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Let ty_2Fhreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2Ehreal (1)
Let ty_2Epair_2Eprod : t1=>t=>¢ be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)

Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2Ereal (3)
Let c.2Erealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2Frealax 2Ereal__REP__ CLASS € ((Q(ty,ZEpair,QE;m“od ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,2Erealaac
(4)

Definition 1 We define c . 2Emin_2E_40 to be AA.AP € 24.4f (32 € A.p (ap P x)) then (the (\z.x € AAp
of type L1=-t.

Definition 2 We define c.22Emin_2E_3D to be AA.\x € A \y € A.inj_o (z =vy)
of type t=>t.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Definition 4 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%)(ap (ap (c_2Emin_2E_3D (24-27
Definition 5 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2FErealax_2Ereal.(ap (c2Emin_2E_40 (ty
Let c.2Erealax_2Etreal__neg : ¢ be given. Assume the following.

c2Erealax_2Etreal_neg € ((ty-2Epair 2Eprod ty_2Ehreal 2FEhreal
ty,QEh?”@al,QEhT‘eal)(ty’ZEpair’QEpTOd ty_-2Ehreal_2Ehreal ty,QEhreal,QEhreal))

(5)



Let c.2Erealax_2Etreal__eq : 1 be given. Assume the following.

c2Erealar.2Etreal eq € ((2(ty,2Epair,2Ep7‘od ty_2FEhreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,2Epair,2E'prod ty_2Eh

(6)
Let c2Erealax 2Ereal__ABS__CLASS : 1 be given. Assume the following.

o(ty_2Bpair_2Bprod ty_2Bhreal_2Bhreal ty_2Bhreal 2Eh:

(7)
Definition 6 We define c_2Erealax_2Ereal__ABS to be A\VOr € (ty_2Epair 2Eprod ty 2Ehreal 2Ehreal ty_

c2Erealar 2Ereal__ABS_CLASS € (ty 2Erealax_2Ereal'

Definition 7 We define c_2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax 2Ereal.(ap c_2Erealax_2Ereal __
Let c.2FErealax_2Etreal __add : . be given. Assume the following.

c2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEhreal,QEhreal) (ty_2FEpair_2Eprod ty_-2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Eh:

(8)
Definition 8 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty 2FErealar_2Ereal \V1T2 € ty_2Erealax
Definition 9 We define c_2Ereal 2Ereal__sub to be \V0x € ty 2FErealax 2Ereal AV 1y € ty_2Erealax_2Ere
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (9)
Let ty_2FEbool 2Fitsel f : 1=t be given. Assume the following.
YV AO0.nonempty A0=nonempty (ty-2Ebool 2Eitsel f A0) (10)
Let c2FEwords 2EINT__MAX : 1= be given. Assume the following.
VA_27a.nonempty A_27a=c2Ewords 2EINT__MAX A27a € (ty2Enum_2Enum(ty-2Ebool 2Eitself A2
Let c2FEwords 2EUINT__M AX : 1= be given. Assume the following. -

VA 27a.nonempty A27a=c 2Ewords 2EUINT__MAX A 27a € ( 12
ty,ZEnum,QEnum(ty*QEbo"l*QE““lf A,27a)) ( )

Let c2FEarithmetic2E 2D : . be given. Assume the following.

c2Earithmetic2E_2D € ((ty-2Enum_ 2 EnumtY-2Fnum-2Enum)ty 2Enum-_2Enum )
(13)
Let c.2Ebinary_teee 2Elargest : t=-1=t be given. Assume the following.

VA 27t.nonempty A27t=VA_2Tw.nonempty A27w=-c_2Ebinary__ieee_ 2Elargest
A92Tt A27w € (ty,QET‘GalCLQLL2ET’6al(ty’QEbOOl*2Eitself (ty-2Epair_2Eprod A_2Tt A,27w)))
(14)

Definition 10 We define c_2Ebool 2EF to be (ap (c2Ebool_2E_21 2) (AVO0t € 2.V 0t)).



Definition 11 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 12 We define c_2Ebool 2E_TE to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 13 We define c 2Ebool 2E_2F 5C to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Enum 2EZERO__REP : . be given. Assume the following.
c2Enum 2EZERO__REP € omega (15)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum’™9%) (16)
Definition 14 We define c_2Enum_2EOQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (17)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™9%) (18)
Definition 15 We define c 2Enum_2ESUC to be \VOm € ty_ 2Enum_2Enum.(ap c22Enum 2EABS__num
Let c2Earithmetic2E 2B : ¢ be given. Assume the following.

c2Earithmetic2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(19)

Definition 16 We define c_2Earithmetic 2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c_2Earithmetic

Let c_2Erealax_2Etreal__inv : ¢ be given. Assume the following.

c2Erealax_2Etreal__inv € ((ty2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEhreal,ZEhreal) (ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )

(20)
Definition 17 We define c 2Erealax_2Einv to be \VO0T'1 € ty_2Erealax_2Ereal.(ap c_2Erealax 2Ereal __ABS

Let c.2Ereal 2Epow : ¢ be given. Assume the following.

c2Ereal 2Epow € ((ty_2Erealax_2ErealtV-2Enum-2Enumyty-2Erealaz_2Ereal)
(21)

Definition 18 We define c_2Emarker_2Eunint to be AA_27a : 1. A\VO0x € A_27a.V0z.

Let c.2Ereal 2Ereal__of __num : ¢ be given. Assume the following.

c2Ereal 2Ereal _of —_num € (ty_2Erealax_2EreqlV-2Fnvm-2Enum) — (99)



Definition 19 We define c_22Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(AV2t2 € A 27a.(
Let c.2Erealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax2Etreal__mul € (((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,QEh’l“eal,QEh’l“eal)(ty*QEpaiT*QEpTOd ty_2Ehreal_2Ehreal ty,QEhTeal,QEhreal))(ty,QEpair,QEprod ty_2Ehreal _2Ehi

(23)
Definition 20 We define c_2Erealax_2Ereal__mul to be A\VOT1 € ty_2Erealax 2FEreal A\V1T2 € ty_2FEreala
Definition 21 We define c_2Ereal 2E_2F to be \VO0x € ty_2FErealax 2Ereal A\V1y € ty_2Erealax_2Ereal.(
Let ¢ 2FE fep 2 Edimindex : 1=t be given. Assume the following.

VA 27a.nonempty A27a=c2E fep 2Edimindex A27a € (ty_2Enum_2Enum(ty-2Ebool-2Eitself A-2Ta))
(24)
Definition 22 We define c_2Earithmetic 2EZERO to be c_2Enum _2EQ.
Definition 23 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 24 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let c.2Farithmetic2EEX P : 1 be given. Assume the following.

c2Earithmetic 2EEX P € ((ty 2Enum_2Enumty-2Enum-2Enum )ty 2Enum -2Enum)
(25)
Let c_2Ebool_2FEthe__value : 1=t be given. Assume the following.
VA_27a.nonempty A_27a=-c_2Ebool 2Ethe_value A27a € (
ty_2Ebool 2FEitsel f A 27a)

Let c.2FEwords_2Edimword : 1=t be given. Assume the following.

VA_27a.nonempty A_27a=c 2Ewords 2Edimword A 27a € (ty_2Enum_2Enum(tV-2Fbool-2Eitself A-2Ta))
(27)

(26)

Assume the following.

VA_27t.nonempty A2Tt=YA_2Tw.nonempty A_27w=(
(ap (c2Ebinary__ieee 2Elargest A_27t A_2Tw) (c-2Ebool 2FEthe_value
(ty2Epair 2Eprod A2Tt A_2Tw))) = (ap (ap c-2Erealax_2Ereal__mul
(ap (ap c_2Ereal 2E_2F (ap (ap c2Ereal 2Epow (ap ¢ 2Ereal 2Ereal__of _num
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic_ 2EZERO))))
(ap (ap c2Earithmetic2E_2D (ap (c22EBwords 2EUINT__MAX A_27w)
(c-2Ebool 2Ethe_value A_27w))) (ap c-2EarithmeticZ2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic2EZERO))))) (ap (ap
c¢2Ereal 2Epow (ap c2Ereal 2Ereal__of _num (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO)))) (ap (c2Fwords 2EINT__MAX
A27w) (c2Ebool 2Ethe__value A-27w))))) (ap (ap c-2Ereal_2Ereal__sub
(ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL (
ap c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO)))) (ap c_2Erealax_2Einv
(ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of__num (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO)))) (ap (c2E fep2Edimindex
A_27t) (c2Ebool 2Ethe_value A_27t)))))))
(28)



Assume the following.

(YVOn € ty 2Enum_2Enum.(—((ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of __num
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO))))
VOn) = (ap c2Ereal 2Ereal__of__num c_2Enum_2E0))))

(29)

Assume the following.
True (30)

Assume the following.
(VV0t1 € 2.(9V1t2 € 2.(((p VOr1)=(p V1£2)=(((p (31)

V1t2)=(p VO0tl))=((p VOtl)<=(p V1t2))))))

Assume the following.
(VVOt € 2.(False=(p V0t))) (32)

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VO0z = VOz)& (33)

True))

Assume the following.

VA 2Ta.nonempty A27a=(VV0x € A27a.(VV1y € (34)
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(VVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOil)= (35)

((p V1t2)=(p V2t3)))=(((p VOLtL)A(p V1t2))=(p V2t3))))))
Assume the following.

VA_27a.nonempty A 27a=(VVOP € 2.(VV1Q € 2.

(VV2zx € A27a.(VV32.27 € A27a.(VV4y € A27a.
(VWhy27 € A27a.((((p VOP)=(p V1Q)A(((p V1Q)=(V2z = V3z27))A
((=(p V1Q))=(V4y = V5y_27))))=((ap (ap (ap (c-2Ebool_2ECOND A_27a)
VOP) V2z) V4y) = (ap (ap (ap (c-2Ebool 2ECOND A_27a) V1Q) V3z_27)

Vy2)))
(36)
Assume the following.

VA 27a.nonempty A27a=((VV0tl € A27a.(VV 112 €
A 27a.((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1))A(VV 21 € A 27a.(VV3t2 € A27a.((ap
(ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF) V2t1) V3t2) = V3t2))))
(37)



Assume the following.

(VVOz € ty_2Erealax_2Ereal.((ap c-2Erealax_2Einv V0z) =
(ap (ap c_2Ereal 2E_2F (ap c.2Ereal 2Ereal__of __num (ap c2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))) V0x)))
(38)
Assume the following.

(VVOz € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(

(ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of__num V0z)) Vin) =
(ap c2Ereal 2Ereal__of __num (ap (ap c2Earithmetic 2EEX P V0x)
Vin)))

(39)
Assume the following,.

(YVO0zx € ty_2Erealax 2Ereal .(VV1y € ty 2Erealax_2Ereal.
(VV2z € ty_2Erealar_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap (ap c-2Ereal 2E_2F V0z) V1y)) V2z) = (ap (ap (ap (c_2Ebool 2ECOND
ty_2FErealax_2Ereal) (ap (ap (c.2Emin 2E_3D ty_2Erealax_2Ereal)
V1y) (ap c2Ereal 2Ereal _of __num c_2Enum_2E0))) (ap (ap c_2Erealax_2Ereal__mul
(ap (c_2Emarker_2Eunint ty_2FErealax_2FEreal) (ap (ap c_2Ereal 2E_2F
Voz) V1y))) V2z2)) (ap (ap c2Ereal 2E_2F (ap (ap c_2Erealax_2Ereal__mul
Voz) V22) Vig))
(40)
Assume the following.

VA 27a.nonempty A27a=((ap (c22Ewords_2Edimword A_2Ta)
(c2Ebool 2Ethe_value A 27a)) = (ap (ap c2Farithmetic 2EEX P
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic_2EZERO)))
(ap (c2Efep2Edimindex A27a) (c-2Ebool 2Ethe_value A_27a))))
(41)

Theorem 1

VA_2Tt.nonempty A_27t=VA_27Tw.nonempty A_27w=(
(ap (c2Ebinary__ieee_2Elargest A27t A_27w) (c-2Ebool 2Ethe__value
(ty-2Epair 2Eprod A27t A_2Tw))) = (ap (ap c-2Ereal 2E_2F (ap (
ap c_2Erealax_2Ereal__mul (ap c2Ereal 2Ereal__of __num (ap (
ap c2Farithmetic 2EEX P (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT2
c_2Earithmetic.2EZERO))) (ap (ap c2Earithmetic2E_2D (ap (c.2Ewords 2EUINT__MAX
A_27w) (c22Ebool 2Ethe__value A_27w))) (ap c_2EarithmeticC2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic_2EZERO)))))) (ap (
ap c_2Ereal 2Ereal_sub (ap ¢ 2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL
(ap c-2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO)))) (ap (ap
c_2Ereal 2E 2F (ap ¢ 2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic_2EZERO)))) (ap c-2Ereal 2Ereal__of__num
(ap (c22Ewords 2Edimword A_27t) (c.2Ebool 2Ethe__value A_2Tt)))))))
(ap c2Ereal 2Ereal_of__num (ap (ap c.2Earithmetic 2EEXP (ap
c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic_2EZERO)))
(ap (c2Bwords 2EINT__MAX A27w) (c.2Ebool 2Ethe_value A_27w))))))



