thm_2Ebinary__ieee_2Efloat__cases
(TMFD5S584ytvJLL7TAsW{dhoLQQRv{pctVJh)

October 26, 2020

Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € A.inj_o (z =vy)
of type 1=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c_22Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%)(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (1)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (3)

Definition 5 We define cC2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).
Let ty 2Erealax_2FEreal : ¢ be given. Assume the following.

nonempty ty_2Erealax_2Ereal (4)
Let c.2Ereal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal__of _num € (ty 2Erealax_2Ereql™-2Frum-2Enumy (g5
Let ty_ 2FEbool 2Fitsel f : 1=t be given. Assume the following.
VAO.nonempty AO=nonempty (ty_2Ebool 2Eitsel f A0) (6)
Let c_2Ebool_2Ethe__value : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Ebool 2Ethe_wvalue A 27a € ( (7)
ty 2Ebool 2Fitsel f A 27a)



Let ¢ 2F fep 2 Edimindex : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c2E fep 2Edimindex A 27a € (ty_2Enum_2Enum(ty-2Ebool-2Eitself A-2Ta))

(8)
Definition 6 We define c_2Earithmetic_2EZERO to be c_2Enum_2EQ.

Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (9)

Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™®9%) (10)

Definition 7 We define c 2Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap ¢ 2Enum 2EABS__num

Let c2FEarithmetic2E 2B : ¢ be given. Assume the following.

c2Earithmetic 2E 2B € ((ty_2Enum _2Enumty-2Enum-2Enum)ty 2Enum 2Enum)
(11)

Definition 8 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty_ 2Enum_2Enum.(ap (ap c2Earithmetic_
Definition 9 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let c_2Ereal 2Epow : ¢ be given. Assume the following.

c.2Ereal 2Epow € ((ty2Erealax_2ErealtV-2Enum-2Enum)ty 2Erealaz 2Ereal)
(12)
Let ty 2F fep_2FEcart : 1=1=-t be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty_2F fcp_2FEcart
A0 A1)
(13)
Let ty 2Ebinary__ieee 2F float : t=>1=-1 be given. Assume the following.

YV AOQ.nonempty A0=VAl.nonempty Al=nonempty (ty_2Ebinary_icee 2F float
A0 A1)
(14)
Let c2Ebinary-_icee 2E float__Significand : t=-1=>1 be given. Assume the
following.

VA 2Tt.nonempty A 27t=YA_2Tw.nonempty A27Tw=c_2Ebinary_ieee 2F float__Significand
A27t A2Tw € ((ty,2Efcp,2Eca7't 2 A,Z?t) (ty_2Ebinary__ieee_2E float A_2Tt A,27w))
(15)
Let ty 2F fep 2F finite__image : 1=t be given. Assume the following.

VAO.nonempty A0=nonempty (ty_2F fcp 2F finite__image AO) (16)



Definition 10 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 11 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Definition 12 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Definition 13 We define c 2Emin_2E_40 to be A\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type t=>t.

Definition 14 We define c_2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 15 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.A\V1n € ty_ 2Enum_2Enu
Definition 16 We define c 2Ebool 2E_3F_21 to be AA_27a : 1. (AVOP € (24-27%).(ap (ap c2Ebool 2E_2F 5C
Definition 17 We define c 2Efcp_2Efinite__index to be NA_27a : t.(ap (c_2Emin_2E 40 (A_27q"v-2Enum-2Enu
Let c2E fep_2Edest__cart : t=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A 27b=c2F fcp_2Edest__cart
A9Ta A27bh € ((A727a(ty,2Efcp,2Efinite,,image A,27b))(ty,2Efcp,2Ecart A_27a A,27b))

(17)
Definition 18 We define c 2Efcp_2Efcp__index to be NA_27a : t.AA_27b : 1. AVOx € (ty 2E fep 2Ecart A27
Let c.2Farithmetic2EEX P : 1 be given. Assume the following.

c2Earithmetic 2EEX P € ((ty 2Enum_2Enum!Y-2Enum-2Enum )ty 2Enum -2Enum)
(18)

Definition 19 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
Definition 20 We define c_2Ebit_2ESBIT to be A\V0b € 2.\V1n € ty 2Enum_2Enum.(ap (ap (ap (c_2Eboc
Let c2Esum_num 2ESUM : ¢ be given. Assume the following.

¢ 2Esum_num_2ESUM € ((ty-2Enum_2 Enum/(ty-2Enum 2EnumV=2Emm 2E00T) vty _2 Enum 2 Enum)
(19)

Definition 21 We define c_2Ewords_2Ew2n to be AA_27a : 1. A\VOw € (ty_2E fep2Ecart 2 A27a).(ap (ap ¢
Let ty 2Ehreal 2Ehreal : ¢ be given. Assume the following.

nonempty ty_2Ehreal_2FEhreal (20)
Let ty_2FEpair 2Eprod : t1=>1= be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(21)
Let c2FErealax 2Ereal _REP__CLASS :  be given. Assume the following.

c2FErealax 2Ereal__REP__CLASS € ((Z(ty,2E'pai'r,2Eprod ty_2FEhreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,QEreala:r
(22)



Definition 22 We define c_2Erealax_2Ereal__REP to be A\V0a € ty_2Erealax_2Ereal.(ap (c22Emin_2E_40 (¢

Let c.2FErealax_2Etreal __inv : ¢ be given. Assume the following.

c2Erealax_2Etreal__inv € ((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEhreal,QEhreal) (ty-2Epair_2Eprod ty_2Ehreal _2Ehreal ty_2Ehreal_2Ehreal) )

(23)
Let c.2Erealax_2Etreal__eq : ¢ be given. Assume the following.

c,ZETealax,QEtreal,,eq c ((2(ty,2Epm'r,2E'prod ty_2FEhreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,QEpair,QEprod ty_2Eh
(24)
Let c2Erealaxr_2Ereal__ABS__CLASS : . be given. Assume the following.

l(Q(ty,zEpmr,zEpmd ty_2Ehreal_2Ehreal ty_2Ehreal _2Ehi

(25)

c2Erealax_2Ereal__ABS__CLASS € (ty_2Erealax_2Erea

Definition 23 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty-2Ehreal 2Ehreal ty
Definition 24 We define c 2Erealax_2Einv to be \VO0T'1 € ty_2Erealax_2Ereal.(ap c_2Erealax 2Ereal __ABS

Let c.2Erealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax 2Etreal__mul € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,?EhT@CLl,2Eh7’€CLZ)(ty*QEpainzEpTOd ty_-2Ehreal _2Ehreal ty,ZEhreal,2Ehreal))(ty,ZEpair,2Eprod ty_2Ehreal _2Ehi

(26)
Definition 25 We define c_2Erealax_2Ereal__mul to be \VOT'1 € ty_2FErealax 2Ereal A\V1T2 € ty_2Ereala
Definition 26 We define c_2Ereal 2E_2F to be \VO0zx € ty_2FErealax_2Ereal A\V1y € ty_2Erealax_2Ereal.(
Definition 27 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic
Let c.2Erealax_2Etreal__add : ¢ be given. Assume the following.

c¢2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,?Ehreal,?Ehreal)(ty*QEpa“"*zEpmd ty_-2Ehreal _2Ehreal ty,ZEhreal,2Ehreal))(ty,QEpai'r,2Eprod ty_2Ehreal _2Ehi

(27)
Definition 28 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty_2FEreala
Let c2FBwords 2EINT__MAX : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Ewords 2EINT__MAX A27a € (ty_2Enum_2Enum/(ty-2Fbool-2Eitself A2
(28)

Let c_2Ebinary__ieee 2E float__FExponent : t=-1=>t be given. Assume the fol-

lowing.

VA 2Tt.nonempty A27t=YA_2Tw.nonempty A27Tw=-c_2Ebinary_jeee 2F float__Exponent
A27t A2Tw € ((ty,2Epr,2ECCLTt ) A727w)(ty,ZEbinary,JLeee,2Efloat A_27t A,27w))
(29)



Let ty 2FEone_2Fone : 1 be given. Assume the following.
nonempty ty_2Eone_2FEone (30)
Let c2Ebinary__ieee 2E float__Sign : t1=-1=>1 be given. Assume the following.

VA_2Tt.nonempty A27t=VYA_2Tw.nonempty A_27w=-c_2Ebinary__ieee 2F float__Sign
A27t A2Tw € ((ty2E fep 2Ecart 2 ty 2Eone 2FEone)(ty-2Ebinary—iece 2E float A2Tt A-2Tw))
(31)
Let c.2FErealax_2Etreal__neg : ¢ be given. Assume the following.

c-2Erealax_2FEtreal_neg € ((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,2Eh7"€al,2Eh7"€al)(ty’QEpaiT’2EpTOd ty_2Ehreal_2Ehreal ty,QEhreal,2Ehreal))

(32)
Definition 29 We define c_2Erealax_2Ereal__neg to be \V0T'1 € ty_2FErealax_2Ereal.(ap c_2Erealax_2Ereal
Let c.2Earithmetic2EDIV : ¢ be given. Assume the following.

c2Earithmetic2EDIV € ((ty-2Enum_2Enumty-2Enrum-2Enum)ty_2Enum-2Enum)
(33)

Definition 30 We define c_2Ebit_2EDIV_2EXP to be A\V 0z € ty 2Enum_2Enum.A\V1n € ty 2Enum_2En
Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.

c2Earithmetic2E_2D € ((ty-2Enum_ 2 EnumtY-2Fnum-2Enum)ty 2Enum-_2Enum)
(34)
Let c.2FEarithmetic2EMOD : ¢ be given. Assume the following.

c2Earithmetic 2EMOD € ((ty_2Enum_2Enum!Y-2Enum-2Enum )ty 2Enum -2Enum)
(35)

Definition 31 We define c_2Ebit 2EMOD__2EXP to be A\V 0z € ty 2Enum_2Enum.\V1n € ty 2Enum_2F
Definition 32 We define c_2Ebit_2EBITS to be A\VOh € ty 2Enum_2Enum.AV1l € ty_2Enum_2Enum. AV
Definition 33 We define c 2Ebit 2EBIT to be AV 0b € ty_2Enum_2Enum.A\V1n € ty_ 2Enum_2Enum.(ap
Definition 34 We define c 2Efcp 2EFCP to be NA_27a : 1. AA27b : 1.(A\V0g € (A_27q¥-2Emum-2Enum) (g,
Definition 35 We define c_22Ewords_2En2w to be N\A_27a : t.AVOn € ty_2Enum_2Enum.(ap (c-2Efcp_2EFC
Definition 36 We define c_2Ebinary__ieee 2Efloat__to__real to be NA_27t : L. N\A 27w : 1.\VO0x € (ty_2Ebinar
Let ty_2FEbinary__ieee 2F float__value : ¢ be given. Assume the following.
nonempty ty_2Ebinary__icee 2F float__value (36)
Let c.2Ebinary__ieee 2E Float : t be given. Assume the following.

c.2Ebinary__icee 2EFloat € (ty_2Ebinary__iece 2E float__valuetv-2Frealaz-2Ereal)
(37)



Let c_2Ebinary__ieee 2ENaN : 1 be given. Assume the following.
c2FEbinary_ideee 2ENaN € ty 2Ebinary__ieee 2F float__value (38)
Let c.2Ebinary__sieee 2EIn finity : ¢ be given. Assume the following.
c2Ebinary__ieee 2EIn finity € ty_ 2Ebinary__iece 2F float__value (39)
Let c2Ewords 2EUINT__M AX : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c 2FEwords 2EUINT__MAX A 27a € (
tyizEnum72Enum(ty,QEbool,QEitself A,27a))

(40)
Definition 37 We define c_2Ewords_2Eword__T to be AA_27a : v.(ap (c_2Ewords 2En2w A _27a) (ap (c2Ew
Definition 38 We define c 2Ebinary__ieee 2Efloat__value to be N\A_ 27t : L. NA 27w : 1t.AV 0z € (ty_2Ebinary_

Let c2Ebinary__icee 2F float__value__CASE : 1= be given. Assume the fol-
lowing.

VA 27a.nonempty A_27a=c 2Ebinary__ieee 2E float__value._ CASE
A927a € ((((A727aA,27a)A,27a)(A,27at’y*2EreaL‘”JE"EM))ty,ZEbinary,Jleee,ZE'float,,value)

(41)

Definition 39 We define c 2Ebinary__ieee 2Efloat__is__zero to be AA_27t : t.AA 27w : 1. AV Ox € (ty_2Ebinar
Definition 40 We define c_2Ebinary__ieee_2Efloat__is__subnormal to be AA_27t : L. AA_2Tw : L. AV 0z € (ty_2F
Definition 41 We define c 2Ebinary__ieee 2Efloat__is__normal to be A\A_27t : 1. N\A 27w : t.A\V 0z € (ty_2Ebir
Definition 42 We define c 2Ebinary__ieee_2Efloat__is__finite to be AA_27t : L. AA_ 27w : 1. AV 0x € (ty_2Ebina
Definition 43 We define c_2Ebinary__ieee_2Efloat__is__infinite to be A\A_27t : t.AA 27w : t.AV Oz € (ty_2FEbir
Definition 44 We define c 2Ebinary__ieee 2Efloat__is__nan to be AA_27t : L. AA 27w : L. AV 0x € (ty_2Ebinar:
Definition 45 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_ 21 2) (AV2t €
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVO0zx € (ty-2Ebinary__ieee 2E float A_27a A27b).((p (ap
(c-2Ebinary__ieee 2Efloat__is__finite A_27a A_27b) V0x))<(
(p (ap (c_2Ebinary__ieee 2Efloat__is__normal A_27a A_27b) VO0z))V (42)
((p (ap (c2Ebinary__ieee 2Efloat__is__subnormal A_27a A_27b)
VO0z))V(p (ap (c-2Ebinary__ieee_2Efloat__is__zero A_27a A_27b)

V0x))))))



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VVO0zx € (ty-2Ebinary__ieee 2E float A_27a A27b).((p (ap
(c-2Ebinary__ieece 2Efloat__is__nan A_27a A_27b) V0z))V((p (

ap (c_2Ebinary__ieee_2Efloat__is__infinite A_27a A_27b) V0x))V
(p (ap (c_-2Ebinary__ieee_2Efloat__is_finite A_27a A_27b) V0x)))))

Assume the following.
True

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO))A((((p VOt)=True)=
True)A((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A((
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A\
((—False)=True)))

Assume the following.

)

)A(((p VOt)eTrue)<
)

(VVOt € 2.(((Trues(p VOt))<(p VO
t)A(((p VOt)& False)<(—(

(p VO)A(((Falses(p VOt))=(—(p VO
p V0t)))))))

N
N

Assume the following.

(VWO0A € 2.(VV1B € 2.(¥V2C € 2.(((p VOA)V(
(p VIB)A(p V20)))&(((p VOA)V(p VIB))A((p VOA)V(p V2C)))))))

Assume the following.
(VVOt € 2.((=(=(p VOt)))=(p VOL)))
Assume the following.
(VVO0A € 2.((p VOA)=((—(p VOA))=False)))
Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)=
(((p VOA)=False)=((—(p V1B))=False)))))

Assume the following.

(VV0A € 2.(WVV1B € 2.(((—((—=(p VOA))V(p V1B)))=False)=
((p VOA)=((=(p V1B))=False)))))
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(43)

(45)

(46)

(47)



Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (53)
Assume the following.

(VVO0p € 2.(¥V1q € 2.(

(p V1ig)=(p V2r)))=(((p Vop)V((p V1g)V
p V2r)V(=(p V1g))A(((p V1gV((=(p V2r
((=(p V1g))v(=(p VOp))

vV 2r € 2.(((p VOp)&<(
(p V2r) (
)
)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1g)A(p V2r)))=(((p VOp)V((=(p V1g))V(=(
(=(p VOp))A((p V2r)V(=(p VOp)
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Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A
((p V1ig)V((p V2r)V(=(p V0p))))))))))

(56)
Assume the following.
(VWop € 2.(VV1g € 2.(((p VOp)&(=(p V1g)))=(((p VOp)V (57)
(p V1g))A((=(p V1g))V(=(p V0p)))))))
Assume the following.
(VVop € 2.(VV1q € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (58)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (59)
Theorem 1

VA_27a.nonempty A_2Ta=VA_27b.nonempty A_27b=(
YV 0z € (ty_2Ebinary__iece 2E float A_27a A_27b).((p (ap
(c_2Ebinary__ieece 2Efloat__is__nan A_27a A_27b) V0z))V((p (
ap (c_2Ebinary__ieee 2Efloat__is__infinite A_27a A_27b) V0x))V
((p (ap (c-2Ebinary__ieee_2Efloat__is__normal A_27a A_27b) V0z))V
((p (ap (c_2Ebinary__ieee_2Efloat__is__subnormal A_27a A_27b)
V0z))V(p (ap (c2Ebinary__ieee_2Efloat__is__zero A_27a A_27b)

V0x)))))))



