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Let ty_ 2Ebinary__ieee 2F flags : ¢ be given. Assume the following.
nonempty ty_2Ebinary__icee 2F flags (1)
Let ¢ 2Ebool 2EARB : 1=-1 be given. Assume the following.
VA 27a.nonempty A_27a=c_2Ebool 2EARB A 27a € A27a (2)

Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type L1=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 0t)).

Definition 5 We define c.2Ecombin_2EK to be A\A_27a : 1. NA27b : 1.(AVO0z € A27a.(A\V1y € A27b.V0x))

Let c_2Ebinary__ieee 2F flags__Under flow__A fter Rounding__fupd : ¢ be given.
Assume the following.

c2FEbinary__ieee 2F flags__Under flow__A fter Rounding__fupd € 3
((ty72Ebinary”,L'eee72Eflagsty,2Ebinm‘y,,ieee,QE‘flags)(22)) ( )

Let c.2Ebinary__ieee 2F flags_-_Under flow__Be foreRounding__fupd : ¢ be given.
Assume the following.

c2Ebinary__ieee 2F flags__Under flow__Be foreRounding__fupd € (@)
((ty,QEbinaTy,J.666,2EflCLgSty’QEbinary**ieee*QEﬂags)(22))



Let c_2Ebinary__ieee 2F flags__Precision__fupd : « be given. Assume the fol-
lowing.

c2Ebinary__ieece 2F flags__Precision__fupd € ((ty,2Ebinary,,ieee,2Eflagsty*ZEbmWy”"eee*QEﬂags)(22))

(5)
Let c_2Ebinary__ieee 2F flags__Owver flow__fupd : + be given. Assume the fol-
lowing.

c2Ebinary__ieece 2F flags__Owver flow__fupd € ((ty,QEbinary,,ieee,2Eflagstijbmm’y”"eeejEﬂ“95)(22))
(6)

Let c2Ebinary__ieee 2E flags__InvalidOp__fupd : ¢ be given. Assume the fol-
lowing.

c2Ebinary__ieee 2F flags__InvalidOp__fupd € ((ty,QEbinary,,ieee,QEflagsty*QEbm”y”ieeejEflags)(22):
(7)

Let c.2FEbinary__ieee 2F flags__DivideByZero__fupd : ¢ be given. Assume the
following.

c2Ebinary_icee 2E flags__DivideByZero__fupd € ((ty_2Ebinary__ieee 2F flagsty-2Fbinary—ieee-2Eflags

(8)
Definition 6 We define c_2Ebinary__ieee_2Eclear__flags to be (ap (ap c-2Ebinary--icee 2E flags-_Divide By

Definition 7 We define c_2Ebinary__ieee 2Einvalidop__flags to be (ap (ap c_2Ebinary__icee 2E flags__Inval
Let ty 2Ebinary__ieee 2F fp__op : t=1=>1 be given. Assume the following.

YV AO0.nonempty A0=VAl.nonempty Al=nonempty (ty_2Ebinary_icee 2F fp__op
A0 Al)
(9)

Let ty_2FEbinary__ieee 2F float : t=-1=1 be given. Assume the following.

Y AOQ.nonempty A0=VAl.nonempty Al=nonempty (ty-2Ebinary__icee 2F float

A0 Al)
(10)
Let ty 2Ebinary__ieee_ 2Erounding : ¢ be given. Assume the following.
nonempty ty_2Ebinary__icee_2Erounding (11)

Let c2Ebinary_sieee 2EF P__Sub : t=-1=1 be given. Assume the following.

VA_2Tt.nonempty A27t=VA_2Tw.nonempty A_27Tw=c_2Ebinary
A27t A2Tw € ((((ty2Ebinary__icee 2E fp__op A2Tt A_27w)(ty-2Ebinary—icee 2E float A-2Tt A2Tw))(ty-2E!
(12)
Let ty 2Flist 2Flist : .= be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty-2Elist 2Elist A0) (13)



Let ¢ 2Flist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A27a=-c2Elist 2ENIL A 27a € (ty-2Elist 2Elist
A_27a)
(14)
Let ¢ 2Elist 2ECONS : 1=t be given. Assume the following.

VA 27a.nonempty A27a=c2FElist 2ECONS A27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(15)
Let ty 2F fep2FEcart : t=1=-1 be given. Assume the following.
Y AO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2E fcp2Ecart
A0 A1)
(16)
Let c 2Ebinary__ieee 2F float__Significand : t=1=- be given. Assume the

following.

VA 2Tt.nonempty A 27t=YA_2Tw.nonempty A_27w=-c_2Ebinary_ieee 2F float__Significand
A92Tt A27w € ((ty,QEpr,QECU/I"t ) A727t) (ty-2Ebinary__ieee_2E float A_2Tt A,27w))

Let c2Enum 2EZFERO__REP : 1 be given. Assume the following. "
c2Enum 2EZERO__REP € omega (18)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (19)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (20)

Definition 8 We define c22Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 9 We define c_2Earithmetic_ 2EZERO to be c_2Enum_2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum_2EREP_num € (omegatV-2Enum-2Enum) (21)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™9%) (22)

Definition 10 We define c2Enum_2ESUC to be \VOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num

Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic 2E 2B € ((ty_2Enum_2Enum!y-2Enum-2Enum)ty 2Enum-2Enum)
(23)



Definition 11

Definition 12

We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic

We define c_2Earithmetic 2ENUMERAL to be A\V 0z € ty_ 2Enum _2Enum.V0x.

Let ty_2FEbool 2Fitsel f : 1=>1 be given. Assume the following.

VAO.nonempty A0=nonempty (ty_2FEbool 2Eitsel f A0) (24)

Let c.2Ebool 2FEthe__value : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEbool 2Ethe_value A27a € (

ty_2Ebool 2Fitsel f A 27a) (25)

Let ¢ 2F fep 2 Edimindex : 1=t be given. Assume the following.

VA_27a.nonempty A 27a=c2E fep 2Edimindex A 27a € (ty_2Enum_2Enum(ty-2Ebool-2Eitself A-2Ta))

(26)

Let c.2Farithmetic2E 2D : . be given. Assume the following.

c2Earithmetic2E_2D € ((ty-2Enum_ 2 EnumtY-2Fnum-2Enum)ty 2Enum-_2Enum )

(27)

Let ty 2F fcp 2F finite_simage : 1=t be given. Assume the following.

VAO.nonempty AO=nonempty (ty-2E fcp2E finite__image A0) (28)

Definition 13
of type t.

Definition 14
Definition 15

Definition 16
of type 1=>t.

Definition 17
Definition 18
Definition 19

Definition 20

We define c 2Emin_2E_3D_3D_3E to be AP € 2.)\Q € 2.inj_o (p P=p Q)

We define c_2Ebool _2E_7E to be (A\V 0t € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
We define c_2Ebool 2E_2F 5C to be (AVOt1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

We define c_2Emin_2E_40 to be \AAP € 24.if (3x € A.p (ap P x)) then (the (\x.x € AN

We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
We define c_2Eprim__rec_2E_3C to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
We define c_2Ebool 2E_3F 21 to be AA_27a : t.(AVOP € (24-27%) (ap (ap c-2Ebool 2E_2F 5(

We define c_2Efcp_2Efinite__index to be N\A_27a : v.(ap (c_2Emin_2E_40 (A_27q"Y-2Emum-2En

Let c.2E fep 2Edest__cart : t=1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2F fcp_2Fdest__cart
A927a A2Tbh ¢ ((A727a(ty,2Efcp,2Efinite,,image A,27b))(ty,2Efcp,2Ecart A_27a A,27b))

Definition 21

(29)
We define c 2Efcp 2Efcp__index to be NA_27a : t.AA_27b : 1. AV Ox € (ty 2E fep 2Ecart A27



Definition 22 We define c_2Ewords_2Eword__msb to be AA_27a : 1. A\VOw € (ty_2E fep2Ecart 2 A_27a).(q
Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2Ereal (30)
Definition 23 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty_2Erealax_2EreqlV-2Fmm-2Enum) —(37)
Let c.2Ereal 2Epow : ¢ be given. Assume the following.
c2Ereal 2Epow € ((ty_2Erealax_2EreqltV-2Enum-2Enum)ty_2Erealaz_2Ereal)
(32)
Let c2FEarithmetic2EEX P : ¢ be given. Assume the following.

c.2Earithmetic 2EEX P € ((ty_2Enum_2Enum!y-2Enum-2Enum)yty 2Enum 2Enum)
(33)

Definition 24 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Definition 25 We define c2Ebit 2ESBIT to be A\V0b € 2.\V 1n € ty 2Enum_2Enum.(ap (ap (ap (c-2Eboc

Let c2Esum_num 2ESUM : . be given. Assume the following.

c2Esum_num_2ESUM € ((ty-2Enum_2 Enum/(ty-2Enum 2Enum =25 =250 y vy 2 Bnum 2 Enum,)
(34)

Definition 26 We define c 2Ewords 2Ew2n to be NA_27a : 1. AVOw € (ty 2E fep 2FEcart 2 A_27a).(ap (ap
Let ty_2Fhreal 2FEhreal : ¢ be given. Assume the following.

nonempty ty_2FEhreal 2Ehreal (35)
Let ty_2FEpair 2Eprod : t1=>1=>1 be given. Assume the following.

VA0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(36)
Let c2Erealaxr_2Ereal__REP__CLASS : i be given. Assume the following.

c2FErealax_ 2Ereal__REP__CLASS € ((Q(ty,QEpair,QEprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,QErealax
(37)

Definition 27 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2FErealaxz_2Ereal.(ap (c.2Emin_2E_40 (¢



Let c.2FErealax_2Etreal __inv : ¢ be given. Assume the following.

c2Erealax_2Etreal__inv € ((ty_2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,2Ehreal,2Ehreal) (ty_2Epair_2Eprod ty_2Ehreal _2Ehreal ty_2Ehreal_2Ehreal) )

(38)
Let c.2Erealax 2Etreal__eq : ¢ be given. Assume the following.

c2Erealaxr.2Etreal eq € ((Z(ty,ZEpair,2Eprod ty_2Ehreal_2Ehreal ty,ZEhreal,2Ehreal))(ty,QEpair,ZEprod ty_2Eh

(39)
Let c2Erealax 2Ereal__ABS__CLASS : 1 be given. Assume the following.

2(ty,2Epai7‘,2Ep7‘od ty-2Ehreal_2Ehreal ty_-2Ehreal _2Ehn

(40)

c2Erealax 2Ereal__ABS_CLASS € (ty_2Erealax_2Ereal'

Definition 28 We define c 2Erealax_2Ereal __ABS to be \VOr € (ty_2Epair 2Eprod ty_2Ehreal 2Ehreal ty
Definition 29 We define c_2Erealax_2Einv to be A\VOT1 € ty_2FErealax_2Ereal.(ap c_2Erealax_2Ereal__ABS

Let c.2Frealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_2Etreal__mul € (((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,ZEhreal,ZEhreal)(ty*QEpa"*QEpmd ty_2Ehreal _2Ehreal ty,QEhreal,ZEhreal))(ty,ZEpair,2Eprod ty_2Ehreal _2Ehi

(41)
Definition 30 We define c_2Erealax_2Ereal__mul to be \VOT'1 € ty_2FErealax 2Ereal A\V1T?2 € ty_2Ereala
Definition 31 We define c_2Ereal 2E_2F to be \VO0zx € ty_2FErealax 2Ereal AV 1y € ty_2Erealax_2Ereal.(
Let c2Erealax_2Etreal__add : ¢ be given. Assume the following.

c2Erealax_2FEtreal__add € (((ty-2Epair_2Eprod ty 2Ehreal 2Ehreal
ty,ZEhreal,QEhreal) (ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Ehi

(42)
Definition 32 We define c_2Erealax_2Ereal__add to be \V0T'1 € ty_2Erealax 2Ereal \V1T2 € ty_2FEreala

Let c2Ewords 2EINT__MAX : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c2Ewords 2EINT__MAX A27a € (ty_2Enum_2Enum/(ty-2Fbool-2Eitself A2
(43)

Let c_2Ebinary__ieee 2E float__FExponent : t=>1=>t be given. Assume the fol-

lowing.

VA 2Tt.nonempty A 27t=YA_2Tw.nonempty A 27Tw=-c_2Ebinary__jieee 2F float__Exponent
A27t A2Tw € ((ty,QEpr,QECCLTt 2 A727w)(ty,ZEbinary,JLeee,2E'float A_27t A,27w))
(44)
Let ty_2Fone_2Fone : ¢ be given. Assume the following.

nonempty ty_2Eone_2FEone (45)



Let c_2Ebinary__sieee 2F float__Sign : t=>t=>t be given. Assume the following.

VA 2Tt.nonempty A27t=VA_2Tw.nonempty A_27w=-c_2Ebinary__ieee 2F float__Sign
A27Tt A2Tw € ((ty2E fep 2FEcart 2 ty_2FEone_2FEone)(ty-2Ebinary_iece 2E float A2Tt A_2Tw))

(46)

Let c.2Erealax_2Etreal_neg : ¢ be given. Assume the following.

c2Erealax_2Etreal_neg € ((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,QEhTeal,QEhTeal)(ty’QEpairjEprOd ty_2Ehreal_2Ehreal ty,ZEhreal,QEhreal))

Definition 33

(47)
We define c_2Erealax_2Ereal__neg to be A\VOT1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal

Let c2Earithmetic2EDIV : 1 be given. Assume the following.

c.2Earithmetic2EDIV € ((ty_2Enum_2EnumtY-2Enum-2Enum )ty 2Enum_2Enum)

Definition 34

(48)
We define c_2Ebit_2EDIV_2EXP to be A\V 0z € ty 2Enum 2Enum. AV 1n € ty 2Enum_2En

Let c2Earithmetic2EMOD : ¢ be given. Assume the following.

c.2Earithmetic2EMOD € ((ty_2Enum_2Enum!y-2Enum-2Enum)ty-2Enum-2Enum)

Definition 35
Definition 36
Definition 37
Definition 38
Definition 39
Definition 40

(49)
We define c 2Ebit 2EMOD__2EXP to be A\VO0x € ty_2Enum_2Enum. AV 1n € ty 2Enum 2F
We define c_2Ebit_2EBITS to be A\VOh € ty 2Enum_2Enum. AV 1l € ty_2Enum_2Enum. AV
We define c_2Ebit 2EBIT to be AVO0b € ty_2Enum_2Enum. AV 1n € ty_2Enum_2Enum.(ap
We define c 2Efcp 2EFCP to be AA_27a : t.AA_27b : 1.(A\V0g € (A_27q"¥-2Emum-2Enumy (g,
We define c 2Ewords 2En2w to be NA 27a : 1. AV On € ty 2Enum_2Enum.(ap (c_2Efcp_2EFC
We define c_2Ebinary__ieee_2Efloat__to__real to be AA_27t : L. AA2Tw : 1. AV 0x € (ty_2Ebinar

Let ty 2Ebinary__ieee 2F float__value : ¢ be given. Assume the following.

nonempty ty_2Ebinary__ieee 2F float__value (50)

Let c.2Ebinary__ieee 2E Float : ¢ be given. Assume the following.

c2Ebinary_ieee 2EFloat € (ty_2Ebinary_ieee 2E float_valuety-2Erealar-2Ereal)

(51)

Let c_2Ebinary_sieee 2ENaN : ¢ be given. Assume the following.

c2Ebinary_ieee 2ENaN € ty 2Ebinary__ieee 2F float__value (52)

Let ¢ 2Ebinary_teee 2FEIn finity : ¢ be given. Assume the following.

c2Ebinary__iecee 2FEIn finity € ty 2Ebinary__ieee 2E float_value  (53)
Let c2FBwords 2EUINT __MAX : 1= be given. Assume the following.
VA 27a.nonempty A_27a=c 2Ewords 2EUINT__MAX A 27a € (

ty_2Enum_2Enum

(ty_2Ebool _2Eitsel f A,Q'?a)) (54)



Definition 41 We define c_2Ewords_2Eword__T to be AA_27a : ¢.(ap (c-2Ewords 2En2w A_27a) (ap (c2Ew
Definition 42 We define c_2Ebinary__ieee_2Efloat__value to be NA_27t : L. N\A2Tw : L. AV Oz € (ty-2Ebinary-

Let c2Ebinary__icee 2F float__value__CASE : 1= be given. Assume the fol-
lowing.

VA 27a.nonempty A 27a=c_2Ebinary__icee 2F float__value__ CASE
A97a € ((((A727GA,27a)A,27a)(A,27atij"E“L“”*ZE"'E”l))ty,2Ebinary,,ieee,2Efloat,,'ualue)

(55)
Definition 43 We define c_2Ebinary__ieee_2Efloat__is__nan to be AA_27t : L. AA_ 27w : L. AV 0x € (ty_2Ebinar:
Definition 44 We define c 2Ebinary__ieee 2Efloat__is__signalling to be AA_27t : L. AA 27w : 1. AV Ox € (ty 2E1

Let ¢ 2Elist 2EEXISTS : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Elist 2EEXISTS A 27a € ((2(tv-2Blist-2Blist A-27a))(2"=7))
(56)

Definition 45 We define c_2Ebinary__ieee_2Echeck__for__signalling to be AA_27a : t. \A27b : 1. AV 0l € (ty-21
Definition 46 We define c_2Ewords_2Eword__1comp to be AA 27a : 1. \VOw € (ty_2E fcp 2Ecart 2 A 27a).

Let c 2Ebinary__ieee 2FE float__Sign__fupd : t=>t=-1 be given. Assume the fol-
lowing.

VA_2Tt.nonempty A27t=VYA_2Tw.nonempty A_27w=-c_2Ebinary__ieee.
A27t A2Tw € (((ty-2Ebinary_ieee 2E float A_2Tt A_27w)(ty-2Ebinary—icce-2Efloat A-27t A-2Tw))((ty-2Ef¢
(57)

Definition 47 We define c 2Ebinary__iece 2Efloat__negate to be AA_27t : L. AA 27w : t.AVOx € (ty_2Ebinar
Definition 48 We define c_2Ereal_2Ereal__sub to be \VOx € ty 2Erealax_2Ereal \V1y € ty 2FErealax_2E

Let c2Ebinary__icee 2EroundT owardNegative : + be given. Assume the fol-
lowing.

c2Ebinary__ieee 2EroundT owardNegative € ty_2Ebinary__ieee_2Erounding
(58)
Let c.2Erealax 2Etreal__lt : « be given. Assume the following.

c2FErealax 2Etreal__lt € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,QEhreal,QEhreal))(ty,2E'pair,2Eprod ty_2Ehi
(59)

Definition 49 We define c_2Erealax_2Ereal__It to be AVOT1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax-
Definition 50 We define c_2Ereal 2Ereal__lte to be A\VOx € ty 2Erealax 2Ereal AV 1y € ty 2Erealax 2Er

Definition 51 We define c 2Ereal 2Eabs to be \V 0z € ty_2Erealax_2Ereal.(ap (ap (ap (c_2Ebool 2ECONI



Let c_2Ebinary_teee 2Elargest : t=1=-t be given. Assume the following.

VA 27t.nonempty A27t=VA_2Tw.nonempty A_27Tw=-c_2FEbinary__ieee 2Elargest
A92Tt A27w € (ty,2ET€al(l.’E,2ET€al(ty’QEbOOLQEitself (ty_2Epair_2Eprod A_27t A,27w)))
(60)

Definition 52 We define c_2Ebinary__ieee_2Efloat__is__finite to be AA_27t : L. AA_27w : +.AV0x € (ty_2Ebina
Let c2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A27a A27b € ((ty_2Epair 2Eprod A2Ta A727b)((2A—27b)A727Q))
(61)

Definition 53 We define c 2Epair 2E 2C to be N\A 27a : t. AA27b : 1. AVO0x € A2Ta AV 1y € A 27b.(ap (c2
Let c2Epred__set 2EGSPEC : 1=-1=-1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A27a A27b € ((2A727a)((ty,ZEpair,QEprod A_27a 2)A727b))

(62)
Definition 54 We define c 2Ebool 2EIN to be AA27a : 1.(A\VO0z € A 27a.(A\V1f € (24-27%).(ap V1f VOx)
Definition 55 We define c_2Ebinary__ieee_2Eis__closest to be A\A_27a : t.XA27b : 1.A\V (s € (2(ty-2Bbinary_ic
Definition 56 We define c_2Ebinary__ieee_2Eclosest__such to be NA_27a : t. \A_27b : 1. AV Op € (2(ty-2Ebinary
Definition 57 We define c 2Ebinary__ieee 2Eclosest to be AA_27a : L. AA_27b : v.(ap (c_2Ebinary__ieee_2Eclos
Let ¢ 2Ebinary_sieee 2F float__top : t=-1=1 be given. Assume the following.

YA 27t.nonempty A27t=VA_2Tw.nonempty A 27w=-c_2Ebinary__ieee 2F float__top
A27Tt A2Tw € ((ty_2Ebinary_icee 2E float A_27t A 2Tw)(ty-2Ebool 2Eitself (ty-2Epair2Eprod A-2Tt A-27Tw)
(63)

Definition 58 We define c_2Ereal 2Ereal__gt to be \VOx € ty 2Erealax_ 2Ereal AV 1y € ty 2Erealax_2Ere

Let c_2Ebinary_ieee 2F float__bottom : t=-1=>1 be given. Assume the follow-
ing.

VA 2Tt.nonempty A27t=YA_2Tw.nonempty A_27Tw=-c_2FEbinary__ieee 2F float__bottom
A27t A2Tw € ((ty2Ebinary_iecee 2F float A 27t A 2Tw)(ty-2Ebool-2Eitself (ty-2Epair-2Eprod A-27t A-2Tw)
(64)

Definition 59 We define c_2Ebool 2ELET to be NA_27a : t.AA27b : 1. AV Of € (A276"27) . (A\V1z € A2

Let c.2Ebinary__ieee 2F float__minus__in finity : t=-1=>1 be given. Assume the
following.

VA 2Tt.nonempty A 27t=VA_2Tw.nonempty A_27Tw=c_2Ebinary__ieee 2E float__minus__in finity
A2Tt A2Tw € ((ty 2Ebinary__icee 2F float A_27t A_2Tw)(ty-2Ebool-2Eitself (ty-2Epair-2Eprod A-2Tt A-2Tw)
(65)



Definition 60 We define c_2Ereal 2Ereal__ge to be A\V0x € ty_2Erealax 2Ereal \V1y € ty_2FErealax 2Er

Let c2Ebinary__icee 2F float__plus__in finity : t=>1t=- be given. Assume the
following.

VA 27t.nonempty A27t=Y A 2Tw.nonempty A_27w=-c_2Ebinary__ieee 2F float__plus__in finity
A27t A2Tw € ((ty2Ebinary_iece 2E float A2Tt A_2Tw)(ty-2Ebool 2Bitself (ty-2Epair 2Eprod A-2Tt A-2Tw)
(66)
Let c.2Ebinary__ieee_ 2Ethreshold : ==1=-1 be given. Assume the following.

VA 2Tt.nonempty A27t=VYA_2Tw.nonempty A 27Tw=c_2FEbinary__ieee 2Ethreshold
ATt A27w € (ty,QETealax,QE’l“eal(ty’QEbOOl’QEitself (ty_2Epair_2Eprod A_2Tt A,27w)))
(67)

Definition 61 We define c_2Ewords_2Eword__Isb to be AA_27a : 1. A\VOw € (ty2E fep2Ecart 2 A_27a).(ap

Let c_2Ebinary_sieee_ 2Erounding2num : ¢ be given. Assume the following.

ty,2Ebinary,,ieee,QErounding)
(68)
Definition 62 We define c_2Ebinary__ieee_ 2Erounding__CASE to be NA_ 27a : t. AV 0z € ty_ 2Ebinary__iece_2

c2Ebinary__ieee 2Erounding2num € (ty_2Enum_2Enum

Definition 63 We define c_2Ebinary__ieee 2Eround to be AA_ 27t : 1. AA 27w : t.AVOmode € ty_2Ebinary__i

Let c2Ebinary__iece 2F float__plus__zero : 1=-1=>1 be given. Assume the fol-
lowing.
VA 27t.nonempty A27t=VA 27Tw.nonempty A_27w=-c2Ebinary__ieee 2FE float__plus__zero
A27t A2Tw € ((ty2Ebinary_iecee 2F float A 27t A 2Tw)(ty-2Ebool-2Eitself (ty-2Epair-2Eprod A-2Tt A-2Tw)
(69)
Let c2Ebinary__icee 2F float__minus__zero : 1=>1=>1 be given. Assume the
following.

VA_2Tt.nonempty A27t=VYA_2Tw.nonempty A 27w=-c_2FEbinary__ieee 2FE float__minus__zero
A2Tt A2Tw € ((ty2Ebinary_ieee 2F float A 27t A 2Tw)(ty-2Ebool-2Eitself (ty-2Epair-2Eprod A-27t A-2Tw)
(70)

Definition 64 We define c_2Ebinary__ieee_2Efloat__is__zero to be AA_27t : L. AA 27w : 1. AV O0x € (ty-2Ebinar
Definition 65 We define c_2Ebinary__ieee_2Efloat__round to be AA_27t : 1. AA_ 27w : L. AV Omode € ty_2Ebinc
Let c2Ewords 2EINT__MIN : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c2FEwords 2EINT_MIN A 27a € (ty_2Enum_2Enum(ty-2Ebool-2Bitself A2
(71)
Let ty 2Esum_2FEsum : t=>t=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(72)
Let c.2FEwords_2Edimword : 1=t be given. Assume the following.
VA_27a.nonempty A_27a=c_2Ewords 2Edimword A27a € (ty_2Enum_2FEnum(ty-2Ebool-2Eitsclf A-2Ta))
(73)
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Definition 66 We define c_2Ewords_2Eword__2comp to be AA_27a : t.A\VOw € (ty-2E fep2Ecart 2 A_27a).
Definition 67 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 68 We define c 2Ewords_2Enzcv to be AA_27a : 1.AV0a € (ty 2E fep 2Ecart 2 A 27a).\V1b € (
Let c2Epair 2ESND : t=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(74)
Let c2Epair 2EF ST : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(75)

Definition 69 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L. AA27c 1 LAVOS € ((A27¢A-7
Definition 70 We define c_2Ewords_2Eword__Is to be NA_27a : t.AV0a € (ty2F fep 2Ecart 2 A_27a).A\V1b

Definition 71 We define c 2Ebinary__ieee 2Efloat__is__infinite to be AA_27t : L. AA 27w : t.AV Oz € (ty_2Ebir
Definition 72 We define c_2Ebinary__ieee_2Efloat__round__with__flags to be AA_27t : L. AA_ 27w : L. AV Omode

Definition 73 We define c_2Ebinary__ieee_2Efloat__some__qnan to be N\A27t : t. NA2Tw : L.AV O fp__op € (ty

Definition 74 We define c_2Epair_2Epair__CASE to be AA_27a : t. NA27b : t.AA27Tc : 1. AV Op € (ty-2Epair.
Definition 75 We define c_2Ebinary__ieee 2Efloat__sub to be AA 27t : L. AA 27w : t.AVOmode € ty_2Ebinar

Let c2Ebinary__iece 2E float__minus__min : 1=1=- be given. Assume the
following.

VA 2Tt.nonempty A27t=VY A 2Tw.nonempty A27Tw=-c2FEbinary__sieee 2F float__minus__min
A2Tt A2Tw € ((ty_2Fbinary_icee 2E float A_2Tt A 2Tw)(ty-2Ebool 2Eitself (ty-2Epair2Eprod A-2Tt A-27Tw)
(76)
Let c2Ebinary__ieee 2F float__plus__min : t=>1=-1 be given. Assume the fol-
lowing.

VA_2Tt.nonempty A 27t=YA_2Tw.nonempty A 27Tw=-c_2Ebinary__ieee 2FE float__plus__min
A27t A2Tw € ((ty_2Ebinary_ieee 2F float A 27t A 2Tw)(ty-2Ebool-2Eitself (ty-2Epair-2Eprod A-27t A-2Tw)
(77)
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Assume the following.

VA 27a.nonempty A27a=((VV0a € ty_2Erealar_2Ereal.
(VV1f € (A27qty-2Erealaz2Brealy (g} 9y ¢ A 27a.

(VV3vl € A27a.((ap (ap (ap (ap (c2Ebinary__ieee 2F float_value_ CASE
A_27a) (ap c2Ebinary_sieee 2EFloat V0a)) V1f) V2v) V3vl) = (ap
V1f V0a))A((VVAf € (A27aty-2Erealaz2Ereal gy 5 ¢
A 27a.(VV6vl € A27a.((ap (ap (ap (ap (c2Ebinary__icee 2F float__value__CASE
A_27a) c2Ebinary__ieee 2EIn finity) V4f) V5v) V6évl) = Viv))))A
(VVTf € (A27qty-2Erealaz2Breal (Y8, € A 27a.

(VV9ul € A27a.((ap (ap (ap (ap (c2Ebinary-_ieee2E float__value. CASE
A27a) c2Ebinary__ieee 2ENaN) V7f) V8v) Vvl) = V9vl))))))

(78)
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Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=YA_2Tt.
nonempty A_27t=VA_27w.nonempty A_27w=-(((ap (c_2Ebinary__ieee_2Efloat__value
A27t A2Tw) (ap (c2Ebinary_—ieee 2E float__plus__in finity
A27t A2Tw) (c.2Ebool 2Ethe_value (ty-2Epair_2Eprod A-27t
A27w)))) = c2Ebinary__ieee 2EIn finity)A(((ap (c-2Ebinary__ieee_2Efloat__value
A 27t A2Tw) (ap (c2Ebinary__ieee 2FE float__minus__in finity
A 27t A 2Tw) (¢.2Ebool 2Ethe_value (ty_2Epair 2Eprod A_27t
A27w)))) = c.2Ebinary_ieee_2EIn finity) AN(VV O fp-_op €
(ty-2Ebinary__iecee 2F fp__op A 27a A_27b).((ap (c-2Ebinary__ieee_2Efloat__value
A_27a A27b) (ap (c-2Ebinary__ieee_2Efloat__some__qgnan A_27a
A_27b) VOfp__op)) = c2Ebinary__icee 2ENaN))A(((ap (c-2Ebinary__ieee_2Efloat__value
A27t A27Tw) (ap (c2Ebinary__ieee 2E float_plus__zero A_27t
A 27w) (c.2Ebool 2Ethe_value (ty_ 2Epair 2Eprod A 2Tt A 27w)))) =
(ap c2Ebinary-ieee 2EFloat (ap c.2Ereal 2Ereal__of __num c_2Enum_2E0)))A
(((ap (c_2Ebinary__ieee_2Efloat__value A_27t A_27w) (ap (c-2Ebinary__ieee2E float__minus__zero
A27t A27Tw) (c2Ebool 2Ethe_wvalue (ty-2Epair 2Eprod A27Tt
A27Tw)))) = (ap c2Ebinary_siece 2EFloat (ap c.2Ereal 2Ereal__of __num
c_2Enum_2E0)))A(((ap (c-2Ebinary__ieee_2Efloat__value A_27t
A27w) (ap (c.2Ebinary-_ieee 2F float__plus_-min A2Tt A_27w)
(c-2Ebool 2Ethe_value (ty-2Epair_2Eprod A27t A27w)))) = (
ap c2Ebinary__ieee 2EFloat (ap (ap c2Ereal 2E_2F (ap c2Ereal 2Ereal__of __num
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic_ 2EZERO))))
(ap (ap c2Ereal 2Epow (ap c_2Ereal 2Ereal__of _num (ap c2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 c_2Earithmetic_2EZERO)))) (ap (ap
c2Earithmetic2E_2B (ap (c.22EBwords 2EINT__MAX A2Tw) (c.2Ebool_2Ethe__value
A27w))) (ap (c2E fep2Edimindex A_2Tt) (c-2Ebool 2Ethe__value
A278))))))A((ap (c2Ebinary__ieee_2Efloat__value A_27t A_27w)
(ap (c2Ebinary__ieee 2E float__minus__min A_27t A_27Tw) (c.2Ebool 2Ethe__value
(ty2Epair 2Eprod A2Tt A 27w)))) = (ap c2Ebinary__ieee 2EFloat
(ap (ap c-2Ereal 2E_2F (ap c_2Erealax_2Ereal__neg (ap c.2Ereal 2Ereal__of _num
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO)))))
(ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of__num (ap c_2EarithmeticC2ENUMERAL
(ap c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO)))) (ap (ap
c2Earithmetic2E 2B (ap (¢c.2EBwords 2EINT__MAX A 2Tw) (c.2Ebool 2Ethe__value
A27Tw))) (ap (c2E fep2Edimindex A2Tt) (c-2Ebool_2Ethe__value

A271))))))))))))
(79)
Assume the following.
True (80)
Assume the following.
VA_27a.nonempty A27a=(VVO0t € 2.((VV1x € (81)

A27a.(p VOt))&(p VOL)))
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Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (82)
(((p VOO)A(p VO)) & (p V01)))))))

Assume the following.

(YVOt € 2.(((True=(p VOt))(p VOO)A((((p VOt)=True)=
True)A((False=(p VOt))eTrue) AN((((p VOt)=(p VOt))=True)A((  (83)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA 27a.nonempty A27a=(VV0zx € A27a.((V0z = V0zx)&

True)) (84)
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A 27a.(V0z = Vig)e(Viy = Vox))) (85)
Assume the following.
(VWO € 2.(vV112 € 2.(V23 € 2.(((p VOL1)= )

((p V1t2)=(p V2t3)))=(((p VOLL)A(p V1t2))=(p V2t3))))))
Assume the following.

(VV0z € 2.(VV 1227 € 2.(¥V2y € 2.(VV3y. 27 €
2.(((p VOz)=(p V1x27))A((p V1z27)=((p V2y)=(p V3y-27))))= (87)
(((p VOz)=(p V2y))=((p V1z27)=(p V3y-27))))))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

VV0z € A27a.(VV1y € A27b.(VV2a € A_27a.(¥VV3b €
A27b.(((ap (ap (c2Epair2E2C A_27a A_27b) VOzx) V1y) = (ap (ap
(c-2Epair2E_2C A_27a A_27b) V2a) V3b))<=((V0x = V2a)A(V1y =V3D)))))))
(88)

Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=V A 27c.
nonempty A 27c¢=(V0x € A27b.(VV1y € A27c.(NVV2f €
((A27a4-27¢)A-27) ((ap (ap (c_2Epair_2Epair__CASE A_27a A_27b
A27¢) (ap (ap (c2Epair2E2C A27b A_27c) VOzx) V1y)) V2f) = (ap
(ap V2f VOx) V1y)))))
(89)
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Theorem 1

VA_2Tt.nonempty A_27t=VA_27Tw.nonempty A_27Tw=(

YV 0mode € ty_2Ebinary_ieece 2Erounding.(VV 1z €
(ty-2Ebinary--ieee 2F float A_27t A 27w).(VV2r € ty_2Erealax_2Ereal.
(((ap (c_2Ebinary__ieee 2Efloat__value A 27t A_27w) Vlx) = (ap
c2Ebinary__iece 2EFloat V2r))=((ap (ap (ap (c-2Ebinary__ieee_2Efloat__sub
A27t A 27Tw) VOmode) (ap (c_2Ebinary__ieee 2E float__plus__in finity
A27t A27w) (c_2Ebool 2Ethe_value (ty_2FEpair 2Eprod A_27t
A27w)))) V1z) = (ap (ap (c2Epair.2E_2C ty_2Ebinary__icee 2E flags
(ty2Ebinary__ieee 2E float A_27t A_27w)) c_2Ebinary__ieee_2Eclear__flags)
(ap (c_2Ebinary__icee 2F float__plus__in finity A_27t A_27w)
(c2Ebool 2Ethe_value (ty_2Epair_2Eprod A 2Tt A_27w)))))))))
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