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Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type L1=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0z € 2.V0z)) (A\V1z € 2.V
Let ty_2Fone_2Fone : 1 be given. Assume the following.
nonempty ty_2Eone_2Eone (1)

Definition 3 We define c_2Emin_2E_40 to be \A.XP € 24.if (3z € A.p (ap P x)) then (the (\z.x € AAp
of type t=-t.

Definition 4 We define c_2Eone_2Eone to be (ap (c_2Emin_2E_40 ty_2Eone_2Eone) (AVO0z € ty_2Eone_2E
Definition 5 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 6 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVOt € 2.V 0t)).

Definition 7 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)

of type ¢.

Definition 8 We define c.2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 9 We define c_2Ebool 2E_2F 5C to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Let ty 2Esum_2Esum : t=-t=-1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2Esum
A0 A1)

(2)
Let c2Esum 2EABS__sum : 1=t=t be given. Assume the following.
VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=c_ 2Esum _2FEABS__sum

A27a A27b € ((ty2Esum_2Esum A-27a A_27p)((*2™)"7)%)
(3)



Definition 10 We define c_2Esum_2EINR to be NA_27a : 1. NA_27b : 1. AV 0e € A27b.(ap (c2Esum_2EABS

Let ty_2Foption_2FEoption : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2FEoption_2FEoption A0) (4)

Let c2Eoption_2Eoption__ABS : 1=t be given. Assume the following.

VA 27a.nonempty A27a=-c2Eoption_2FEoption__ABS A 27a € (5)
((ty,2EOpt’L.0’I’L,2EOpt’L'O’I’L A727CL) (ty2Esum_2Esum A_27a ty,ZEone,QEone))

Definition 11 We define c_2Eoption_2ENONE to be AA_27a : v.(ap (c-2Eoption_2Foption__ABS A_27a) (¢

Let ty_2FEpair_2Eprod : t1=>t=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(6)

Let ty_2Flist 2Elist : 1= be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty_2Elist 2Elist A0) (7)

Let ¢ 2Falist 2EALOOKUP : 1=1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2Falist 2EALOOKU P
A27a A27Th € (((ty,?EOptZO’ﬂ,2EOptZOTL A727a)A727b)(ty,ZElist,2Elist (ty_2Epair_2Eprod A_27b A,27a)))

(8)

Let ty 2F finite_map 2FE fmap : 1=1=-1 be given. Assume the following.

Y AQ.nonempty A0=VAl.nonempty Al=nonempty (ty-2E finite_map_2E fmap
A0 Al)
(9)

Let ¢ 2F finite__map2E fmap__ABS : t=>t=>t be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2F finite_map 2E fmap__ABS
A27a A27b € ((ty2F finite__map_2F fmap A_27a A_27b)((ty-2Esum-2Esum A_27b ty_2Bone_2Eone)"=*7"))
(10)

Definition 12 We define c 2Efinite__map 2EFEMPTY to be AA_27a : t.AA_27b : v.(ap (c2E finite__map_ 21

Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 2Ta.nonempty A27a=VA_27b.nonempty A_27b=c_2FEpair 2EABS__prod

A27a A27b € ((tnyEpaiﬂ?Eprod A 27a A727b)((2A727b)A727a))
(11)

Definition 13 We define c2Epair 2E_2C to be N\A27a : t.AA27b : 1. AVO0x € A27a AV1y € A27b.(ap (c-2



Let ¢ 2F finite__map 2EFUPDATE : 1=1= be given. Assume the following.

YA 27a.nonempty A27a=VA 27b.nonempty A_27b=c2FE finite__map 2 EFUPDAT |
A27a A27b € (((ty-2E finite__map_2E fmap A_2Ta A_27b)(tv-2Epair-2Bprod A-2Ta A-27b))(ty-2B finite_map
(12)
Let c2Epair 2ESN D : 1=-1=-1 be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c_2Epair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Ep7'od A_2Ta A,27b))
(13)
Let c2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(14)

Definition 14 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L AA27c : LAVOS € ((A27¢4-7
Let ¢ 2Elist 2EFOLDR : 1=1=- be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=c 2FElist 2EFOLDR

A927a A27b € (((A727b(ty,2Elist,2Elist A,27a))A,27b)((A,27bA*27b)A’27a))
(15)

Definition 15 We define c_2Ealist_2Ealist__to__fmap to be A\A_27a : t. \A27b : L. AV 0s € (ty-2Elist_2Elist |
Let ¢ 2F finite__map_2FE fmap__REP : 1=>1=>1 be given. Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2F finite_map_2F fmap__REP
A27a A27b € (((ty2Esum_2Esum A_27b ty_2Eone_2FEone)A-27)(ty-2E finite__map 2E fmap A-2Ta A2Tb))
(16)
Let ¢c2Esum 2EISL : 1=1=>1 be given. Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=c 2FEsum_2FEISL
A92Ta A27b € (2(ty,2Esum,2Esum A_27a A,27b))

(17)
Definition 16 We define c 2Efinite__map 2EFDOM to be NA 27a : t.AA_27Tb : L. AVOf € (ty_2F finite__map
Let ¢ 2Ebool 2EARB : 1=-1 be given. Assume the following.
VA 27a.nonempty A_27a=c_ 2Ebool 2EARB A 27a € A 27a (18)
Let c2Epred__set 2ECHOICE : 1= be given. Assume the following.

VA 27a.nonempty A27a=c 2Epred__set 2ECHOICE A27a €

(27 (19)

Definition 17 We define c_2Epred__set 2EEMPTY to be AA_27a : 1. (A\VO0x € A-27a.c_2Ebool_2EF).



Definition 18 We define c 2Ebool 2EIN to be NA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz))
Definition 19 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Epred__set 2EGSPEC : 1=-1=- be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c2FEpred__set 2EGSPEC
A927a A27b € ((2A727a)((ty,2EpaiT,2Eprod A_27a 2)A*27b))

(20)
Definition 20 We define c 2Epred__set 2EINSERT to be AA_27a : t.A\VO0x € A 27a.A\V1s € (24-27%) (ap (c_
Definition 21 We define c 2Epred__set 2EDIFF to be AA_27a : 1t.AV0s € (24-279) A\V'1t € (24-27%) (ap (c_2.
Definition 22 We define c 2Epred__set 2EDELETE to be AA_27a : t.AV0s € (24-27%) AV 1z € A27a.(ap (a
Definition 23 We define c 2Epred__set 2EREST to be AA_27a : t.AV0s € (24-27%).(ap (ap (c_2Epred__set_2|
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Elist 2ECONS A27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(21)
Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2FElist 2ENIL A 27a € (ty_2Elist_2Elist
A_27a)
(22)

Definition 24 We define c_2Ebool 2ECOND to0 be AA_27a : t.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
Definition 25 We define c 2Epred__set 2EFINITE to be AA_27a : t.AV0s € (24-27%) (ap (c_2Ebool 2E_21 (2

Definition 26 We define c_2Ecombin_2EK to be AA_27a : t.AA27b : 1. (AVO0z € A27a.(A\V1y € A27b.V 0z

Definition 27 We define c.2Ecombin_2ES to be AA_27a : LAA2Th : LAA2Tc : 1. AVOf € ((A27cA-20)"

Definition 28 We define c 2Ecombin 2E| to be AA 27a : 1.(ap (ap (c_2Ecombin 2ES A 27a (A 27a”-27) A

Definition 29 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 30 We define c_2Erelation_2EWF to be AA_27a : t. \VOR € ((2A*27“)A’27a).(ap (c-2Ebool 2E_21
Definition 31 We define c_2Erelation 2ERESTRICT to be AA_27a : t. AA_27b : L AVOf € (A276"-2T) AV 1]

Definition 32 We define c_2Erelation 2ETC to be A\A_27a : L AVOR € ((24-270)**7") \V1a € A27a.\V2b

A_2T7a

Definition 33 We define c_2Erelation 2Eapprox to be AA_27a : t.AXA_27b : L AVOR € ((24-279) )AVIM



Definition 34 We define c_2Erelation_2Ethe__fun to be \A_27a : t. AA_27b : L AVOR € ((24-270)-*7) A\V'11
Definition 35 We define c_2Erelation 2EWFREC to be \A_27a : t.AA_27b : L. AVOR € ((24-270)"*") AV12

Definition 36 We define c 2Elist 2ESET__TO__LIST to be AA_27a : v.(ap (ap (c_2Erelation 2EWFREC (24~
Let c2Esum 2EOQUTL : 1=-1=1 be given. Assume the following.

VA 27a.nonempty A27a=VA_27b.nonempty A 27b=c2Esum 2EOQUTL
A927a A27Th € (A727a(ty,2Esum,2Esum A_27a A,27b))
(23)

Definition 37 We define c 2Efinite__map 2EFAPPLY to be NA_27a : L. AA27b: L. A\VOf € (ty 2FE finite__ma
Let c2Elist 2EM AP : 1=-1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2Elist 2EM AP
A27a A27b € (((ty2Elist 2Elist A_27b)(ty-2Blist-2Elist A_27a))(A27b%-27%))
(24)

Definition 38 We define c 2Ealist_2Efmap__to__alist to be A\A_27a : t. NA_27b : 1. AV 0s € (ty_2FE finite_may
Definition 39 We define c_2Ecombin_2Eo to be AA_27a : 1t.AA_27b : 1.AA2Tc : LAVOS € (A27b4-27) AV 1,
Definition 40 We define c_.2Emarker_2EAbbrev to be A\V0x € 2.V 0zx.

Definition 41 We define c.2Esum_2EINL to be N\A_27a : t.NA_27b : 1. AV 0e € A 27a.(ap (c2Esum_2EABS
Definition 42 We define c_2Eoption_2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c-2Eoption_2Eoption__
Let c2FEoption 2ETHE : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Eoption 2ETHE A_27a € (A_27q(ty-2Eoption2Eoption A_27a))

(25)
Let ¢ 2Elist 2ELIST_TO_SET : 1= be given. Assume the following.
VA 27a.nonempty A27a=c 2Elist 2ELIST_TO_SET A27a €
((2A,27a)(ty,QElist,QElist A,27a)) (26)
Let c2Elist 2EALL__DISTINCT : 1=t be given. Assume the following.
VA 27a.nonempty A 27a=c 2Elist 2EALL_DISTINCT A27a €
(2(ty,2Elist,2Elist A,Z’?a)) (27)

Let ¢ 2Elist 2EFILTER : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2EFILTER A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))(2A*27“))

(28)



Definition 43 We define c_2Esorting_2EPERM to be AA_27a : 1. \VOL1 € (ty-2Elist 2Elist A_27a).\V1L2
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
(VVO0q € A27b.((ap (ap (c2Falist 2EALOOKUP A_27a A27b)
(c2Elist 2ENIL (ty-2Epair_2Eprod A-27b A_27a))) V0q) = (c_2Eoption 2ENONE
A27a)))A(VV1y € A27a.(VV2z € A27b.(VV3t €
(ty2Elist 2Elist (ty_2Epair 2Eprod A27b A_27a)).(VV4q €
A27b.((ap (ap (c2Ealist 2EALOOKUP A 27a A27b) (ap (ap (c2Elist 2ECONS
(ty2Epair 2Eprod A27b A 27a)) (ap (ap (c2Epair_2E_2C A_27b
A27a) V2z) V1y)) V3t)) Vdq) = (ap (ap (ap (c2Ebool_2ECOND (ty_2FEoption_2FEoption
A_27a)) (ap (ap (c2Emin_2E_3D A_27b) V2z) V4q)) (ap (c2Eoption . 2ESOME
A27a) V1y)) (ap (ap (c2Falist 2EALOOKUP A_27a A_27b) V3t) V4q))))))))
(29)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0al € (ty-2Elist 2Elist (ty_2Epair 2Eprod A_27a A_27b)).

((ap (c-2Ealist_2Efmap__to__alist A_27a A_27b) (ap (c_2Ealist_2Ealist__to__fmap
A27a A27b) V0al)) = (ap (ap (c2Elist 2EM AP A 27a (ty-2Epair_2Eprod
A27a A27Db)) (A\V1k € A27a.(ap (ap (c_2Epair 2E_2C A_2Ta A_27b)
V1k) (ap (c2Eoption 2ETHE A_27b) (ap (ap (c2Falist 2EALOOKUP
A27b A27a) V0al) V1k))))) (ap (c2Elist 2ESET_TO__LIST A_27a)

(ap (c2BElist 2ELIST_TO_SET A-27a) (ap (ap (c2Elist 2EM AP
(ty-2Epair 2Eprod A27a A27b) A_27a) (c2Epair 2EFST A_27a A_27b))

V0al))))))

(30)

Assume the following.
True (31)

Assume the following.
(YVOtl € 2.(VV1t2 € 2.(((p VOt1)=(p V1t2))=(((p (32)

V1e2)=(p VOt1))=((p VOtl)<(p V1t2))))))

Assume the following.
(VVOt € 2.(False=(p VOt))) (33)

Assume the following.
(VVOt € 2.((p VOt)V(=(p VOt)))) (34)

Assume the following.
VA_27a.nonempty A27a=(VVO0t € 2.((VV1x € (35)

A27a.(p VOt))<=(p VO)))



Assume the following.

(VVOt1 € 2.(VV1E2 € 2.(VV2t3 € 2.(((p VOt1)A

((p VIEDAG V23)=((p VOEA( VI2)A(p V23)))) 5O

Assume the following.
(YVOt € 2.(((p VOt)= False)=(~(p VOL)))) (37)

Assume the following.
(YVOt € 2.((=(p VOt)=((p VOt)=False))) (38)

Assume the following.

(VV Ot € 2.(((Truen(p VOt))=(p VO)A((((p VO ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (39)

(((p VO)A(p VOE))&=(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue)AN((((p VOt)VTrue)=True)A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)<(p VO)A(((p VO)V

(p VO1))=(p V01)))))))
(40)
Assume the following.

(VVOt € 2.(((True=(p VOt))<=(p VOt))A(((p VOt)=>True)s
True)A(((False=(p VOt))True) AN((((p VOt)=(p VOt))=True)A((  (41)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A

((mFalse)=True))) (42)
Assume the following.
VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True)) (43)
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (44)

A27a.(VOx = Viy)e(Viy = V0x))))
Assume the following,.

(VVO0t € 2.(((Trues(p VOt))<(p Vo)) A(((p VOt)=True)s
(p VOO)A(((Falses(p VOt)) ( (pV )75))) (((p VOt)&= False)=(=( (45)

Vo0t))))))

7



Assume the following.

VA_27a.nonempty A27a=(VVO0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOt V1i2) = V1i2))))

(46)
Assume the following.
VA _27a.nonempty A 27a=(VVOP € (24-279).((~(VV1x € (47)
A27a.(p (ap VOP Vx))))=(3V22x € A27a.(—(p (ap VOP V21))))))
Assume the following.
VA 27a.nonempty A27a=(YVOP € (24-27%).((-(IV 1z € (48)

A27a.(p (ap VOP Vx))))=(VV22x € A27a.(—(p (ap VOP V2x))))))
Assume the following.

VA 27a.nonempty A 27a=(VVOP € 2.(WV1Q € (
24-27a) (((p VOP)A(VV 2z € A27a.(p (ap V1Q V2z))))=(VV3z € (49)
A27a.((p VOP)A(p (ap V1Q V3x)))))))

Assume the following.

VA 27a.nonempty A 27a=(VVOP € 2.(VV1Q € (
24-27a) (((p VOP)V(3V2z € A27a.(p (ap V1Q V22))))=(3V3r e (50)
A27a.((p VOP)V(p (ap V1Q V3z)))))))

Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-27%).(VV1Q €
2.((3V2zx € A27a.((p (ap VOP V22))A(p V1Q)))=((FV3z € (51)
A27a.(p (ap VOP V3z)))A(p V1Q)))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € 2.(vV1Q € (
24-27a) ((VV2z € A 27a.((p VOP)V(p (ap V1Q V2x))))<=((p (52)
VOP)V(VV3zx € A27a.(p (ap V1Q V3x)))))))

Assume the following.

(VVO0A € 2.(VW1B € 2.(vV2C € 2.(((p VOA)V(

(0 VIB)V(p V20)) = (((p VOAN(p VIB)V(p V2O))) O
Assume the following.
(VV0A € 2.(YV1B € 2.(((p VOAW(p V1B))&=((p V1B)V (54)

(p V0A)))))



Assume the following.

(VV0A € 2.(WV1B € 2.(((—((p VOA)A(p V1B)))=((—(
p VOA)V(=(p V1B))))A(=((p VOA)V(p V1B)))=((=(p VOA)A(=(p Vl(B);)))))
55
Assume the following.

(VVO0t1 € 2.(vV 112 € 2.(VV2t3 € 2.(((p VOt1)= (56)
((p V1t2)=(p V2t3)))=(((p VOtI)A(p V1t2))=(p V2t3))))))

Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-27) (YV1b € 2.(VV 22 € A 27a.
(VV3y € A27a.((ap VOf (ap (ap (ap (c.2Ebool 2ECOND A _27a)
V1b) V2z) V3y)) = (ap (ap (ap (c-2Ebool 2ECOND A_27b) V'1b) (ap VOf
V2r)) (ap VOF V3y)))))
(57)
Assume the following.

(VV0z € 2.(¥V 1227 € 2.(¥V2y € 2.(VV3y.2T €
2.((((p VOoz)=(p V1x27))A((p V1z27)=((p V2y)<=(p V3y-27))))= (58)
(((p VOx)=(p V2y))&((p V1z27)=(p V3y-27))))))))

Assume the following.

VA_27a.nonempty A 27a=(VVOP € 2.(VV1Q € 2.

(VV2x € A27a.(VV3227 € A27a.(VV4y € A 27a.
(VWhy27 € A27a.((((p VOP)=(p V1Q)A(((p V1Q)=(V2z = V3z27))A
((=(p V1Q))=(V4y = V5y-27))))=((ap (ap (ap (c_2Ebool 2ECOND A_27a)
VOP) V2z) V4y) = (ap (ap (ap (c-2Ebool 2ECOND A_27a) V1Q) V3z_27)

V5y.27)))))))))
(59)
Assume the following.
VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOP € ((24-27)4-270) (VW 1x € A 27a.(3V2y € (60)

A27b.(p (ap (ap VOP Vi) V2y))))<EV3f € (A2704-27) (
YVdx € A27a.(p (ap (ap VOP Vdzx) (ap V3f V4dx)))))))

Assume the following.

VA 27a.nonempty A27a=((VV0tl € A27a.(VV 112 €
A 27a.((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)))A(VV 21 € A 27a.(VV3t2 € A27a.((ap
(ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF) V2t1) V3t2) = V3t2))))
(61)



Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=YA 27c.
nonempty A 27c=(VVOf € (A27b4-27%) (VV1g € (A_27a”-7¢).

(VV2zx € A27c.((ap (ap (ap (c.2Ecombin_2Eo A_27¢c A_27b A_27a) (62)
VOf) Vig) V2z) = (ap VOf (ap V1g V21))))))
Assume the following.
VA_27a.nonempty A27a=(¥YV0x € A27a.((ap (c_2Ecombin_2El (63)

A27a) V0z) = V0zx))
Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
(YVOf € (A2764-27%) ((ap (ap (c2Elist 2EM AP A_27a A_27b)

VOf) (c2Elist 2ENIL A27a)) = (c.2Elist 2ENIL A2Tb))ANVV1f €

(A27b4-270) (YV2h € A 27a.(VV3t € (ty 2Elist 2Flist
A27a).((ap (ap (c2Elist 2EM AP A_27a A27b) V1f) (ap (ap (c2Elist 2ECONS
A_27a) V2h) V3t)) = (ap (ap (c2Elist 2ECONS A27b) (ap V1f V2h))
(ap (ap (c.2Elist 2EM AP A 27a A27b) V1f) V3t)))))))
(64)
Assume the following.

VA_27a.nonempty A_27a=(YVOP € (2(ty-2Elist2Elist A27a)y,

(((p (ap VOP (c2Elist 2ENIL A_27a)))AN(VYV1t € (ty_2Elist 2Elist
A27a).((p (ap VOP V1t))=(VV2h € A27a.(p (ap VOP (ap (ap (
c2Elist 2ECONS A_27a) V2h) V1t)))))))=(VV3l € (ty-2Elist 2Elist
A_27a).(p (ap VOP V3I)))))

(65)
Assume the following.

VA 27a.nonempty A 27a=-(VV0a0 € A_27a.(¥V1al €
(ty2Elist_2Elist A-27a).(VV2a0-27 € A27a.(¥V3al 27 €
(ty2Elist 2Elist A_27a).(((ap (ap (c2Elist 2ECONS A_27a) V0a0)
Vial) = (ap (ap (c:2Elist 2ECONS A_27a) V2a0-27) V3al-27))<((V0a0 =
V2a027)A(V1al = V3al 27)))))))
(66)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYV Ol € (ty2Elist 2Flist A27a).(VV1f € (A27p4-272),
((((ap (ap (c2Elist 2EM AP A27a A27b) V1f) VOI) = (c2Elist 2ENIL
A27b)) (V0L = (c2Elist 2ENIL A-27a)))A(((c2Elist 2ENIL A_27b) =
(ap (ap (c-2Elist 2EM AP A 27a A27b) V1f) VO0Il))=(V0l = (c.2Elist 2ENIL

A.27a)))))) o)
6
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Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YVO0f1 € (A2764-272) (VW12 € (A27bA-27) (VV2I €
(ty2Elist 2Elist A27a).(((ap (ap (c2Elist 2EM AP A_27a A_27b)
VOf1) V2I) = (ap (ap (c2Elist 2EM AP A27a A27b) V1f2) V21))<(VV3e €
A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V3e) (ap (c2Elist 2ELIST_TO__SET
A27a) V20)))=((ap VOf1 V3e) = (ap V12 V3e))))))))
(68)
Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=YA 27c.

nonempty A27c=(VVO0f € (A27c¢A-2) (VW 1g € (A27bA-279).

(VV2I € (ty2Flist 2Elist A_27a).((ap (ap (c2Elist 2EM AP
A27b A27¢) VOf) (ap (ap (¢ 2Elist 2EM AP A 27a A27b) V1g) V2I)) =
(ap (ap (c2Elist 2EM AP A_27a A27¢) (ap (ap (c_2Ecombin_2Eo A_27a

A27c A2Tb) VOF) Vig)) V20)))))
(69)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YV 0L € (ty2Elist 2Elist A-27a).(VV1f € (A27bA-2T).
(VV2x € A27b.((p (ap (ap (c2Ebool 2EIN A_27b) V2z) (ap (
¢ 2Elist 2ELIST_TO_SET A27b) (ap (ap (c2Elist 2EM AP A 27a
A27b) V1f) VOl))))=(TV3y € A27a.(V2z = (ap V1f V3y))A(
p (ap (ap (c.2Ebool 2EIN A_27a) V3y) (ap (c2Elist 2ELIST_TO_SET
A27a) VOI)))))))))
(70)
Assume the following.

VA 27a.nonempty A27a=(((p (ap (c2Elist 2EALL__DISTINCT
A27a) (c.2Elist 2ENTL A_27a)))=True)A(YVO0h € A-27a.(

VYV 1t € (ty2Elist 2Elist A27a).((p (ap (c2Elist 2EALL_DISTINCT
A27a) (ap (ap (c2Elist 2ECONS A_27a) VOh) V1t)))<((—(p (ap (ap
(c.2Ebool 2EIN A_27a) VOR) (ap (c2Elist 2ELIST_TO_SET A_27a)

V1E))))A(p (ap (¢2Elist 2EALL__DISTINCT A_27a) V1t)))))))
(71)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.((ap (c2Eoption 2ETHE

A.27a) (ap (c_2Eoption 2ESOME A 27a) V0z)) = V0z)) (72)

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YV0x € A27a.(VV1y € A27b.(VV2a € A27a.(VV3b €
A27b.(((ap (ap (c2Epair2E2C A_27a A_27b) VOzx) V1y) = (ap (ap
(c-2Epair2E2C A_27a A_27b) V2a) V3b))=((V0x = V2a)A(V1y =V3D)))))))
(73)
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Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYV 0z € (ty_2Epair 2Eprod A 27a A_27b).(3V1q € A 27a.
(3V2r € A275.(VOx = (ap (ap (c2Epair.2E2C A_27a A_27b)
Vig) V2r)))))

(74)

Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YV0x € A27a.(VV1y € A27b.((ap (c2Epair 2EFST A 2Ta (75)
A_27b) (ap (ap (c-2Epair2E_2C A_27a A_27b) VOx) V1y)) = V0x)))

Assume the following.
(VVOt € 2.((=(=(p VOt)))=(p VOL))) (76)

Assume the following.
(VVOA € 2.((p VOA)=((—(p VOA))=False))) (77)

Assume the following.

(VV0A € 2.(WVV1B € 2.(((—((p VOA)V(p V1B)))=False)=

(((p VOA)=False)=((—(p V1B))=False))))) (78)
Assume the following.
(VV0A € 2.(WV1B € 2.(((=((—(p VOA))V(p V1B)))=False)= (79)

((p VOA)=((~(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (80)

Assume the following.

(VVOp € 2.(VV1ig € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V2r)))e(((p Vop)V(lp V1g)V(p V2r)))A(((p VOp)V((=(
p V2r))V(=(p V1g)A(((p V1g)V((=(p V2r))V(=(p VOp))))A((p V2r)v
((=(p V1g))v(=(p VOp))))))))))
(81)
Assume the following.
(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOop)V((=(p V1g)V(=(p V2r))A((p V1g)V
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) )
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Assume the following.

(YVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)<(
(p V1ig)v(p V2r)))e(((p VOop)V(=(p V1g)A((p VOp)V(=(p V2r)))A
((p V1g)V((p V2r)V(=(p V0p)))))))))) )
Assume the following.
(VVOp € 2.(VV1g € 2.(¥V2r € 2.(((p VOp)<=(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V(=(p V2r)))A((  (84)
=(p V1g))V((p V2r)v(=(p V0p))))))))))

Assume the following.
(YVOp € 2.(VV1g € 2.(((p VOp)&=(—(p V1g)))=(((p VOp)V

85
(0 V1g)A(~(p V1g)V(~(p VOp))))))) (%)
Assume the following.

VA_27a.nonempty A 27a=(VVOL € (ty_2Elist 2Elist (86)

A_27a).(p (ap (ap (c2Esorting 2EPERM A_27a) VOL) VOL)))
Assume the following.

VA 27a.nonempty A27a=(YVO0x € (ty-2Elist 2Elist
A 27a).(VV1y € (ty_2Elist 2Elist A 27a).(VV2z €
(ty2Elist_2Elist A-27a).(((p (ap (ap (c2Esorting 2EPERM A_27a) (87)
VO0z) V1y))A(p (ap (ap (c-2Esorting_2EPERM A_27a) V1y) V2z)))=(
p (ap (ap (c2Esorting 2EPERM A_27a) V0zx) V2z))))))

Assume the following.

VA_27a.nonempty A27a=(VV0I1 € (ty_2Flist 2Elist
A27a).(VV1i2 € (ty-2Elist 2Elist A-27a).((p (ap (ap (c-2Esorting_2EPERM
A27a) VOI1) V1i2))=(p (ap (ap (c_2Esorting 2EPERM A _27a) V'1i2)
voi)))))

(88)
Assume the following.

VA 27anonempty A27a=(VYV0ls € (ty-2Elist 2Elist
A27a).((p (ap (c2Elist 2EALL_DISTINCT A_27a) VOIs))<=(p (ap
(ap (c2Esorting_2EPERM A_27a) V0ls) (ap (c2Elist 2ESET__TO__LIST
A27a) (ap (c2Elist 2ELIST_TO_SET A_27a) V0is))))))
(89)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-279) (YV 111 € (ty2Elist 2Elist A_27a).
(VV2I2 € (ty-2Flist 2Elist A-27a).((p (ap (ap (c_2Esorting_2EPERM
A27a) V1I1) V212))=(p (ap (ap (c2Esorting_2EPERM A_27b) (ap (
ap (c2Elist 2EM AP A_27a A27b) VOf) V1i1)) (ap (ap (c2Elist 2EM AP
A27a A27b) VOf) V2i2)))))))
(90)
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Theorem 1

VA_27a.nonempty A 27a=YA_27b.nonempty A_27b=(
VYV 0al € (ty-2Elist 2Elist (ty-2Epair_2Eprod A27a A_27b)).

((p (ap (c-2Elist 2EALL__DISTINCT A-27a) (ap (ap (c2Elist 2EM AP
(ty2Epair 2Eprod A_27a A_27b) A_27a) (c.2Epair 2EFST A 27a A_27D))
V0al)))=(p (ap (ap (c2Esorting_2EPERM (ty_2FEpair 2Eprod A27a
A_27b)) (ap (c-2Ealist_2Efmap__to__alist A_27a A_27b) (ap (c_2Ealist_2Ealist__to__fmap
A_27a A_27b) V0al))) V0al))))
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