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Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c.2Farithmetic2E 2A : ¢« be given. Assume the following.

c2Earithmetic 2E_2A € ((ty_2Enum_2Enum!Y-2Enum-2Enum)ty 2Enum_2Enum)

(2)

Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omega'V-2Enum-2Enum) (3)

Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®"%) (4)

Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum’™%) (5)

Definition 1 We define c.2Emin_2E_3D to be AA.\x € A \y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V0x € 2.V0z)) (A\V1z € 2.V
Definition 3 We define c_2Ebool 2E 21 to be NA_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c.22Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num
Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.

nonempty ty_2FEhreal 2Ehreal (6)
Let ty 2Epair 2Eprod : t=-1=-t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(7)



Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2Ereal (8)
Let c.2Erealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2Frealax 2Ereal__ REP__CLASS € ((2(ty,2Epair,2Ep7‘od ty_2Ehreal _2Ehreal ty,QEhT'eal,QEhTeal))ty,2Erealax

(9)
Definition 5 We define c.2Emin_2E_40 to be \A.XP € 24.if (3z € A.p (ap P x)) then (the (\z.x € ANp
of type t=>t.
Definition 6 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2Erealax_2Ereal.(ap (c2Emin_2E_40 (ty

Let c.2FErealax_2Etreal__neg : ¢ be given. Assume the following.

c2Erealax_2Etreal_neg € ((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,?Eh?“eal,QEh?“eal)(ty’QEpair’QE;DTOd ty_2Ehreal_2Ehreal ty,QEhreal,QEhreal))

(10)
Let c.2Erealax_2Etreal__eq : ¢ be given. Assume the following.

c2Erealax_2Etreal eq € ((2(ty,2Epa'Lr,2Ep7'od ty_2Ehreal_2Ehreal ty,ZEhreal,QEhreal))(ty,QEpairjEprod ty_2Eh

(11)
Let c.2Erealax 2Ereal __ABS__CLASS : . be given. Assume the following.

o(ty-2Bpair_2Bprod ty_2Bhreal_2Bhreal ty_2Bhreal 2Eh:

(12)

c2Erealar 2Ereal__ABS_CLASS € (ty 2Erealax_2Ereal'

Definition 7 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty 2Ehreal 2Ehreal ty_
Definition 8 We define c_2Erealax_2Ereal__neg to be A\VOT'1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal__

Let ¢ 2Erealax_2Etreal__add : ¢ be given. Assume the following.

c-2Erealax_2FEtreal__add € (((ty-2Epair_2Eprod ty_ 2Ehreal 2Ehreal
ty,QEhreal,QEhreal) (ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Ehi

(13)
Definition 9 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty 2Erealar_ 2Ereal \V1T2 € ty_ 2Erealax
Definition 10 We define c_2Ereal 2Ereal__sub to be A\VO0x € ty_2FErealax 2Ereal A\V1y € ty_2Erealax 2E"
Let ty 2FEbool 2Fitself : 1= be given. Assume the following.
VAO0.nonempty A0=nonempty (ty-2Ebool 2Eitself A0) (14)
Let c2EBwords 2EINT__MAX : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Ewords 2EINT__MAX A27a € (ty_2Enum_2FEnum(ty-2Bbool-2Eitself A2
(15)



Let c2FBwords 2EUINT__MAX : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Ewords 2EUINT__MAX A 27a € (
ty-2 Enum.2 Enum/(tv-2Ebeol 2Bitself A-27a)) (16)

Let c2FEarithmetic2E 2D : . be given. Assume the following.

c2Earithmetic2E_2D € ((ty-2Enum_ 2 EnumtY-2Enum-2Enum)ty 2Enum-_2Enum )
(17)
Let c.2Ebinary_sieee 2Ethreshold : t=1=1 be given. Assume the following.

VA 2Tt.nonempty A27t=VA_2Tw.nonempty A_27Tw=-c_2FEbinary__ieee_2Ethreshold
A27t A27Tw € (ty,QE’/‘eala.r,2E’l"60,l(ty’QEb00l’2Eitself (ty_2Epair_2Eprod A_27t A,27w)))
(18)

Definition 11 We define c_22Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV 0t € 2.V 0t)).

Definition 12 We define c2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 13 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 14 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (19)

Definition 15 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).

Let c.2Earithmetic2E_2B : ¢ be given. Assume the following.

c.2Earithmetic 2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(20)

Definition 16 We define c_2Earithmetic 2EBIT1 to be A\VOn € ty_ 2Enum_2Enum.(ap (ap c_2Earithmetic

Let c.2Erealax_2Etreal__inv : ¢ be given. Assume the following.

c2Erealax_2Etreal__inv € ((ty_2Epair_2Eprod ty 2Ehreal 2Ehreal
ty,2Eh7"eal,2Ehreal) (ty-2Epair_2Eprod ty-2Ehreal _2Ehreal ty,QEhreal,ZEhreal))

(21)
Definition 17 We define c 2Erealax_2Einv to be \VO0T'1 € ty_2Erealax_2Ereal.(ap c_2Erealax 2Ereal __ABS

Let c2Ereal 2Epow : ¢ be given. Assume the following.

c.2Ereal 2Epow € ((ty_2Erealax_2Erealty-2Enum-2Enum)ty_2Erealaz 2Ereal)
(22)

Definition 18 We define c_2Emarker_2Eunint to be AA_27a : t.A\VO0x € A_27a.V0z.



Let c.2FEreal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty_2Erealax_2EreqlV-2Fm m-2Enum) (93)

Definition 19 We define c 2Ebool 2ECOND to be AA_27a : 1. (A\VOt € 2.(A\V1tl € A 27a.(A\V2t2 € A_27a.(

Let c2Erealar_2Etreal__mul : v be given. Assume the following.

c2Erealax2Etreal__mul € (((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
tyiEhrealJEhreal) (ty_2FEpair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Eh:

(24)
Definition 20 We define c_2Erealax_2Ereal__mul to be \VOT'1 € ty_2FErealax 2Ereal A\V1T2 € ty_2Ereala
Definition 21 We define c_2Ereal 2E_2F to be \VO0zx € ty_2FErealax 2Ereal AV 1y € ty_2Erealax_2Ereal.(
Let c.2E fep 2Edimindex : 1=t be given. Assume the following.

VA 27a.nonempty A27a=c2E fep 2Edimindex A27a € (ty_2Enum_2Enum(ty-2Ebeol-2Eitself A-2Ta))
(25)

Definition 22 We define c_2Earithmetic_2EZERO to be c_2Enum_2EOQ.

Definition 23 We define c_2Earithmetic 2EBIT2 to be A\VOn € ty 2Enum_2Enum.(ap (ap c2Earithmetic
Definition 24 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.

Let c.2Farithmetic2EEXP : 1 be given. Assume the following.

c2Earithmetic 2EEX P € ((ty-2Enum_2EnumtY-2Enum-2Enum)ty_2Enum-2Enum)
(26)
Let c_2Ebool 2FEthe__value : 1= be given. Assume the following.

VA_27a.nonempty A_27a=-c_2Ebool_ 2Ethe_wvalue A_27a € ( (27)
ty 2Ebool 2Fitsel f A 27a)

Let c.2FEwords_2Edimword : 1=t be given. Assume the following.

VA_27a.nonempty A_27a=c 2Ewords 2Edimword A 27a € (ty_2Enum_2Enum(ty-2Fbool-2Eitself A-2Ta))
(28)
Assume the following.

(VVOom € ty_2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
VOm) c22Enum_2EQ) = (ap c_2EarithmeticC2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic.2EZERO))))A(VV1m € ty_2Enum_2Enum.(VNV2n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEXP V1m) (ap c.22Enum_2ESUC
V2n)) = (ap (ap c2Earithmetic2E_2A V1m) (ap (ap c2Earithmetic 2EEX P
Vim) V2n))))))
(29)



Assume the following.

VA 27t.nonempty A 2Tt=YA_27Tw.nonempty A_2Tw=(
(ap (c2Ebinary-_ieece 2Ethreshold A_27t A_27w) (c-2Ebool_2Ethe__value
(ty-2Epair 2Eprod A27t A27w))) = (ap (ap c-2Erealax_2Ereal__mul
(ap (ap c-2Ereal 2E_2F (ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of__num
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic_2EZERO))))
(ap (ap c2Earithmetic2E 2D (ap (c.2Ewords 2EUINT__MAX A_27w)
(c-2Ebool 2Ethe_value A27w))) (ap c_2Earithmetic. 2ENUMERAL
(ap c2Earithmetic_2EBIT1 c_2Earithmetic_2EZERQ))))) (ap (ap
c2Ereal 2Epow (ap c2Ereal 2Ereal__of _num (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT2 c_2Earithmetic.2EZERO)))) (ap (c-2Ewords 2EINT__MAX
A 2Tw) (c2Ebool 2Ethe_value A27w))))) (ap (ap c_2Ereal 2Ereal__sub
(ap c2Ereal 2Ereal _of __num (ap c_2Earithmetic 2ENUMERAL (
ap c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO)))) (ap c_2Erealax_2Einv
(ap (ap c-2Ereal 2Epow (ap c-2Ereal 2Ereal__of _num (ap c2EarithmeticC2ENUMERAL
(ap c_2Earithmetic_2EBIT2 c_2Earithmetic_.2EZERO)))) (ap c.2Enum_2ESUC
(ap (c2E fep2Edimindexr A_27Tt) (c-2Ebool 2Ethe__value A_27t))))))))
(30)
Assume the following.

(YVOn € ty2Enum_2Enum.(—((ap (ap c:2Ereal 2Epow (ap c2Ereal 2Ereal __of __num
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic_2EZERO))))
VOn) = (ap c2Ereal 2Ereal__of__num c_2Enum_2E0))))

(31)

Assume the following.
True (32)

Assume the following.
(VVOtL € 2.(VV 12 € 2.(((p VOr)=(p V12))=(((p (33)

V1e2)=(p VOtl))=((p VOtl)<(p V1t2))))))

Assume the following.
(VVOt € 2.(False=(p VOt))) (34)

Assume the following.
VA 27a.nonempty A 27a=(VV0x € A27a.(V0x = VO0z)& (35)

True))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (36)
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(VVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOtl)= (37)

((p V1t2)=(p V2t3)))=(((p VOtL)A(p V1E2))=(p V213))))))



Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € 2.

(VV2x € A27a.(VV3x 27T € A27a.(VV4y € A 27a.
(VWhy27 € A27a.(((p VOP)=(p V1Q)A(((p V1Q)=(V2z = V3z27))A
((=(p V1Q))=(V4y = V5y-27))))=((ap (ap (ap (c_2Ebool 2ECOND A_27a)
VOP) V2z) V4y) = (ap (ap (ap (c-2Ebool 2ECOND A_27a) V1Q) V3x_27)

Vy 21)))
(38)
Assume the following.

VA 27a.nonempty A27a=((VVO0tl € A27a.(VV1t2 €
A27a.((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)))A(YV 21 € A27a.(VV3t2 € A 27a.((ap
(ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF) V2t1) V3t2) = V3t2))))
(39)
Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap c-2Erealax_2Einv V0z) =
(ap (ap c-2Ereal 2E_2F (ap c-2Ereal 2Ereal__of -.num (ap c2EarithmeticZ2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))) V0z)))
(40)
Assume the following.

(VVOzx € ty_2Enum_2Enum.(YV1n € ty_ 2Enum_2Enum.(

(ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of__num V0z)) Vin) =
(ap c2Ereal 2Ereal__of __num (ap (ap c2Earithmetic2EEX P V0x)
Vin)))

(41)
Assume the following.

(VVO0x € ty_2Erealax 2Ereal. (VV1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap (ap c-2Ereal 2E_2F VO0zx) V1y)) V2z) = (ap (ap (ap (c_2Ebool 2ECOND
ty_2Erealar_2Ereal) (ap (ap (c2Emin_2E_3D ty_2Erealax_2Ereal)
V1y) (ap c:2Ereal 2Ereal__of __num c_2Enum_2E0))) (ap (ap c2Erealax_2Ereal__mul
(ap (c_2Emarker_2Eunint ty_2FErealax_2Ereal) (ap (ap c_2Ereal 2E_2F
VOx) V1y))) V2z2)) (ap (ap c2Ereal 2E 2F (ap (ap c_2Erealax_2Ereal__mul
Voz) V22)) V1))
(12)
Assume the following.

VA 27a.nonempty A_27a=((ap (c2Ewords_2Edimword A_27a)
(c-2Ebool 2Ethe_wvalue A27a)) = (ap (ap c2Earithmetic2EEX P
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic_2EZERO)))
(ap (c2Efep2Edimindex A_27a) (c-2Ebool 2Ethe_value A_27a))))
(43)



Theorem 1

VA_2Tt.nonempty A_27t=VA_27Tw.nonempty A_27Tw=(
(ap (c2Ebinary__ieee_2Ethreshold A27t A_27w) (c_2Ebool 2Ethe_value
(ty-2Epair 2Eprod A27t A2Tw))) = (ap (ap c-2Ereal 2E_2F (ap (
ap c_2Erealax_2Ereal__mul (ap c2Ereal 2Ereal__of __num (ap (
ap c2Earithmetic 2EEX P (ap c_2Earithmetic. 2ENUMERAL (ap c_2Earithmetic_2EBIT2
c_2Earithmetic 2EZEROQ))) (ap (ap c2Earithmetic 2E 2D (ap (¢c.2Ewords 2EUINT__MAX
A27w) (c.2Ebool 2Ethe_value A27w))) (ap c_2Earithmetic2ENUMERAL
(ap c_2Earithmetic2EBIT1 c_2Earithmetic.2EZERO)))))) (ap (
ap c_2Ereal 2Ereal__sub (ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT2 c_2Earithmetic_.2EZERO)))) (ap (ap
c_2Ereal 2E 2F (ap ¢ 2Ereal 2Ereal__of __num (ap c2Earithmetic 2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic_2EZERO)))) (ap c-2Ereal 2Ereal__of__num
(ap (ap c2Earithmetic2E_2A (ap c_2Earithmetic 2ENUMERAL (ap
c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO))) (ap (c.2Ewords_2Edimword
A_27t) (c.2Ebool 2FEthe_wvalue A_27t)))))))) (ap c.2Ereal 2Ereal__of __num
(ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL (ap
c_2Earithmetic_2EBIT2 c_2Earithmetic_2EZERO))) (ap (c2Ewords 2EINT__MAX
A_27w) (c2Ebool 2Ethe_value A_27w))))))



