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Let ty_2E DeepSyntax_2Edeep__form : ¢ be given. Assume the following.
nonempty ty_2E DeepSyntax_2FEdeep__form (1)
Let ¢ 2E DeepSyntax_2Eposinf : ¢ be given. Assume the following.
c2EDeepSyntar 2Eposinf € (ty 2EDeepSyntax_2Edeep__formty-2EDeepSyntaz2Edeep__form)

(2)

Let ty_ 2Finteger 2Eint : v be given. Assume the following.
nonempty ty_2FEinteger 2Eint (3)
Let c 2E DeepSyntax 2Eeval__form : 1 be given. Assume the following,.

c,2EDeepSyntax,ZEeval,,form c ((2ty,2Eim‘,eger,2Eint)ty,QEDeepSyntam,QEdeep,,form)

(4)

Let ¢.2E DeepSyntax_2FEalldivide : 1 be given. Assume the following.

c,2EDeepSyntax,2Ealldivide c ((2ty,2Einteger,2Eint)ty,QEDeepSyntaac,2Edeep,,form,)
(5)
Definition 1 We define c2Emin_2E_3D to be \A.Ax € A )y € A.inj_o (x = y)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin_2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (6)
Let ty_2FEpair_2Eprod : t1=>t=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(7)



Let c.2Finteger 2Eint__REP__CLASS : 1 be given. Assume the following.
c,2Einteger,QEint,,REP,,C’LASS c ((Q(ty,QEpair,QEp'rod ty_2Enum_2Enum ty,2E'rLum,2Enum))ty,QEinteger,2
(8)

Definition 3 We define c 2Emin_2E_40 to be AAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 4 We define c_2Ebool 2E_21 to be A\A_27a : t.(A\VOP € (24-27%) (ap (ap (c.2Emin_2E_3D (24-27
Definition 5 We define c_2Einteger 2Eint__REP to be AV 0a € ty_2FEinteger 2Fint.(ap (c_2Emin_2E_40 (ty.
Let c.2FEinteger 2Etint__mul : ¢ be given. Assume the following.

c2Einteger 2Etint_mul € (((ty-2Epair 2Eprod ty_2Enum_2Enum
ty72Enum72Enum)(ty,ZEpair,2Eprod ty-2Enum_2Enum ty,2Enum,2Enum))(ty,ZEpair,QEprod ty_2Enum_2Enum t1

(9)

Let c_2FEinteger 2FEtint__eq : ¢ be given. Assume the following.

c 2Eintege7" 2Etint eq € ((2(ty,2Epair,2Eprod ty-2Enum_2Enum ty,2Enum,2Enum))(ty,QEpair,ZEprod ty_2Enum

(10)
Let c.2FEinteger 2Fint_ABS__CLASS : i be given. Assume the following.

o(ty-2Bpair_2Eprod ty_2Enum_2Enum ty_2Enum_2Enum)

(11)

c2Einteger 2Fint__ABS__CLASS € (ty 2Einteger 2FEint(

Definition 6 We define c_2Einteger 2Eint__ABS to be \VOr € (ty_2Epair 2Eprod ty_2Enum_2Enum ty_2
Definition 7 We define c_2Einteger 2Eint_mul to be \VOT'1 € ty 2FEinteger 2Eint. A\V1T2 € ty_2FEintege;
Let c.2Finteger 2Etint__add : + be given. Assume the following.

c2Einteger 2Etint__add € (((ty-2Epair_2Eprod ty_2Enum_2Enum
(ty_2Epair_2Eprod ty_2Enum_2Enum ty,2E'num,2Enum))(ty,2Epair,2Eprod ty_2Enum_2Enum ty

(12)

ty_ 2Enum_2Enum)

Definition 8 We define c_2Einteger 2Eint__add to be A\VOT'1 € ty_ 2FEinteger 2Eint. A\V1T2 € ty_2FEinteger
Definition 9 We define c_22Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E 40 2
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (13)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum’™®) (14)

Definition 10 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).



Let c.2FEinteger 2Eint__of __num : ¢ be given. Assume the following.

c2Einteger 2Eint__of __num € (ty_2Finteger 2EintV-2Enuvm-2Enum) (15)

Let c2FEinteger 2Etint_It : ¢ be given. Assume the following.

. : ty_2Epair_2Eprod ty_2Enum_2Enum ty_2Enum_2Enum)\(ty_-2Epair_2Eprod ty_2Enum.
c2Finteger 2Etint__It € ((2 )

Definition
Definition

Definition
of type .

Definition
Definition
Definition

Definition
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(16)
We define c_2Einteger 2Eint__It to be A\VOT'1 € ty_2Finteger 2Eint. \V1T?2 € ty_2FEinteger
We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 0t)).

We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)

We define c_2Ebool _2E_TE to be (A\V 0t € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
We define c_2Einteger_2Eint__le to be A\V 0z € ty_2FEinteger 2Eint. AV 1y € ty_2FEinteger 2F
We define c22Ebool _2E_5C_2F to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

We define c_2Ebool _2E_2F 5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2t €

Assume the following.

(VVOf € ty 2EDeepSyntax 2Edeep__form.(AV 1y € ty 2Einteger 2FEint.
(VV2z € ty_2Finteger 2Eint.((p (ap (ap c2Einteger 2Eint__It
V1y) V2x))=((p (ap (ap c22EDeepSyntax_2Eeval__form VOf) V2z))<
(p (ap (ap c2EDeepSyntax_2FEeval__form (ap c-2E DeepSyntax_2Eposinf

VO0f)) V2x)))))))
(17)

Assume the following.

(YVOf € ty 2EDeepSyntax 2Edeep__form.(VV 1z € ty_2Finteger 2Eint.

(VV2y € ty 2Finteger 2Eint.(YV3d € ty_2FEinteger 2Fint.

((p (ap (ap c2EDeepSyntax_2Ealldivide VOf) V3d))=((p (ap (ap c.2EDeepSyntax_2Eeval__form
(ap c2EDeepSyntax 2Eposinf VOf)) V1z))<(p (ap (ap c2EDeepSyntax_2Eeval__form

(ap c2EDeepSyntax 2Eposinf VOf)) (ap (ap c_2Einteger_2Eint__add
V1z) (ap (ap c_2Einteger 2Eint_mul V2y) V3d))))))))))

Assume the following.

Assume the following.

(18)
True (19)
(YV0tl € 2.(VV1t2 € 2.(((p VOt)=(p V1t2))=(((p (20)

V1t2)=(p VOt1))=((p VOtl)<(p V1t2))))))



Assume the following.

(VVOot € 2.(((p VOt)=False)=(—(p V0t))))
Assume the following.

(YVOt € 2.((=(p VOt))=((p VOt)=False)))
Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=>True)s
True)AN((False=(p VOt))=True) A((((p VOt)=(p VOL))=True)A((
(p VOt)=False)=(=(p V0t))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p V) )A(((—True)<False) A\
((=False)=True)))

Assume the following.

VA_27a.nonempty A27a=NVV0zx € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p VOt))
(p VOO)A(((Falses(p VOt))<(—(p VOt)))

p V0)))))))

((((p VOt)eTrue)=
(((p VOt)=False)=(—(

A
A
Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-27%).((-(IV 1z €
A27a.(p (ap VOP Vz))))=(VV2x € A27a.(—~(p (ap VOP V21))))))

Assume the following.

VA_27a.nonempty A27a=(YVOP € 2.(VV1Q € (
24-27a) (((p VOP)V(3V2z € A27a.(p (ap V1Q V22))))=(3V3x €
A27a.((p VOP)V(p (ap V1Q V32)))))))

Assume the following.

(VWWO0A € 2.(VV1B € 2.(vW2C € 2.(((p VOA)V(
(p VIB)V(p V20)))&=(((p VOA)V(p VIB))V(p V2C))))))

Assume the following.

(VW0A € 2.(VvW1B € 2.(((p VOA)V(p V1B))=((p V1B)V
(p V0A)))))

4

(23)

(28)

(30)



Assume the following.

(VVOA € 2.(vV1B € 2.(((~((p VOA)A(p V1B)))a((~(
p VOA)V(=(p V1B)))A((=((p VOA)V(p V1B)))&((=(p VOA))A(=(p V1B)))))))

(31)
Assume the following.
Y A_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOP € ((24-27)4-270) (VW 1x € A27a.(3V2y € (32)

A27b.(p (ap (ap VOP Viz) V2y))))=(3V3f € (A2764-27) (
VYVdx € A27a.(p (ap (ap VOP Vdx) (ap V3f V4zx)))))))

Assume the following.

(VV 0z € ty-2Finteger 2Eint.(VV 1y € ty_2Finteger 2Eint.
(VV2d € ty_2FEinteger 2Eint.((p (ap (ap c_2Einteger_2Eint__It
(ap c2Finteger 2Eint__of __num c2Enum_2E0)) V2d))=(3V3c €
ty 2Einteger 2Fint.((p (ap (ap c_2Einteger 2Eint__It (ap c_2Finteger 2Eint_of__num
c_2Enum_2EQ)) V3c))A(p (ap (ap c_2Einteger 2Eint__It V0x) (ap
(ap c-2Einteger_2Eint__add V1y) (ap (ap c2Einteger_2Eint__mul

V3c) V2d))))))))))
(33)
Assume the following.
(VVO0zx € ty-2Einteger 2Eint.(VV 1y € ty_2Finteger 2Eint.
(VV2z € ty_2Finteger 2Eint.(((p (ap (ap c2Einteger 2Eint__It (34)
VO0z) V1y))A(p (ap (ap c_2Einteger_2Eint__le V1y) V2z)))=(p (ap
(ap c_2Einteger 2Eint__It V0z) V2z))))))
Assume the following.
(YVOt € 2.((=(—=(p VO1)))=(p VOL))) (35)
Assume the following.
(VVO0A € 2.((p VOA)=((—(p VOA))=False))) (36)
Assume the following.
(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)& (37)
(((p VOA)=False)=((—(p V1B))=False)))))
Assume the following.
(VV0A € 2.(WV1B € 2.(((=((—=(p VOA))V(p V1B)))=False)& (38)

((p VOA)=((=(p V1B))=False)))))
Assume the following.

(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (39)



Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V2r)))e(((p Vop)V((p Vig)V (

p V2r))V(=(p V1g))A(((p V1V ((=(p V2r
((=(p V1g))V(=(p VOp))

Assume the following.

Assume the following.

(VVOp € 2.(VV1qg € 2.(VV2r € 2.(((p VOp)&=(
(p V1g)V(p V2r)))<(((p VOp)V(=(p V1g)))A(((p VOp
((p V1ig)V((p V2r)V(=(p VO0p))))))))))

Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)<(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g)A(((p VOp)V(=(p V2r)))A((  (43)
—(p V1g))V((p V2r)V(=(p V0p))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)&(—(p V1g)))=(((p VOp)V

(0 V1g)A((p V1g)V(=(p VOp))))) (44)

Theorem 1

(VVOf € ty 2EDeepSyntax_2Edeep__form.(NV1d € ty_2FEinteger 2Eint.
(VV2i € ty_2Finteger 2FEint.((p (ap (ap c.2EDeepSyntaz_2Ealldivide
VOf) V1d))=(((p (ap (ap c2Einteger 2Eint__It (ap c_2FEinteger_2Eint__of__num
c_2Enum_2EQ)) V2i))A((p (ap (ap c2Einteger_2Eint__le V2i) V1d))A
(p (ap (ap c2EDeepSyntax 2Eeval__form (ap c-2EDeepSyntaz_2Eposin f
VOf)) V2i))))=(3V3z € ty_ 2FEinteger 2FEint.(p (ap (ap c.2EDeepSyntax_2Eeval__form

VOf) V3x))))))))



