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Let ty_2Finteger 2Eint : + be given. Assume the following.
nonempty ty_2Finteger_2FEint (1)
Let ty 2Flist 2Flist : .= be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty-2Elist 2Elist A0) (2)
Let ¢ 2EOmega_2Esumc : ¢ be given. Assume the following.

C,2EOTTL€QCL,2ESU’ITLC c ((ty,2Einteger,2Eint(ty*QEliSt*QE”St ty,QEinteger,ZEint))(ty,QElist,QElist ty_2FEinteger

(3)

Definition 1 We define c 2Emin_2E_3D to be AA.\x € A y € A.inj_o (x = y)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V0x € 2.V0z)) (\V1z € 2.V
Definition 3 We define c_2Ebool 2E_21 to be A\A_27a : t.(A\VOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (4)
Let ty_2FEpair_ 2Eprod : t1=>1=>1 be given. Assume the following.

VA0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(5)

Let c.2FEinteger 2FEint__ REP__CLASS : . be given. Assume the following.

c,2Einteger,ZEint,,REP,,C'LASS c ((Q(ty,2Epair,2Eprod ty_2Enum_2Enum ty_2Enum_2Enum) )ty,QEinteger,Q

(6)



Definition 5 We define c 2Emin_2E_40 to be AAAP € 24.4f (32 € A.p (ap P x)) then (the (\z.x € AAp
of type t1=-t.

Definition 6 We define c 2Einteger 2Eint__REP to be AV 0a € ty_2FEinteger 2Fint.(ap (c_.2Emin_2E_40 (ty.
Let c.2Finteger 2Etint__add : + be given. Assume the following.

c2FEinteger 2Etint__add € (((ty-2Epair_2Eprod ty_2Enum_2Enum
ty72Enum72Enum)(ty,2Epai7',2Ep7"od ty_2Enum_2Enum ty,QEnum,QEnum))(ty,2Epair,2Eprod ty_2Enum_2Enum t1

(7)

Let c_2FEinteger 2Etint__eq : ¢ be given. Assume the following.

c 2E7;ﬂt6967" 2Etint eq € ((2(ty,2Epair,2Eprod ty-2Enum_2Enum ty,2Enum,2Enum))(ty,2Epair,2Eprod ty_2Enumn

(8)
Let c.2FEinteger 2Fint__ABS__CLASS : i be given. Assume the following.

(Q(ty,ZEpa'M',2Eprod ty_2Enum_2Enum ty_2Enum_2Enum)

(9)
Definition 7 We define c_2Einteger 2Eint__ABS to be A\VOr € (ty-2Epair 2Eprod ty_2Enum_2Enum ty_2

c2Einteger 2FEint__ABS__CLASS € (ty 2Finteger_2FEint

Definition 8 We define c_2Einteger 2Eint__add to be A\VOT'1 € ty_ 2FEinteger 2Eint. A\V1T2 € ty_2FEintegen
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (10)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum”™®) (11)

Definition 9 We define c2Enum_2EQ to be (ap c2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).

Let c2FEinteger 2Etint__mul : + be given. Assume the following.

c2Einteger 2Etint_mul € (((ty_2Epair 2Eprod ty_2Enum_2Enum
)(ty,ZEpair,QEp'rod ty_2Enum_2Enum ty,2Enum,2Enum))(ty,QEpair,QEprod ty_2Enum_2Enum ty

(12)

ty_ 2Enum_2Enum

Definition 10 We define c_2Einteger 2Eint__mul to be A\VOT'1 € ty 2Einteger 2Eint. \V1T2 € ty_2FEinteg
Let c.2Einteger 2FEint__of__num : ¢ be given. Assume the following.

c2Finteger 2Fint__of _num € (ty 2Einteger 2Eint"-2Enum-2Enum) (3)
Let c2Elist 2EM AP : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2Elist 2EM AP
A27a A27b € (((ty_2Elist 2Elist A_27b)(tv-2Elist-2Elist A-27a))(A-276"-27%))
(14)



Definition 11 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2ECONS A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(15)
Definition 12 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Elist 2ENIL A 27a € (ty2Elist 2Elist
A27a)
(16)

Definition 13 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 14 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 15 We define c_2Emarker_2EAC to be A\V0b1 € 2.\V1b2 € 2.(ap (ap c_2Ebool 2E_2F 5C V0b1) |
Assume the following.

(VV0cs € (ty-2Elist 2Elist ty_2Einteger 2Fint).(VV 1vs €
(ty_2Elist_2Flist ty 2Finteger 2Eint).(VYV 2¢ € ty_2Einteger 2Fint.
(VV3v € ty_2FEinteger 2Eint.(((ap (ap c.22EOmega_2Esumc
(c:2Elist 2ENIL ty_2Einteger 2Eint)) V1vs) = (ap c2Einteger 2Eint__of __num
c_2Enum_2E0))A(((ap (ap c:2EOmega2Esumc VO0cs) (c2Elist 2ENITL
ty_2Finteger 2Eint)) = (ap c2Finteger 2Eint__of __num c_2Enum_2EQ0))A
((ap (ap c.2EOmega_2Esumc (ap (ap (c.2Elist 2ECON S ty_2FEinteger 2FEint)
V2c) V0cs)) (ap (ap (¢2Elist 2ECONS ty_2FEinteger_2Eint) V3v)
Vl1vs)) = (ap (ap c2Einteger 2Eint__add (ap (ap c-2Einteger_2Eint__mul
V2¢) V3v)) (ap (ap c:2EOmega2Esumc V0cs) V1vs)))))))))
(17)
Assume the following.
True (18)

Assume the following.

(VVOt € 2.(((TrueVv(p VOr))eTrue) AN((((p VO)VTrue)=True) A
((FalseV(p VOt))e(p VOi))A((((p VOt)VFalse)<(p VOi)A(((p VOt)V
(p VO1))&=(p VO1)))))))
(19)
Assume the following.

VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = VO0z)&

True)) (20)



Assume the following.

(VV 0y € ty 2Finteger 2Fint.(VV 1z € ty_2FEinteger 2Fint.
((ap (ap c-2Einteger_2Eint__mul V1z) V0y) = (ap (ap c_2Einteger 2Eint__mul
Voy) Viz))))
(21)
Assume the following.

(VV0z € ty_2Finteger 2Eint.(YV 1y € ty_2FEinteger_2FEint.
(VV2x € ty_2Einteger 2Eint.((ap (ap c_2Einteger 2Eint__mul
V2z) (ap (ap c2Einteger 2Eint__mul V1y) V0z)) = (ap (ap c_2Einteger_2Eint_mul
(ap (ap c_2Einteger_2Eint_mul V2z) V1y)) V0z)))))
(22)
Assume the following.

(VVO0z € ty_2Finteger 2Eint.(VV 1y € ty_2Einteger 2FEint.
(VV 2z € ty_2Einteger 2Eint.((ap (ap c_2Einteger_2Eint__mul
V2z) (ap (ap c_2Einteger 2Eint__add V1y) V0z)) = (ap (ap c_2Einteger 2Eint__add
(ap (ap c_2Einteger_2Eint__mul V2z) V1y)) (ap (ap c_2Einteger 2Eint__mul
V2r) V02)))))
(23)
Assume the following.

(VV Oz € ty2Einteger 2Fint.(VV 1y € ty_2Finteger 2Eint.
(VV2z € ty_2Finteger 2Eint.(((ap (ap c_2Einteger_2Eint__add
VO0zx) V2z) = (ap (ap c2Einteger 2Eint__add V1y) V2z))=(V0z = Vy)))))
(24)
Assume the following.

(VVO0zx € ty-2Einteger 2Eint.((ap (ap c-2Einteger_2Eint__mul
VO0z) (ap c2Einteger 2Eint_of_num c2Enum_2EQ)) = (ap c2Finteger 2Eint__of __num
c_2Enum_2EQ)))
(25)
Assume the following.

(VV 0z € ty_2Finteger 2Eint.(VV 1y € ty 2FEinteger 2FEint.
(VV2z € ty-2FEinteger_2Eint.(((ap (ap c2Einteger_2Eint__mul
V0z) V1y) = (ap (ap c2Einteger_2Eint__mul V0z) V2z))<((V0x = (ap
c2Einteger 2Eint_of __num c_2Enum_2E0))V(V1y = V2z))))))
(26)
Assume the following.

(YVOm € ty 2Enum_2Enum.(YV1n € ty_ 2Enum_2Enum.(
((ap c2Finteger 2Eint__of __num VO0m) = (ap c2Einteger 2Eint__of __num
Vin))<(VOom = Vin))))
(27)



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
(YVOf € (A2764-27) ((ap (ap (c2Elist 2EM AP A_27a A_27b)

VOf) (c2Blist 2ENIL A27a)) = (c.2Elist 2ENIL A27b)))AVV1f €

(A2764-270) (YV2h € A 27a.(VV3t € (ty2Elist 2Flist
A27a).((ap (ap (c2Elist 2EM AP A_27a A27b) V1f) (ap (ap (c2Elist 2ECONS
A_27a) V2h) V3t)) = (ap (ap (c2Elist 2ECONS A_27b) (ap V1f V2h))
(ap (ap (c2Elist 2EM AP A 27a A27b) V1f) V3t)))))))
(28)
Assume the following.

VA 27a.nonempty A 27a=(YVOP € (2(tv-2Elist-2Elist A-27a))
(((p (ap VOP (c-2Elist 2ENIL A_27a)))\(VV1t € (ty-2Elist_2Elist
A27a).((p (ap VOP V1t))=(VV2h € A27a.(p (ap VOP (ap (ap (
¢ 2Elist 2ECONS A_27a) V2h) V1t)))))))=(VV3I € (ty_2Elist 2Elist
A27a).(p (ap VOP V3I)))))

(29)
Assume the following.
VA 27a.nonempty A27a=(VVO0I € (ty-2Elist_2Elist
A_27a).(VOl = (c2Elist 2ENTL A 27a))V(IV1h € A27a.( (30)

V2t € (ty-2Elist 2Elist A27a).(VOl = (ap (ap (c2Elist 2ECONS
A_27a) V1h) V2t))))))

Theorem 1

(VV0cs € (ty_2Elist 2Elist ty_2Finteger 2Eint).(VV1vs €
(ty_2Elist 2Elist ty 2Einteger 2Fint).(VV2f € ty 2Einteger 2FEint.
((ap (ap c2Einteger 2Eint__mul V2f) (ap (ap c-2EOmega_2Esumc
VO0ecs) V1vs)) = (ap (ap c:2EOmega_2Esumc (ap (ap (c2Elist 2EM AP
ty_2Finteger 2Eint ty_2Einteger 2Eint) (A\V3x € ty_2Finteger 2Eint.
(ap (ap c2Einteger_2Eint__mul V2f) V3x))) VO0cs)) V1vs)))))



