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Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (1)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum’™®) (3)

Definition 1 We define c2Emin_2E_3D to be \A Az € A y € A.inj_o (x = y)
of type t=-t.

Definition 2 We define c2Enum_2EQ to be (ap c2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Definition 3 We define c_2Earithmetic_2EZERO to be c_2Enum_2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

c2Enum 2ESUC_REP € (omega®™9%) (5)

Definition 4 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0x € 2.V0z)) (A\V1z € 2.V
Definition 5 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 6 We define c_22Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num |
Let c2Farithmetic2E 2B : ¢ be given. Assume the following.

c2Earithmetic 2E 2B € ((ty_2Enum _2Enumty-2Enum-2Enum)ty 2Enum-2Enum)

(6)



Definition 7 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c-2Earithmetic_

Definition 8 We define c_2Earithmetic 2ENUMERAL to be A\V 0z € ty_2Enum 2Enum.V0x.

Definition 9 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).

Definition 10
of type ¢.

Definition 11

Definition 12
of type t=-t.

Definition 13
Definition 14
Definition 15
Definition 16
Definition 17

Definition 18

We define c.2Emin_2E_3D_3D_3E to be AP € 2.0Q € 2.inj_0 (p P=p Q)

We define c_2Ebool 2E_2F 5C to be (A\VO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
We define c 2Emin_2E_40 to be \A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AA;

We define c.2Ebool 2ECOND to be AA-27a : ¢.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
We define c.2Ebag 2EBAG__INSERT to be AA_27a : t.AV0e € A27a.A\V1b € (ty-2Enum_2E
We define c_2Ecombin_2EK to be AA_27a : t.ANA27b: 1. ( AV 0z € A27a.(A\V1y € A27b.V0x
We define c.2Ebag 2EEMPTY __BAG to be AA_27a : v.(ap (c_2Ecombin_2EK ty_2Enum_2En
We define c_2Ebag 2EFINITE__BAG to be AA_27a : 1. AVOb € (ty_2Enum_2Enum”-2").(ap
We define c_2Ebag 2EBAG__UNION to be AA_27a : t.AVOb € (ty_2Enum_2Enum?-2"") AV 1

Let c2Epred__set 2EITSET : 1=>1=> be given. Assume the following.

VA 27Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EITSET

A27a A27b € (((A727bA,27b)(2A727"'))((A727bA,27b)

Definition 19
Definition 20
Definition 21
Definition 22

Definition 23

A,27a)

)

(7)
We define c_2Epred__set 2ESUM__IMAGE to be AA_27a : t.AVOf € (ty_2Enum_2Enum*->7
We define c_2Ebag_2EBIG__BAG__UNION to be AA_27a : 1.AV0sob € (2(ty-2Enum-_2Enum?=27
We define c22Ebool 2E_5C_2F to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
We define c2Epred__set 2EEMPTY to be AA_27a : 1.(AV0x € A_27a.c_2Ebool 2EF).

We define c_2Ebool 2EIN to be AA_27a : 1.(AV0z € A27a.(AV1f € (24-27).(ap V1f VOzx)

Let ty_ 2FEpair 2Eprod : t1=>1=>1 be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair_2Eprod

A0 A1)
(8)

Let c2Epair 2EABS__prod : t=t=t be given. Assume the following.

VA 27a.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A 27a A27b € ((ty-2Epair 2Eprod A 27a A_27b)

((2A727b)A—270)

)
(9)



Definition 24 We define c_2Epair 2E_2C to be NA_27a : t. AA_27b : 1. AV 0z € A 27a.A\V1y € A27b.(ap (c-2
Let c2Epred__set 2EGSPEC : 1=-1=-1 be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c2FEpred__set 2EGSPEC
A927a A27b € ((2147270,)((ty,2EpaiT,2Eprod A_27a 2)A*27b))

(10)
Definition 25 We define c 2Epred_set 2EINSERT to be AA_27a : t.A\VO0x € A27a.A\V1s € (24-27%) (ap (c-
Definition 26 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool _2E
Definition 27 We define c 2Epred__set 2EDIFF to be AA_27a : 1t.AV0s € (24-279) A\V'1t € (24-27%) (ap (c_2.
Definition 28 We define c 2Epred__set 2EDELETE to be AA_27a : t.AV0s € (24-27%) AV 1z € A27a.(ap (a

Definition 29 We define c 2Epred__set 2EFINITE to be AA_27a : 1.AV0s € (24-27%).(ap (c_2Ebool 2E_21 (2
Assume the following.

VA 27a.nonempty A_27a=((p (ap (c_2Ebag_2EFINITE__BAG
A_27a) (c_2Ebag 2EEMPTY__BAG A_27a)))A(VV0e € A27a.(

YV 1b € (ty_2Enum_2Enum”-27).((p (ap (c_2Ebag 2EFINITE__BAG
A_27a) (ap (ap (c2Ebag_2EBAG__INSERT A_27a) V0e) V1b)))<=(p (ap
(c_2Ebag 2EFINITE_BAG A_27a) V1b))))))

(11)
Assume the following.

VA_27a.nonempty A27a=(VVObl € (ty_2Enum_2EnumA-27).
(YV1b2 € (ty-2Enum_2Enum”-27*).((p (ap (c2Ebag_2EFINITE__BAG
A27a) (ap (ap (c2Ebag 2EBAG__UNION A_27a) V0b1) V1b2)))<((p
(ap (c2Ebag 2EFINITE__BAG A_27a) V0b1))A(p (ap (c_2Ebag 2EFINITE__BAG
A 27a) V102))))))
(12)
Assume the following.

VA_27a.nonempty A_27a=((ap (c_2Ebag_2EBIG__BAG__UNION
A_27a) (c_2Epred_set 2EEMPTY (ty_2Enum_2Enum”-274))) = (c_2Ebag 2EEMPTY__BAG
A_27a))
(13)
Assume the following.

A,27a,)

VA 27a.nonempty A_27a=(VV0sob € (2(ty-2Enum-2Enum ).

(YV1b € (ty-2Enum_2Enum”-27).((p (ap (c_2Epred_set 2EFINIT
(ty_2Enum_2EnumA-27%)) V0sob))=((ap (c_2Ebag 2EBIG__BAG__UNION
A27a) (ap (ap (c2Epred_set 2EINSERT (ty_2Enum_2Enum”-27%))
V1b) V0sob)) = (ap (ap (c-2Ebag 2EBAG__UNION A_27a) V'1b) (ap (c_2Ebag_2EBIG__BAG__UNION
A27a) (ap (ap (c2Epred_set 2EDELETE (ty_2Enum_2EnumA-27%))
Vosob) V1B))))))
(14)



Assume the following.

Assume the following.

(VVOt1 € 2.(VV1t2 € 2.(((p VOt1)=

True

(p V1£2))=(((p

V1t2)=(p VOt1))=((p VOt1)=(p V12))))))

Assume the following.

(VV Ot € 2.(False=(p VOt)))

Assume the following.

VA_27a.nonempty A 27a=(NVO0t € 2.((VV1x €
A27a.(p VOL))<(p VOI)))

Assume the following.

(YVOt € 2.(((Truen(p VOt))<

(p VOO)A((((p VO AT rue)&

(p VOO)A(((Falsen(p VOt))False) AN((((p VOt)AFalse)< False)A

t
(((p VOO)A(p VO)) & (p VOL))))

Assume the following.

)
)

(VVOt € 2.(((True=(p VOt))=(p Vo) ) A(((p V
True)A(((False=(p VOt))=True) AN((((p VOt)=(p
(p VOt)=False)=(=(p V01))))))))

Assume the following.

0t)=True)s

Vot))eTrue)A((

VA 27a.nonempty A27a=(VV0x € A27a.(VO0zx = VOz)&

Assume the following.

True))

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €

A27a.(VOx = Viy)e

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p V

(V1y = V0z))))

NA((((p VOt)&True)s

0t
(p VOO)A(((Falses(p VOt)) ( (p VOO))A(((p VOt)&=False)s

Assume the following.

Vo))

(VWOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

((p V1£2)=

(p V213))) =

(((p VOt)A(p V1t2))=

(p V2t3))))))

(=

(15)

(16)

(17)

(18)

(19)

(23)



Assume the following.

(VV0z € 2.(VV 1227 € 2.(YV2y € 2.(YV3y.27 €
2.((((p VOoz)=(p V1x27)A((p V1z27)=((p V2y)<=(p V3y-27))))= (25)
(((p VOz)=(p V2y))=((p V1z2T)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A_27a=(VV0x € A27a.(—(p (ap (ap (26)
(c-2Ebool 2EIN A_27a) VO0z) (c_2Epred__set 2EEMPTY A_27a)))))

Assume the following.

VA_27a.nonempty A27a=NVVO0zx € A27a.(VV1y €
A 27a.(VV2s € (24-27%).((p (ap (ap (c_2Ebool 2EIN A_27a)
VO0z) (ap (ap (c2Epred__set 2EINSERT A_27a) V1y) V2s)))<=((V0zx =
V1y)V(p (ap (ap (c2Ebool 2EIN A_27a) VO0z) V2s)))))))
(27)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(¥V1s €
(24-272) ((=(p (ap (ap (c-2Ebool 2EIN A_27a) VO0x) V1s)))<((ap (28)
(ap (c2Epred__set 2EDELETE A_27a) V1s) V0z) = V1s))))

Assume the following.

VA_27a.nonempty A_2Ta=(YVOP € (22" ((
(p (ap VOP (c2Epred_set 2EEMPTY A_27a)))A(VV 1s € (24-272
(((p (ap (c2Epred__set_2EFINITE A_27a) V1s))A(p (ap VOP V1s))
(VV2e € A27a.((—(p (ap (ap (c_2Ebool 2EIN A_27a) V2¢) V1s)))
(p (ap VOP (ap (ap (c2Epred__set_2EINSERT A_27a) V2e) V1s))))))
(YV3s € (24-277).((p (ap (c_2Epred_set 2EFINITE A_27a)
V3s))=(p (ap VOP V3s))))))

=

T

~—

)=

(29)

Theorem 1

A727a)

VA_27a.nonempty A_27a=(VV0sob € (2(ty-2Enum-_2Enum .
(((p (ap (c_2Epred_set 2EFINITE (ty_2Enum_2Enum?-27*)) V0sob))A
(YV1b € (ty-2Enum_2EnumA-27).((p (ap (ap (c_2Ebool 2EIN
(ty-2Enum_2EnumA-27%)) V1b) V0sob))=(p (ap (c_2Ebag 2EFINITE__BAG
A_27a) V1b)))))=(p (ap (c.2Ebag 2EFINITE_BAG A_27a) (ap (c_2Ebag_2EBIG__BAG__UNION
A_27a) V0sob)))))



