thm_2Earithmetic 2EMIN__LE
(TMS8chPaa9Q3AA9Ib27SvIpC8UVhNQePnqjU)

October 26, 2020

Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)

Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z = vy)
of type 1=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 7 We define c_2Ebool _2E_2F _5C to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € ¢
Let c2Enum 2EREP__num : 1 be given. Assume the following.
c2Enum 2EREP_num € (omegaty-2Fnum-2Enum) (2)
Let ¢ 2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™9%) (3)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS_num € (ty2Enum_2Enum®™9") 4)
Definition 8 We define c.22Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num

Definition 9 We define c 2Emin_2E_40 to be \A.AP € 24.if (3x € A.p (ap P x)) then (the (\z.xz € ANp
of type t=-t.



Definition 10 We define c_2Ebool 2E_3F to be AA_27a : . (AVOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40
Definition 11 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
Definition 12 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_ 21 2) (AV2t €
Definition 13 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty_2Enum_2Enum. AV 1n € ty 2Enum_2
Definition 14 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
Definition 15 We define c_2Earithmetic 2EMIN to be \VOm € ty_ 2Enum_2Enum. AV 1n € ty 2Enum_2En

Assume the following.

(VVOm € ty_2Enum_2Enum.(YV1n € ty 2Enum_2Enum.(
YV 2p € ty 2Enum_2Enum.(((p (ap (ap c_2Eprim__rec 2E_3C
Vom) V1in))A(p (ap (ap c-2Eprim__rec 2E_3C V'1n) V2p)))=(p (ap (ap
c_2Eprim__rec 2E_3C VOm) V2p))))))
(5)

Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty_ 2Enum_2Enum.(
(=(p (ap (ap c-2Eprim__rec 2E_3C VOm) V1n)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Vin) VOm)))))
(6)

True (7)

Assume the following.

Assume the following.

(VW01 € 2.(VV1t2 € 2.(((p VOt1)=(p V1t2))=(((p <
V1t2)=(p VOt1))=((p VOt1)(p V1t2)))))) (8)

Assume the following.
(VVOt € 2.(False=(p V0t))) (9)

Assume the following.
(VVot € 2.((p VOt)V(=(p VOL)))) (10)

Assume the following.

(VVOtL € 2.(YV1t2 € 2.(VV2t3 € 2.(((p VOt1)A 1)
((p V1t2)A(p V2t3)))=(((p VOIL)A(p V1£2))A(p V2t3))))))

Assume the following.

(YVOt € 2.(((p VOt)=False)=(~(p V0t)))) (12)



Assume the following.
(VVOot € 2.((—(p VOt))=((p VOt)=False))) (13)
Assume the following.

(VVOt € 2.(((TrueA(p VOt))(p VO)A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (14)

t)
(((p VO)A(p VOI))&=(p VO01)))))))

Assume the following.

(VVOt € 2.(((TrueVv(p VOt))eTrue) AN((((p VOt)VTrue)=True)A
(((FalseV(p VOt))e(p VOO)A((((p VOt)VFalse)=(p VO)A(((p VOE)V

(p VO1))=(p V01)))))))
(15)
Assume the following.

(VVOt € 2.(((True=-(p VOt))=(p VO)A((((p VOt)=True)&
True)AN(((False=(p VOt))=True) A(((p VOt)=(p VOt))=True)A(( (16)
(p VOt)=False)<(~(p V0t))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A\

((mFalse)=True))) (17)
Assume the following.
VA_27a.nonempty A27a=(VV0x € A27a.(V0x = V0z)& (18)
True))
Assume the following.
VA 27a.nonempty A27a=(VVO0zx € A27a.(VV1y € (19)

A27a.(VOx = Viy)e(Viy = V0x))))
Assume the following.

(YVOt € 2.(((True=(p VOt))<=(p VO
(p VOO)A(((False=(p VOt))<=(—(p VOt

p VO01)))))))

INA((((p VOt)=True)=
WA(((p VOt)& False)=(—(  (20)

Assume the following.

VA _27a.nonempty A 27a=(VVOP € (24-279).((~(VV1z €

A 27a.(p (ap VOP V1)))e(3V2z € A 27a.(~(p (ap VOP V22))))) 2D
Assume the following.
VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
(24-270) (VV2z € A27a.((p (ap VOP V2z))A(p (ap V1Q V21))))= (22)

((VV3x € A27a.(p (ap VOP V3x)))A(VVizx € A27a.(p (
ap V1Q V4dx)))))))
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Assume the following.

VA 27a.nonempty A_27a=(YVOP € (24-272).(VV1Q €
(24-270) (IV2z € A27a.((p (ap VOP V2z))V(p (ap V1Q V2z))))=

(3V3z € A27a.(p (ap VOP V3z)))V(IV4z € A27a.(p ( (23)
ap V1Q V4x)))))))
Assume the following.
(VV0A € 2.(WVV1B € 2.(WYV2C € 2.(((p VOA)V( (24)
(p V1B)V(p V20)))=(((p VOA)V(p VLB))V(p V2C))))))
Assume the following.
(VW0A € 2.(WV1B € 2.(((p VOA)V(p V1B))=((p V1B)V (25)

(p V0A)))))

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)A(p V1B)))<((

—~

p VOA)V(=(p VIB))A(=((p VOA)V(p V1B)))&((=(p VOA)A(=(p V1B)))))))

(26)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV0b € 2.(VV1f € (A27b4-279) (VV2g € (A27p4-272),
(VV3z € A27a.((ap (ap (ap (ap (c2Ebool 2ECOND (A_27b4-272))
VOb) V1f) V2g) V3zx) = (ap (ap (ap (c.2Ebool 2ECOND A_27b) V0b) (ap
V1f V3x)) (ap V2g V3z)))))))
(27)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A27p4-279) (VV1b € 2.(VV2x € A_2T7a.
(VV3y € A27a.((ap VOf (ap (ap (ap (c-2Ebool 2ECOND A_27a)
V1b) V2z) V3y)) = (ap (ap (ap (c-2Ebool 2ECOND A_27b) V'1b) (ap VOf
V22) (ap VOS V3y))
(28)
Assume the following.

(VVOb € 2.(WVV1tl € 2.(VV2t2 € 2.((p (ap (ap
(ap (c-2Ebool_2ECOND 2) V0b) V1t1) V2t2))<(((—(p VOb))V(p V1¢1))A

((p VOD)V(p V2i2)))))))

(29)

Assume the following.
(VVOt € 2.((=(—(p VO1)))=(p VOL))) (30)

Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (31)

4



Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)&

((p VOA)=False)=((~(p V1B))=False))))) (32)
Assume the following.
(W04 € 2.(4V1B € 2((~((~lp VOA)V(p VIB)) > False)es 5o

((p VOA)=((~(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (34)

Assume the following.

(VVOp € 2.(VW1g € 2.(WVV2r € 2.(((p VOp)<(
(p Vig)e(p V2r)))e(((p VOop)V((p V1g)V(p V2r)))A(((p VOp)V((—(
p V2r))V(=(p V1ig))A((p V1g)V((—(p V2r))V(=(p VOp))))A((p V2r)V
((=(p V1g))V(=(p VOp)))))))))))
(35)
Assume the following.
(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)&(
(p V1igA(p V2r)))=(((p VOop)V((=(p V1g)V(=(p V2r)))A((p V1g)V
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) 56)

Assume the following.

(VVOp € 2.(VV1g € 2.(WVV2r € 2.(((p VOp)<(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1g)V((p V2r)V(=(p VOp)))))))))) )
37
Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOop)V(p V1g)A(((p VOp)V(=(p V2r))A(  (38)
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b VIg)A((—(p VIg)V(~(p VOP)))) (39)
Assume the following.
(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (40)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (41)

5



Assume the following.

(VV0p € 2.(vW1g € 2.((=((p VOp)V(p V1q)))=(~(p VO0p)))))  (42)
Assume the following.

(VVop € 2.(VV1g € 2.(=((p VOp)V(p V1q)))=(=(p V1q)))))  (43)

Assume the following.

(VVOp € 2.((—=(=(p VOp)))=(p VOp))) (44)
Theorem 1

(VVOn € ty_2Enum_2Enum.(NYV1m € ty_2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.(((p (ap (ap c-2Earithmetic_2E_3C_3D
(ap (ap c2Earithmetic2EMIN V1m) VOn)) V2p))<((p (ap (ap c2Earithmetic_2E_3C_3D
Vim) V2p))V(p (ap (ap c-2Earithmetic 2E_3C_3D V0On) V2p))))A((
p (ap (ap c_2Earithmetic_2E_3C_3D V2p) (ap (ap c_2Earithmetic_2EMIN
V1im) VOn)))<((p (ap (ap c-2Earithmetic_2E_3C_3D V2p) V1im))A(p
(ap (ap c2Earithmetic_2E_3C_3D V2p) V0n))))))))



