=(YVO0m € ty_2Enum_2Enum.(
VYV 1p € (24-27).(VV2e € ((ty-2Elist 2Elist 2)4-27%).
(VV3l € (ty2Flist 2Elist A_27a).(VV4t € (ty-2Flist 2Elist
2).(((p (ap (ap (c2EEncode_2Ewf__encoder A_27a) V1p) V2e))A
(p (ap (ap (ap (c_2EEncode_2Elift_blist A 27a) VOm) V1ip) V3I)))=
((ap (ap (ap (ap (c_2EDecode_2Edecode__blist A_27a) (ap (ap (c-2EEncode_2Elift__blist
A_27a) VOm) V1p)) VOm) (ap (ap (c-2EDecode_2Eenc2dec A_27a) V1p)
V2e)) (ap (ap (c-2Elist 2EAPPEND 2) (ap (ap (ap (c.22EEncode_2Eencode_blist
2 A27a) VOm) V2e) V3l)) V4t)) = (ap (c_2Eoption 2ESOME (ty_2Epair 2Eprod
(ty2Elist 2Elist A27a) (ty-2Elist 2Elist 2))) (ap (ap (c_2Epair2E_2C
(ty2Elist 2Elist A27a) (ty-2Elist 2Elist 2)) V3l) V4t)))))))))
(33)
Assume the following.

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=(
(YV0e € ((ty-2Elist 2Elist A27a)4-2™).(VV1l €
(ty2Elist 2Elist A_27b).((ap (ap (ap (c.22EEncode_2Eencode__blist
A27a A27b) c2Enum_2E0) V0e) V1) = (c.2Elist 2ENIL A_27a))))A
(VV2m € ty_2Enum_2Enum.(VV3e € ((ty-2FElist_2Elist
A27a)A-270) (VV4l € (ty2Elist 2Elist A_27b).((ap (ap
(ap (c22EEncode2Eencode_blist A_27a A_27b) (ap c_2Enum_2ESUC
V2m)) V3e) VAl) = (ap (ap (c2Elist 2EAPPEND A 27a) (ap V3e (ap (¢c2Elist 2EHD
A_27b) V4Al))) (ap (ap (ap (c22EEncode_2Eencode_blist A_27a A_27b)
V2m) V3e) (ap (c-2Elist 2ETL A27b) V4l))))))))
(34)



Assume the following.

VA 27a.nonempty A27a=(VVO0n € ty_2Enum_2Enum.(

YV1p € (24-27%) (VV2h € A27a.(VV 3t € (ty2Elist 2Elist
A_27a).((p (ap (ap (ap (c-2EEncode_2Elift__blist A-27a) (ap c2Enum_2ESUC
Von)) Vip) (ap (ap (c2Elist 2ECONS A 27a) V2h) V3t)))<((p (ap V1p

V2h))A(p (ap (ap (ap (c2EEncode_2Elift_blist A_27a) VOn) V1p)
V3))))))
(35)
Assume the following.

VA 27a.nonempty A_27a=(YVO0m € ty 2Enum_2Enum.(
YV 1p € (24-279) (VV 2e € ((ty-2Elist 2Elist 2)4-27%).
((p (ap (ap (c-2EEncode_2Ewf__encoder A_27a) V'1p) V2e))=(p (ap
(ap (c_2EEncode_2Ewf__encoder (ty_2FElist 2Elist A_27a)) (ap
(ap (c_2EEncode_2Elift_blist A 27a) VOm) V1p)) (ap (ap (c.:2EEncode_2Eencode__blist
2 A 27a) VOm) V2e)))))))
(36)
Assume the following.

VA 27a.nonempty A27a=((VV0v € A27a.(VV1f €
(A_27qty-2Enum-2Enum) ((qp (ap (ap (c2Earithmetic2Enum__CASE
A_27a) c2Enum_2EQ) VOv) V1f) = VOu)))A(VV2n € ty 2Enum_2Enum.
(VV3v € A27a.(VV4f € (A27qty-2Enum-2Enum) ((qp
(ap (ap (c2Earithmetic2Enum__CASE A_27a) (ap c.2Enum_2ESUC
Van) Vau) VAf) = (ap VAS V20))))

(37)
Assume the following.
(VVOn € ty_2Enum_2Enum.(—(c_2Enum_2E0 = (ap c_2Enum_2ESUC (38)
Von))))
Assume the following.
(YVOm € ty2Enum_2Enum.((VOm = c_2Enum_2E0)V(IFV1n € (39)
ty_ 2Enum_2Enum.(VOm = (ap c.2Enum_2ESUC V'1n)))))
Assume the following.
True (40)
Assume the following.
(VV0tl € 2.(VV1#2 € 2.(((p VOt1)=(p V1t2))=(((p (41)
V1t2)=(p VOt1))=((p V0tl)&(p V1t2))))))
Assume the following.
(VVOt € 2.(False=(p V0t))) (42)



Assume the following.
(VVOt € 2.((p VOt)V(=(p VOt)))) (43)
Assume the following.

VA 27a.nonempty A27a=(YV 0t € 2.((VV1x €

A27a.(p VOB)) = (p VOL)) (44)

Assume the following.

(VVO0tL € 2.(YV 12 € 2.(YV2t3 € 2.(((p VOt1)A

(p VLA V263))=(((p VO)A(p VIE2DA V23)))) )

Assume the following.
(VY Ot € 2.(((p VOt)= False)=(~(p V01))) (46)

Assume the following.
(WY Ot € 2.((=(p VOE)=((p VOI)= False))) (47)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (48)

t)
(((p VO)A(p VO))&(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue)A((((p VOt)VTrue)eTrue)A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)<(p VO)A(((p VO)V

(p VO1))=(p V01)))))))
(49)
Assume the following,.

(VVOt € 2.((True=(p VOt))=(p VO) ) A(((p VOt)=True)s
True)A(((False=(p VOt))=True) A((((p VOt)=(p VOt))=True) A((  (50)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOr))=(p VOO)))A(((-True)=False) A
((-False)=True)))

Assume the following.

VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True))



Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p VO)A((((p VOt)=True)<
(p VOO)A(((Falses(p VOt))=(—(p VOO)))A(((p VOt)=False)s(—( (54)

p V0i)))))))

Assume the following.

VA 27a.nonempty A27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1e2) = V112))))
(55)
Assume the following.

VYA_27a.nonempty A27a=(VVOP € (24-27%).((~(VV 1z €

A27a.(p (ap VOP Vx))))=(3V2z € A27a.(—(p (ap VOP V22)))))) (56)

Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).((~(3V1x €
A27a.(p (ap VOP Vx))))e(VV2x € A27a.(—(p (ap VOP V22))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
(24-279) ((YV2z € A27a.((p (ap VOP V22))A(p (ap V1Q V22))))=
((VV3x € A27a.(p (ap VOP V3x)))A(VVix € A27a.(p (
ap V1Q V4x)))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
2.((VV2zx € A27a.(p (ap VOP V2z)))A(p V1Q))=(VV3zx € (59)
A27a.((p (ap VOP V3z))A(p V1Q))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € 2.(vV1Q € (
24-270) (((p VOP)A(VV 2z € A27a.(p (ap V1Q V22))))=(VW3z € (60)
A27a.((p VOP)A(p (ap V1Q V31)))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
(24-270) (3V2z € A27a.((p (ap VOP V2z))V(p (ap V1Q V21))))=
((3V3zx € A27a.(p (ap VOP V3z)))V(IV4x € A27a.(p (

€ (61)
ap V1Q V4z)))))))



Assume the following.

VA 27a.nonempty A 27a=(VVOP € (24-279).(VV1Q €
2.(((3V2zx € A27a.(p (ap VOP V22)))V(p V1Q))=(IV3z € (62)
A27a.((p (ap VOP V3z))V(p V1Q))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-27a) (((p VOP)V(IV2z € A27a.(p (ap V1Q V2x))))=(3V3z € (63)
A27a.((p VOP)V(p (ap V1Q V32)))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € (24-277).(VV1Q €
2.((3V2z e A27a.((p (ap VOP V22))A(p V1Q)))=((IV3z € (64)
A27a.(p (ap VOP V3z)))A(p V1Q)))))

Assume the following.

VA_27a.nonempty A 27a=(VYVOP € 2.(WV1Q € (
24-27a) (V22 € A27a.((p VOP)A(p (ap V1Q V2x))))<=((p (65)
VOP)A(FV3z € A27a.(p (ap V1Q V3x)))))))

Assume the following.

VA 27a.nonempty A27a=(VV0Q € 2.(VV1P € (
24-27a) ((YV2z € A 27a.((p (ap V1P V2z))V(p V0Q)))=((VV3r €  (66)
A27a.(p (ap V1P V3x)))V(p V0Q)))))

Assume the following.

VA 27a.nonempty A 27a=(VYVOP € 2.(WV1Q € (
24-27a) ((YV2z € A27a.((p VOP)V(p (ap V1Q V2x))))<=((p (67)
VOP)V(VYV3z € A27a.(p (ap V1Q V3z)))))))

Assume the following.

(VV0A € 2.(VW1B € 2.(vV2C € 2.(((p VOA)V(

(b VIBV(p V2O))&(((p VOANV( VIB)V(p V2C))) O
Assume the following.
(VV0A € 2.(WW1B € 2.(((p VOA)V(p V1B))=((p V1B)V (69)

(p V0A)))))

Assume the following.

(VVO0A € 2.(vV1B € 2.(((=((p VOA)A(p V1B)))((~(
p VOA))V(=(p V1B))))A((=((p VOA)V(p V1B)))=((=(p VOA))A(=(p Vl(fi());)))))



Assume the following.

(VVO0t1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)= )
((p V1£2)=(p V2t3)))=(((p VOt1)A(p V12))=(p V2t3))))))

Assume the following.

(VVOb € 2.(WVV1tl € 2.(VV2t2 € 2.((p (ap (ap
(ap (c22Ebool 2ECOND 2) V0b) V1t1) V2¢2))<=(((—(p VOb))V(p V1t1))A
((p VOb)V(p V2t2)))))))
(72)
Assume the following.

(VVO0z € 2.(VV1z.27 € 2.(VV2y € 2.(VV 3y 2T €
2.((((p Voz)=(p V1z27)A((p V1z27)=((p V2y)=(p V3y.27))))= (73)
(((p VOz)=(p V2y))=((p V12 27T)=(p V3y.27))))))))

Assume the following,.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € 2.

(VV2x € A27a.(VV3x 27 € A27a.(VV4y € A 27a.
(VV5y 27 € A27a.((((p VOP)=(p VIQ))A(((p V1Q)=(V2zx = V3z_27))A
((=(p V1Q))=(V4y = V5y_27))))=((ap (ap (ap (c-2Ebool_2ECOND A_27a)
VOP) V2z) V4y) = (ap (ap (ap (c2Ebool 2ECOND A_27a) V1Q) V3z_27)

Vi 27))
(74)
Assume the following.

Y A_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOP € ((24-27)4-270) (W 1x € A27a.(3V2y €
A27b.(p (ap (ap VOP Viz) V2y))))=(3V3f € (A2764-272) (
YVdx € A27a.(p (ap (ap VOP Vdx) (ap V3f V4zx)))))))

Assume the following.

VA_27a.nonempty A27a=(VYV0x € A27a.((ap (c_2Ecombin_2El
A27a) V0z) = V0x))

Assume the following.

VA 27a.nonempty A27a=(VV0h € A27a.(VV1t €
(ty2Elist 2Elist A27a).((ap (c2Elist 2EHD A_27a) (ap (ap ( (77)
c2Elist 2ECONS A_27a) VOh) V1t)) = VOR)))

Assume the following.

VA 27a.nonempty A27a=(VV0h € A27a.(VV1t €
(ty2Elist 2Elist A27a).((ap (c2Elist 2ETL A_27a) (ap (ap ( (78)
c2Blist 2ECONS A_27a) VOh) V1t)) = V1t)))
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Assume the following.

VA 27a.nonempty A27a=((YVOIl € (ty2Elist_2Elist
A27a).((ap (ap (c2Elist 2EAPPEND A_27a) (c2Elist 2ENIL A 27a))
VOl) = VO)A(YVLIL € (ty-2Elist 2Elist A-27a).(YV2I2 €
(ty2Elist 2Elist A-27a).(WVV3h € A27a.((ap (ap (c-2Elist 2EAPPEND
A27a) (ap (ap (c2Elist 2ECONS A_27a) V3h) V1I1)) V2i2) = (ap (ap
(c.2Elist 2ECONS A_27a) V3h) (ap (ap (c2Elist 2EAPPEND A_27a)
Vi) V212)))))

(79)
Assume the following.

VA_27a.nonempty A27a=(((ap (c2Elist 2ELENGTH A_27a)
(c2Elist 2ENIL A_27a)) = c.2Enum_2E0)A(VVOh € A_27a.(
VV1t € (ty-2Elist 2Elist A_27a).((ap (c.2Elist 2ELENGTH
A27a) (ap (ap (c2Elist 2ECONS A 27a) VOh) V1t)) = (ap c.2Enum_2ESUC
(ap (c2Elist 2ELENGTH A_27a) V1t))))))
(80)
Assume the following.

VA_27a.nonempty A27a=((YVOP € (24-27%).((p (ap
(ap (c-2Elist 2EEVERY A_27a) VOP) (c-2Elist 2ENIL A_27a)))<True))A
(VV1P € (24-279) (VV2h € A 27a.(VV3t € (ty 2Elist 2Elist
A27a).((p (ap (ap (c2Elist 2EEVERY A 27a) V1P) (ap (ap (c2Elist 2ECONS
A27a) V2h) V3t)))<((p (ap V1P V2h))A(p (ap (ap (c-2Elist 2EEV ERY
A.27a) V1P) V3D)))))

(81)
Assume the following.
VA 27a.nonempty A27a=(VV 0l € (ty_2Elist_2Elist
A27a).(VOl = (c2Elist 2ENTL A 27a))V(IV1h € A 27a.( (82)

V2t € (ty-2Elist 2Elist A27a).(VOl = (ap (ap (¢2Elist 2ECONS
A_27a) V1h) V2t))))))

Assume the following.

VA_27a.nonempty A27a=(VVO0Il € (ty-2Elist 2Elist
A_27a).(WV1i2 € (ty-2Elist 2Elist A27a).(WVV2I3 €
(ty-2Elist 2Elist A27a).((ap (ap (c2Elist 2EAPPEND A_27a)
V0I1) (ap (ap (c2Elist 2EAPPEND A_27a) V112) V213)) = (ap (ap (c2Elist 2EAPPEN D
A_27a) (ap (ap (c2Elist 2EAPPEND A_27a) VOI1) V12)) V2I3)))))
(83)
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Assume the following.

VA 27a.nonempty A_27a=((VVO0I1 € (ty_2Elist 2Elist
A27a).(VV1I2 € (ty2Elist 2Elist A 27a).(VV2I3 €
(ty2Elist_2Elist A-27a).(((ap (ap (c2Elist 2EAPPEND A_27a)
VOI1) V1i2) = (ap (ap (c.2Elist 2EAPPEND A_27a) VOI1) V2I3))e (V112 =
V23)))))AWV3IL € (ty2Elist 2Elist A-27a).(YVAI2 €
(ty_2Elist 2Elist A_27a).(VV5(3 € (ty_2Elist 2Elist A 27a).
(((ap (ap (c2Elist 2EAPPEND A_27a) V412) V3I1) = (ap (ap (c2Elist 2EAPPEN D
A_27a) V5I3) V3I1))= (V42 = V5i3))))))
(84)
Assume the following.

VA 2Ta.nonempty A_27a=(VV0opt € (ty_2FEoption_2Eoption
A_27a).((VOopt = (c_2Eoption_2ENONE A_27a))V(IV1z € A 27a. (85)
(VOopt = (ap (c2Eoption 2ESOME A _27a) V1x)))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
(VVOu € A27b.(YV1f € (A2764-27) ((ap (ap (ap (c2Eoption_2Eoption__CASE
A_27a A27b) (c_2Eoption2ENONE A_27a)) VOv) V1f) = VOv)))A(VV2zx €
A27a.(YV3v € A27b.(VVAf € (A2764-27%) ((ap (ap
(ap (c2Foption_2Eoption__CASE A_27a A_27b) (ap (c_2Eoption_2ESOME
A27a) V2z)) V3vu) VAf) = (ap VAf V2x))))))
(86)
Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(VV1y €
A27a.(((ap (c-2Eoption 2ESOME A_27a) V0x) = (ap (c-2Eoption_.2ESOME
A27a) V1y))=(V0x = V1y))))
(87)
Assume the following.

VA_27a.nonempty A27a=(VYV0x € A_27a.(—((c_2Eoption_2ENONE

A27a) = (ap (c-2Eoption 2ESOME A 27a) V0z)))) (88)

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(—((ap (c_2Eoption . 2ESOME
A_27a) VOz) = (c_2Eoption_2ENONE A_27a))))
(89)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YV0x € A27a.(VV1y € A27b.(VV2a € A27a.(VV3b €
A27b.(((ap (ap (c2Epair2E2C A_27a A_27b) VOzx) V1y) = (ap (ap
(c-2Epair2E2C A_27a A_27b) V2a) V3b))=((V0x = V2a)A(V1y =V3D)))))))
(90)
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Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
VVO0x € (ty-2Epair_2Eprod A27a A27b).(V1q € A27a.
(FV2r € A275.(VOx = (ap (ap (c2Epair_2E 2C A_27a A_27b)
Vig) V2r)))))

(91)

Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=V A 27c.
nonempty A 27c¢c=(VV0x € A27b.(VV1y € A27c.(NV2f €
((A27a4-27¢)A-27) ((ap (ap (c_2Epair_2Epair__CASE A_27a A_27b
A27¢) (ap (ap (c-2Epair2E_2C A_27b A_27¢c) VOx) V1y)) V2f) = (ap
(ap V21 V0z) V1y))))

(92)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
((ap c2Enum_2ESUC VOm) = (ap c_2Enum 2ESUC V'1n))<(VOm = Vin))))
(93)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(

(VVOI € (ty-2Elist_2Elist A-27a).((ap (ap (c2Elist 2EAPPEND
A27a) VOl) (c2Elist 2ENTL A_27a)) = VO))A(VV1 € (ty-2Elist 2Elist
A_27b).((ap (ap (c2Elist 2EAPPEND A_27b) (c2Elist 2ENIL A_27b))

V1) =V1i)))

(94)

Assume the following.
(V01 € 2(~(=(p V)= (p VOR) (95)

Assume the following.
(WV0A € 2.((p VOA)=((~(p VOA))= False))) (96)

Assume the following.

(V04 € 2.(vV1B € 2.(((~((p VOA(p V1B)))=False)

((p VOA)= False)=((~(p V1B))=False))))) (97)

Assume the following.
(VOA € 2(WV1E € 2((~((~(p VOOV(p VIB))=False) s g

((p V0A)=((~(p V1B))=False)))))
Assume the following.

(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (99)
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Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V2r)))e(((p Vop)V((p Vig)V (

p V2r))V(=(p V1g))A(((p V1V ((=(p V2r
((=(p V1g))V(=(p VOp))

Assume the following.

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p V1g)V(p V2r)))<(((p VOp)V(=(p V1g)))A(((p VOp
((p V1ig)V((p V2r)V(=(p VO0p))))))))))

Assume the following.

(
(p Vig)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V(=(p V2r)))A((
=(p V1g))V((p V2r)V(=(p VOp

~—~
~—
~—
~—
~—
~—
~—
 —
~—
~—

Assume the following.

(YVOp € 2.(vV1g € 2.(((p VOp)=(=(p V1g)))&(((p VOp)V
(p V1g))A((=(p V1g))V(=(p VOp)))))))
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Theorem 1

VA_27a.nonempty A_27a=(VVO0p € (24-27%).(VV1d €
((ty_2FEoption_2FEoption (ty_2Epair 2Eprod A 27a (ty 2Elist 2Elist
2)))(ty-2Blist-2Blist 2)) (¢ om € ty_ 2Enum 2Enum.(YV3l €
(ty2Elist 2Elist 2).((p (ap (ap (c_2EDecode_2Ewf__decoder
A_27a) VOp) V1d))=((ap (ap (ap (ap (c2EDecode_2Edecode__blist
A_27a) (ap (ap (c.2EEncode 2Elift__blist A 27a) V2m) VO0p)) V2m)
V1d) V3Ii) = (ap (ap (ap (c2Earithmetic2Enum__CASE (ty-2Eoption_2FEoption
(ty-2Epair 2Eprod (ty-2FElist 2Elist A_27a) (ty-2Elist 2Elist
2)))) V2m) (ap (c2Eoption 2ESOME (ty_2Epair_2Eprod (ty2Elist_2Elist
A27a) (ty-2Elist_2Elist 2))) (ap (ap (c-2Epair 2E_2C (ty_2Elist 2Elist
A_27a) (ty-2Elist 2Elist 2)) (c.2Elist 2ENIL A_27a)) V3l)))
(A\Vdn € ty 2Enum_2Enum.(ap (ap (ap (c.2Eoption_2Eoption__ CASE
(ty_2Epair 2Eprod A 27a (ty 2Elist 2Elist 2)) (ty_2FEoption_2FEoption
(ty-2Epair 2Eprod (ty-2FElist 2Elist A_27a) (ty-2Elist 2Elist
2)))) (ap V1d V3l)) (c_2Eoption2ENONE (ty_2Epair_2Eprod (ty-2FElist_2Elist
A_27a) (ty-2Flist 2Elist 2)))) (AV5vl € (ty_2Epair_2Eprod
A27a (ty-2FElist 2Elist 2)).(ap (ap (c_2Epair_2Epair__CASE
(ty_2Eoption_2FEoption (ty_2Epair 2Eprod (ty_2FElist 2Elist
A_27a) (ty-2Elist 2Elist 2))) A-27a (ty-2Elist_2Elist 2)) Vbvl)
(AV6x € A27a.(A\VTt € (ty-2Elist_2Elist 2).(ap (ap (ap (
c2Eoption_2Eoption__C ASE (ty-2Epair_2Eprod (ty_2Elist_2Elist
A_27a) (ty_2FElist 2Elist 2)) (ty_2Eoption_2Eoption (ty_2Epair_2Eprod
(ty2Elist 2Elist A_27a) (ty2Elist_2Elist 2)))) (ap (ap (ap
(ap (c-2EDecode_2Edecode__blist A_27a) (ap (ap (c_2EEncode_2Elift__blist
A_27a) V4n) V0Op)) Vin) V1d) V'7t)) (c2Eoption_ 2ENONE (ty_2Epair_2Eprod
(ty2Elist 2Elist A27a) (ty-2FElist_2Elist 2)))) (\V8v €
(ty2Epair 2Eprod (ty-2Elist 2Elist A27a) (ty-2Elist 2Elist
2)).(ap (ap (c2Epair_2Epair__CASE (ty_2Eoption_2FEoption (
ty 2Epair 2Eprod (ty_2Elist 2Elist A 27a) (ty_2FElist 2Elist
2))) (ty-2Elist 2Elist A_27a) (ty-2Elist_ 2Elist 2)) V8v) (AV9zs €
(ty2Elist 2Elist A_27a).(A\V10t_27 € (ty_2Elist 2Elist 2).

(ap (c_2Eoption 2ESOME (ty-2Epair 2Eprod (ty-2Elist 2Elist
A27a) (ty-2Elist 2Elist 2))) (ap (ap (c2Epair_2E_2C (ty_2Elist 2Elist
A_27a) (ty-2Elist 2Elist 2)) (ap (ap (c2Elist 2ECONS A_27a)

V6x) V9zs)) V10£-27))))))))))))))))))))
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