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Let ty_2Flist 2Elist : 1= be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty_2Elist 2Elist A0) (1)
Let c2Elist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c 2Elist 2ENIL A 27a € (ty 2Elist 2Elist
A_27a)

(2)

Definition 1 We define c 2Emin_2E_3D to be AA.\x € A y € A.inj_o (x = vy)
of type t=>t.

Definition 2 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (\VO0x € 2.V0z)) (\V1z € 2.V
Definition 4 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 5 We define c_2Ebool 2E_2F 5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2¢ € ¢
Let ty 2Epair_2Eprod : t=-1= be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)

(3)
Let c2Epair 2EABS__prod : t=1=1 be given. Assume the following.
VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2Epair 2EABS__prod
A27a A2Tb € ((ty2Epair 2Eprod A-27a A276)(* ™)™
(4)
Definition 6 We define c_2Epair 2E_2C to be N\A_27a : 1. NA_27b : 1.AV 0z € A27a.\V1y € A_27b.(ap (c2F



Let ty 2FEone_2Fone : 1 be given. Assume the following.
nonempty ty_2Eone_2Eone (5)
Let ty 2Esum_2Esum : t=-1=-1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(6)

Let c2Esum 2EABS__sum : 1=t=-t be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c 2Esum 2FEABS__sum
A27a A27b € ((ty-2Esum_2Esum A_27a A,27b)(((2A727b)A727a)2))
(7)
Definition 7 We define c 2Esum_2EINL to be AA_27a : t.ANA27b : 1.A\V0e € A27a.(ap (c2Esum_2EABS_

Let ty_ 2FEoption_2FEoption : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty-2FEoption_2FEoption A0) (8)
Let c2FEoption_2Eoption__ABS : 1=t be given. Assume the following.

VA 2Ta.nonempty A27a=-c2FEoption_2Eoption__ABS A 27a € (9)
((ty,2E0pti0n,2Eoption A727a) (ty2Esum_2Esum A_27a ty,2Eone,2Eone))

Definition 8 We define c_2Eoption_ 2ESOME 0 be AA_27a : 1. A\VO0x € A 27a.(ap (c.2Eoption_2FEoption__~

Definition 9 We define c 2Emin_2E_40 to be \AAP € 24.4f (32 € Ap (ap P x)) then (the (\z.x € AAp
of type L1=>t.

Definition 10 We define c_2EDecode_2Edec2enc to be AA_27a : t.AV0d € ((ty-2Eoption_2FEoption (ty-2E}

Let c.2E Encode_2FEencode__prod : t=1=>t be given. Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2F Encode_2FEencode__prod
A927a A27Th ¢ ((((ty,2ElZSt,2ElZSt 2)(ty,2Epair,2Eprod A_27a A,27b))((ty,QElist,QElist 2)‘4*27}’))((ty,2Elist,2Elis

(10)
Definition 11 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Fone_2FEone) (A\V0x € ty_2Fone_2
Definition 12 We define c_2Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV0t € 2.V 0t)).
Definition 13 We define c_2Ebool 2E_7E to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool _2E
Definition 14 We define c_2Esum_2EINR to be NA_27a : t.NA27b : 1. AV 0e € A 27b.(ap (c2Esum_2EABS

Definition 15 We define c_2Eoption_2ENONE to be AA_27a : v.(ap (c-2Eoption_2Foption__ABS A_27a) (¢



Let ¢ 2Elist 2EAPPEND : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c_ 2Elist 2EAPPEND A_27a € (((ty-2Elist_2Elist
A727a)(ty,2Elist,2Elist A,27a))(ty,2Elist,2Elist A,27a))
(11)
Let c2Epair 2ESN D : 1=-1=-1 be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c_2Epair 2ESN D
A927a A27b € (A727b(ty,2Epa'Lr,2Ep7'od A_2Ta A,27b))
(12)
Let c2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(13)

Definition 16 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : LAA27c : LAVOf € ((A27¢A-7

Definition 17 We define c_2Ebool 2E_3F to be AA 27a : 1.(AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40

Definition 18 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(

Definition 19 We define c 2EDecode_2Eenc2dec to be AA_27a : t.AVOp € (24-27%) AV 1e € ((ty_2Elist_2FEl

Definition 20 We define c 2EDecode 2Edecode__prod to be AA_27a : t. XA27b : 1. AV Op € (2(ty-2Epair-2Epra

Let c.2ECoder_2Eprod__coder : 1=>1=1=1=>1 be given. Assume the following.

A 97a A727b) (ty,QEZZSt,ZElZSt 2)))(ty,2Elist,2Elist 2))))(ty,2Epair,2Eprod (24-27%) (ty_2Epair_2Eprod ((ty_2Elis

(14)

Definition 21 We define c 2EEncode 2Elift_prod to be A\A_27a : t.AA_27b : t.A\VOpl € (24-279) AV 1p2 € (2

Let c.2ECoder_2FEencoder : 1=t be given. Assume the following.

VA 27Ta.nonempty A_27a=c_2ECoder_2Fencoder .
ty,2El’LSt,2EllSt 2)A,27a)(ty,ZEpair,ZEprod (24-27) (ty_2Epair_2Eprod ((ty_2Elist_2Elist 2)4-2"%) ((ty_2Eoption_2E

(15)
Let ¢ 2ECoder_2Edomain : 1=t be given. Assume the following.

VA_27a.nonempty A_27a=sc_2ECoder_2Edomain A_27a € ((2A-27a)(ty-2Epair2Eprod (2%-7%) (ty_2Bpair 25

(16)



Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2FEnum (17)
Let ¢ 2FElist 2ELENGTH : 1=t be given. Assume the following.

VA 27a.nonempty A 27a=c2Elist 2ELENGTH A_27a € (ty_2Enum_2Enum/(tv-2Flist-2Elist A27a))
(18)

Definition 22 We define c_2EEncodeVar_2Efixed__width to be AA_27a : t. AVOn € ty_2Enum_2Enum.\V1c

Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(19)

Definition 23 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Assume the following.

VA 27a.nonempty A27a=(VV0p € (24-27%).(VV1e €
((ty2Elist 2Elist 2)4-27%).(VV2d € ((ty-2Foption_2Foption
(ty2Fpair 2Eprod A_27a (ty 2Elist 2FElist 2)))(tv-2Elist-2Blist 2)y
((ap (c2ECoder 2Edomain A_27a) (ap (ap (c_2Epair 2E_2C (24-279)
(ty2Epair 2Eprod ((ty_2Elist 2Elist 2)4-27%) ((ty_2Foption_2Eoption
(ty_2Epair 2Eprod A 27a (ty 2Elist 2Elist 2)))(ty-2Blist-2Elist 2))y)
VOp) (ap (ap (c_2Epair2E_2C ((ty-2FElist 2Elist 2)4-27%) ((ty_2Eoption_2Eoption
(ty_2Epair 2Eprod A 27a (ty 2Elist 2Elist 2)))(ty-2Blist-2Elist 2)))
Vie) V2d))) = V0p))))
(20)
Assume the following.

VA_27a.nonempty A_27a=(VV0p € (24-27%).(VV1e €
ty 2Blist_2E1st - . € ((ty2Lkoption_2Eoption
2Elist 2Elist 2)4-27%) (VV2d 2FEoption_2Eopti
(ty_2Epair 2Eprod A 27a (ty 2Elist 2Elist 2)))(ty-2Blist-2Elist 2))
ap (c- oder_2Eencoder A-27a) (ap (ap (c_2Epair_2E_ -
((ap (c.2ECoder_2Eencoder A-27a) (ap (ap (c_2Epair 2E_2C (24-27a)
(ty_2Epair 2Eprod ((ty_2Elist 2Elist 2)4-27%) ((ty_2FEoption_2Eoption
(ty_2Epair 2Eprod A27a (ty 2Elist 2Elist 2)))(ty-2Elist-2Elist 2)y))
VOp) (ap (ap (c_2Epair 2E_2C ((ty_2Elist 2Elist 2)4-27%) ((ty_2Eoption_2Eoption
(ty_2Epair 2Eprod A 27a (ty 2Elist 2Elist 2)))(ty-2Blist-2Elist 2)))
Vie) V2d))) = Vle))))
(21)



Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=YA 27c.
nonempty A 27c¢c=YA_27d.nonempty A_27d=(VVOpl € (
24-27a) (¢V 1el € ((ty2Elist 2Elist 2)4-27¢).(VV2d1 €
((ty-2Eoption_2Eoption (ty-2Epair_2Eprod A-27a (ty-2Elist 2Elist
2)))(ty,2Elist,2E’list 2)).(Vv3p2 c (2A,27b).(vv4€2 c
((ty2Elist 2Elist 2)4-27) (VV5d2 € ((ty_2Eoption_2Eoption
(ty_2Epair 2Eprod A 27b (ty 2Elist 2Elist 2)))(ty-2Blist-2Blist 2))
((ap (ap (¢c.22ECoder 2Eprod__coder A27a A27b A 27¢ A27d) (ap
(ap (c_2Epair2E_2C (24-27%) (ty_ 2Epair 2Eprod ((ty_2Elist 2Flist
2)4-27¢) ((ty_2Eoption_2FEoption (ty_2Epair 2Eprod A27a (ty 2Elist 2Elist
2)))(ty-2Etist-2Elist 2)))) Vp1) (ap (ap (c-2Epair 2E2C ((
ty 2Elist 2Elist 2)4-27¢) ((ty_2Eoption_2Eoption (ty_2Epair_2Eprod
A27a (ty2Elist 2Elist 2)))(ty-2Elist-2Elist 2))) y1e1) V2d1)))

(ap (ap (c_2Epair2E_2C (24-2™) (ty_2Epair 2Eprod ((ty 2FElist 2Flist
2)4-274) ((ty_2Eoption_2Eoption (ty 2Epair 2Eprod A_27b (ty 2Elist 2Elist
2))) (-2Elist 2Blist 2))))'V39) (ap (ap (c_2Epair 2E.2C ((
ty 2Elist 2Elist 2)4-271) ((ty_2FEoption_2Foption (ty_2Epair 2Eprod
A27b (ty 2Elist 2Elist 2)))tv-2Elist-2Blist 2))) V4¢9) V5d2))) =
(ap (ap (c2Epair 2E_2C (2(ty-2Epair-2Eprod A-2Ta A27b)) (1y 9 Epair_2FEprod
((ty2Elist 2Elist 2)(ty-2Bpair2Eprod A27c A27d)\ ((ty 9 Foption_2Eoption
(ty2Epair 2Eprod (ty-2Epair 2Eprod A27a A27b) (ty-2Elist 2Elist
2)))(ty-2Elist 2Elist 2)))) (gp (ap (c_2EEncode_2Elift__prod
A_27a A27b) VOpl) V3p2)) (ap (ap (c_2Epair2E_2C ((ty-2Elist_2Elist
2)(ty,2Epair,2Eprod A 27c A,27d)> ((ty,2E0pti0n,2Eoption (
ty_2Epair 2Eprod (ty2Epair 2Eprod A 2T7a A_27b) (ty-2Elist 2Elist
2)))(ty-2Elist 2Blist 2))) (g (ap (c_2E Encode_2Eencode__prod
A27c¢ A27d) V1el) V4e2)) (ap (ap (ap (c.2EDecode_2Edecode__prod
A_27a A27b) (ap (ap (c.2EEncode_2Elift__prod A_27a A_27b) VOpl)
V3p2)) V2d1) V5d2))))))))))

(22)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
YV 0xb € ((ty2FElist 2Elist 2)4-27%) (VW 1yb € ((
ty 2Elist 2Elist 2)4-2™) (VW22 € A27a.(VV3y €
A27b.((ap (ap (ap (c2EEncode_2Eencode__prod A27a A_27b) VO0zb)
V1yb) (ap (ap (c-2Epair2E_2C A_27a A_27b) V2zx) V3y)) = (ap (ap (c2Elist 2EAPPEND
2) (ap VOzb V22)) (ap Vigh V3y))))))
(23)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.(((ap (ap c2Earithmetic 2E 2B V0Om)
V2p) = (ap (ap c.2Farithmetic 2E 2B V1n) V2p))<(V0Om = Vin)))))
(24)



Assume the following.
True (25)

Assume the following.

(YVOtL € 2.(¥V 12 € 2.(((p VOtL)=(p V1£2))=(((p

V1t2)=(p VOt1))=((p VO (p V1t2))))) (26)

Assume the following,
(VY0 € 2.(False=(p V01))) (27)

Assume the following,
(VYO0 € 2.((p VOR)V(=(p VOI)))) (28)

Assume the following.
(VVOt € 2.(((p VOt)=False)=(~(p VOL))) (29)

Assume the following,
(VYO0 € 2.((~(p VO£)=((p VOt)= False))) (30)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (31)

t)
(((p VOO)A(p VOt))&(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue)A((((p VOt)VTrue)=True)A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)=(p VO)A(((p VOE)V
(p VOt))=(p V01)))))))
(32)
Assume the following.

(VVO0t € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=>True)&s
True)A(((False=(p VOt))=True) AN((((p VOt)=(p VOt))=True)A((  (33)
(p VOt)=False)=(~(p V0t))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((—True)<False) A (34)
((-False)=True)))
Assume the following.

VA_27a.nonempty A 27a=(V0x € A27a.(V0x = V0z)&

True)) (35)
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Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.((V0z = V1y)e(V1y = VOx))))

Assume the following.

(YVOt € 2.(((Trues(p VOt))(p VOO))A(((p VOt)&True)<
(p VOO)A(((Falses(p VOt))=(=(p VOO))A(((p VOt)=False)<(—( (37)

p V01)))))))

Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%) ((-(3V 1z €
A27a.(p (ap VOP V1z))))=(VV2 € A27a.(=(p (ap VOP V2z))))))

Assume the following.

(VV0A € 2.(VV1B € 2.(¥V2C € 2.(((p VOA)V(

(» VIB)V(p V20)) = (((p VOAN(p VIB)v(p V2O))) Y

Assume the following.

(VV0A € 2.(WW1B € 2.(((p VOA)V(p V1B))=((p V1B)V

(p VOA)))) (40)

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)A(p V1B)))<=((—(
p VOA)V(=(p V1B))))A(=((p VOA)V(p V1B)))=((=(p VOA)A(=(p Vlg);)))))
1
Assume the following.

(VWOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(0 V12)=(p V2B3))((p VODAG V1) =(p V23))) 42

Assume the following.

(VVO0z € 2.(VV1x 27 € 2.(VV2y € 2.(VV 3y 27 €
2.((((p Voz)=(p V1z27)A((p V1z27)=((p V2y)=(p V3y.27))))= (43)
(((p VOz)=(p V2y))=((p V12 27T)=(p V3y.27))))))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOP € ((24-27)4-270) (W 1x € A27a.(3V2y €
A27b.(p (ap (ap VOP V1) V2y))))=(3V3f € (A2764-272) (
VYVdx € A27a.(p (ap (ap VOP Vdx) (ap V3f V4x)))))))

(44)



Assume the following.

VA_27a.nonempty A 27a=(VVO0Il € (ty_2Elist_2Flist
A 27a).(VV1i2 € (ty2Elist 2Elist A27a).((ap (c2Elist 2ELENGTH
A27a) (ap (ap (c-2Elist 2EAPPEND A_27a) V0I1) V1i2)) = (ap (ap c2Earithmetic2E_2B
(ap (c:2Elist 2ELENGTH A_27a) V0I1)) (ap (c2Elist 2ELENGTH A_27a)

V1i2)))))
(45)
Assume the following.
VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYV 0z € (ty_2Epair 2Eprod A 27a A_27b).(3V1q € A 27a. (46)

(3V2r € A275.(VOx = (ap (ap (c2Epair.2E2C A_27a A_27b)
Vig) V2r)))))

Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YV0x € A27a.(WV1y € A27b.((ap (c.2Epair 2EFST A 27a (47)
A_27b) (ap (ap (c-2Epair2E_2C A_27a A_27b) VOx) V1y)) = V0x)))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
YV0x € A27a.(WV1y € A27b.((ap (c2Epair 2ESND A_27a (48)
A_27b) (ap (ap (c-2Epair2E_2C A_27a A27b) V0x) V1y)) = V1y)))

Assume the following,.
(YVOt € 2.((=(=(p VO1)))=(p VOL))) (49)

Assume the following.
(VVO0A € 2.((p VOA)=((—(p VOA))=False))) (50)

Assume the following.

(VV0A € 2.(WV1B € 2.(((—((p VOA)V(p V1B)))=False)&

((p VOA)=False)=((—(p V1B))=False))))) (51)
Assume the following.
(W0A € 2(W1B € 2((-((=(p VOA)V(p VIB))=>False)es

((p VOA)=((=(p V1B))=False)))))
Assume the following.

(VV0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (53)



Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V2r)))e(((p Vop)V((p Vig)V (

p V2r))V(=(p V1g))A(((p V1V ((=(p V2r
((=(p V1g))V(=(p VOp))

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1g)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VO
((p V1ig)V((p V2r)V(=(p VOp))))))

=
=
=
=3

Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V(=(p V2r)))A((  (56)
—(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(p V1g))A(((p V1)V (~(p VOp)))))) (57)

Theorem 1

VA_27a.nonempty A 27a=YA_27b.nonempty A_27b=(

YV 0cl € (ty 2Epair 2Eprod (24-") (ty_2Epair 2Eprod
((ty2Elist 2Flist 2)4-27) ((ty_2Eoption_2Eoption (ty_2Epair 2Eprod
A27a (ty2Elist 2Elist 2)))(tv-2Elist-2Elist 2)))) (/12 €
(ty_2Epair 2Eprod (24-2™) (ty_2Epair 2Eprod ((ty_2Elist 2Elist
2)A4-27) ((ty_2Eoption_2Eoption (ty2Epair 2Eprod A27b (ty 2Elist 2Elist
2)))(ty-2Blist-2Blist 2)))) (Y21 € ty 2Enum_2Enum.

(VV3n2 € ty2Enum_2Enum.(((p (ap (ap (c-2EEncodeVar_2Efixed__width
A_27a) V2nl) V0cl))A(p (ap (ap (c_2EEncodeVar_2Efixed__width
A_27b) V3n2) V1c2)))=(p (ap (ap (c_2EEncodeVar_2Efixed__width
(ty2Epair 2Eprod A_27a A-27b)) (ap (ap c_2Earithmetic 2E 2B
V2nl) V3n2)) (ap (ap (c2ECoder 2Eprod__coder A_27a A_27b A27a
A27b) VO0cl) V1e2))))))))



