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Definition 1 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 2 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =y)
of type 1=-t.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Definition 4 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 5 We define c_2Ebool 2E_5C_2F to be (A\VO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Definition 6 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).
Definition 7 We define c_2Ebool _2E_TE to be (AVOt € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Let ty_2Equote 2Evarmap : 1= be given. Assume the following.

VAO.nonempty AO=nonempty (ty-2Equote_2Evarmap AQ) (1)
Let ty 2Equote 2Findex : ¢ be given. Assume the following.

nonempty ty_2Equote_ 2Eindex (2)

Let c.2Equote_2Evarmap__find : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=-c2Equote_2Evarmap__find A_27a €
((A727a(ty,QEquote,QEvarmap A,27a))ty,QEquote,QEindew) (3)

Let ty 2Flist 2Flist : t=1 be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty-2Elist 2Elist A0) (4)
Let ty 2Esemi_ring 2FEsemi__ring : 1= be given. Assume the following.

VAO.nonempty AO=nonempty (ty_2Esemi_ring 2Esemi_ring A0)  (5)



Let c.2Ecanonical 2Eivl__aux : t=-¢ be given. Assume the following.

YA 27a.nonempty A_27a=c_2Ecanonical 2Fivl__aux A 27a €
((((A727a(ty,2E'list,2Elist ty_2Equote_2Eindex) )ty,ZEquote,ZEindex)(ty,QEquote,QEvarmap A_27a) ) (ty-2Esemi__ring_:

(6)

Let c.2Ecanonical 2Einterp_vl : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=-c2Ecanonical 2Einterp__vl A_27a €
(((A727a(ty,2Elist,2Elist ty,QEquote,QEindez))(ty,QEquote,QEvarmap A,27a))(ty,QEsemi,J'ing,ZEsemi,Jing A,27a))

(7)

Let ty_2EternaryComparisons_2FEordering : ¢ be given. Assume the following.
nonempty ty_2EternaryComparisons_2Eordering (8)
Let c2EternaryComparisons 2ELESS : 1 be given. Assume the following.

c2EternaryComparisons 2ELESS € ty_2EternaryComparisons_2FEordering

(9)

Let c2Equote 2Eindex__compare : ¢ be given. Assume the following.

c.2Equote_ 2Eindex__compare € ((ty_2EternaryComparisons_2FEorderingty-2Faucte-2Eindez)ty 2Equote_2F

(10)
Definition 8 We define c_2Equote_2Eindex__It to be AV 0il € ty_ 2FEquote 2FEindex. AV 1i2 € ty_2Equote_2F
Let c.2Esemi__ring 2Esemi_ring__SR1 : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c2Esemi_ring 2FEsemi_ring_-_SR1

A927a € (A727a(ty,2Esemi,,ring,QEsemi,,ring A,27a)) (11)

Let c2FEsemi_ring 2Esemi_ring__SRM : 1=t be given. Assume the follow-
ing.

VA 27a.nonempty A 27a=c 2Esemi_ring 2Esemi_ring__SRM
A927a € (((A727aA,27a)A,27a)(ty,2Esemv’,,,ring,QEsemL,ring A,27a))

(12)
Let c.2Esemi_ring 2Esemi_ring__SRP : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=-c2Esemi_ring 2Esemi_ring__SRP
A927a € (((A727CLA,27(1)A,2711)(ty,ZEsemi,,ring,QEsemi,,ring A,27a))

(13)
Let c.2Esemi__ring 2Esemi_ring__SR0 : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=c2Esemi_ring 2Esemi__ring__SR0

A27a € (A727a(ty,2Esemi,,ring,2Esemi,,ring A,27a)) (14)

Definition 9 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Definition 10 We define c 2Esemi__ring_2Eis__semi__ring to be NA_27a : L. AV Or € (ty_2Esemi__ring 2Esen



Definition 11 We define c 2Emin_2E_40 to be A\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type 1=-t.

Definition 12 We define c 2Ebool 2ECOND to be AA_27a : 1. (A\VOt € 2.(A\V1tl € A 27a.(A\V2t2 € A_27a.(
Let ¢ 2Elist 2ECONS : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c 2Elist 2ECONS A 27a € (((ty_2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)
(15)
Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c 2Elist 2ENIL A 27a € (ty 2Elist 2Elist
A_27a)
(16)
Let c2EternaryComparisons 2Elist_merge : 1= be given. Assume the fol-
lowing.
VA 27a.nonempty A_27a=c_2EternaryComparisons_2Elist__merge

A,27a)

A27a € ((((ty,QElist,QElist A727a)(ty,2Elist,2Elist A,27a))(ty,2Elist,2Elist A,27a))((2A*27“) )

(17)

Assume the following.
True (18)

Assume the following.
(VV0tl € 2.(VV1#2 € 2.(((p VOt)=(p V1t2))=(((p (19)

V1t2)=(p VOt1))=((p VO0tl)=(p V1t2))))))

Assume the following.
(VVOt € 2.(False=(p VOt))) (20)

Assume the following.
(VVOt € 2.((p VOt)V(=(p VOt)))) (21)

Assume the following.
VA_27a.nonempty A27a=(VV0zx € A27a.(V0x = V0z)& (22)

True))

Assume the following.

VA 27a.nonempty A27a=VV0zx € A27a.(VV1y € (23)

A27a.(VOx = Viy)e(Viy = V0x))))
Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p VOt))
(p VOO)A(((Falses(p VOt))<(—(p VOt)))

p V0i)))))))

((((p VOt)eTrue)=

N
A(((p VOt)=False)e(—=( (24)



Assume the following.

VA 27a.nonempty A 27a=(VV0tl € A27a.(VV1i2 €
A27a.(((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1t2) = V1t2))))

Assume the following.

(VV0tl € 2.(VV1e2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V1t2)=(p V2t3)))=(((p VOLL)A(p V1t2))=(p V2t3))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € 2.

(VV2x € A27a.(VV3x 27T € A27a.(VV4y € A 27a.
(VWhy27 € A27a.((((p VOP)=(p V1Q)A(((p V1Q)=(V2z = V3z27))A
((=(p V1Q))=(V4y = V5y-27))))=((ap (ap (ap (c_2Ebool 2ECOND A_27a)
VOP) V2z) V4y) = (ap (ap (ap (c-2Ebool 2ECOND A_27a) V1Q) V3x_27)

Vy21)))
(27)
Assume the following.

VA_27a.nonempty A_27a=((VV0sr € (ty-2Esemi__ring_2Esemi_ring
A_27a).(VV1vm € (ty2Equote_2Evarmap A-27a).(VV2z €
ty_2FEquote_2Findex.((ap (ap (ap (ap (c.2Ecanonical 2Eivl__aux
A_27a) VOsr) V1ivm) V2z) (c2Elist 2ENIL ty 2Equote_ 2Eindex)) =
(ap (ap (c.2Equote_2Evarmap__find A27a) V2zx) V1vom)))))A(VYV3sr €
(ty2Esemi_ring 2Esemi_ring A 27a).(VV4vm € (ty_2Equote_2Evarmap
A27a).(VViz € ty-2Equote_2Eindex.(VV 6227 € ty_2Equote_2Eindex.
(VV7t27 € (ty-2Elist 2Elist ty_2Equote_2Eindex).((ap
(ap (ap (ap (c2Ecanonical 2Fivl__aux A27a) V3sr) Vdvm) Viz) (
ap (ap (c2Elist 2ECONS ty_2Equote 2Eindex) V6x_27) VTt_27)) =
(ap (ap (ap (c2Esemi_ring 2Esemi_ring__SRM A_27a) V3sr) (ap
(ap (c2Equote2Evarmap-_find A_27a) V5z) V4dvm)) (ap (ap (ap (ap

(c.2Ecanonical 2Eivl__aux A27a) V3sr) V4dvm) V62 27) VTt_27)))))))))
(28)



Assume the following.

VA 27a.nonempty A 27a=((VVO0sr € (ty_2Esemi_ring 2Esemi_ring
A27a).(VV1vm € (ty-2Equote_2Evarmap A27a).((ap (ap (
ap (c2Ecanonical 2Einterp-vl A27a) VOsr) V1vm) (c2Elist 2ENIL
ty_2Equote 2Findex)) = (ap (c.2Esemi_ring-2Esemi_ring__SR1
A27a) V0sr))))AVV2sr € (ty-2Esemi_ring 2Esemi__ring
A_27a).(VV3um € (ty2Equote_2Evarmap A27a).(VVix €
ty_2FEquote 2FEindex.(NVV5t € (ty_2Elist_2Elist ty_2Equote_2Findex).
((ap (ap (ap (c-2Ecanonical 2Einterp_vl A_27a) V2sr) V3vm) (ap
(ap (c2Elist 2ECONS ty-2Equote_2Eindex) V4x) V5t)) = (ap (ap (
ap (ap (c.2Ecanonical 2Eivl__aux A_27a) V2sr) V3vm) Vdx) V5t)))))))
(29)
Assume the following.

VA_27a.nonempty A27a=(YVOP € (2(ty-2Elist2Elist A27a)y,

(((p (ap VOP (c2Elist 2ENITL A27a)))AN(YV1t € (ty_2Elist 2Elist
A27a).((p (ap VOP V1t))=(VV2h € A27a.(p (ap VOP (ap (ap (
c2Elist 2ECONS A_27a) V2h) V1t)))))))=(VV3l € (ty-2Elist_2Elist
A_27a).(p (ap VOP V3I)))))

(30)
Assume the following.

VA 27a.nonempty A27a=(YVOr € (ty_2Esemi_ring 2Esemi_ring
A_27a).((p (ap (c-2Esemi__ring_2Eis__semi__ring A_27a) VOr))=
(VVin € A27a.(VV2m € A27a.(VV3p € A27a.(

(ap (ap (ap (c2Esemi_ring_2Esemi_ring_ . SRM A_27a) VOr) Vin)

(ap (ap (ap (c2Esemi_ring_2Esemi_ring_.SRM A_27a) VOr) V2m)
V3p)) = (ap (ap (ap (c2Esemi_ring 2Esemi_ring_ SRM A_2Ta) VOr)
(ap (ap (ap (c2Esemi_ring_2Esemi_ring_ . SRM A 27a) VOr) Vin)
Vam) Vap))))

(31)
Assume the following.

VA_27a.nonempty A27a=(NVO0r € (ty_2Esemi_ring 2Esemi_ring
A27a).((p (ap (c-2Esemi__ring_2Eis_semi__ring A_27a) VOr))=
(VVin € A27a.((ap (ap (ap (c2Esemi_ring 2Esemi_ring_.SRM  (32)
A_27a) VOr) (ap (c2Esemi_ring-2Esemi_ring__.SR1 A_27a) VOr))
Vin) =Vin))))

Assume the following.

VA 27a.nonempty A27a=(VVOr € (ty-2Esemi_ring 2Esemi__ring
A27a).((p (ap (c_2Esemi__ring_2Eis__semi__ring A_27a) VOr))=
(VVin € A27a.((ap (ap (ap (c2Esemi_ring 2Esemi_ring_.SRM  (33)
A27a) VOr) V1n) (ap (c2Esemi_ring 2Esemi_ring__SR1 A_27a)
VOr) = Vin))



Assume the following.

VA_27a.nonempty A27a=(VOr € (ty 2Esemi_ring 2Esemi_ring
A27a).((p (ap (c-2Esemi__ring_2Eis_semi__ring A_27a) VOr))=
(VV1im e A27a.(YV2n € A27a.(VV3p € A27a.(

(ap (ap (ap (c-2Esemi_ring-2Esemi_ring__.SRM A_27a) VOr) (ap
(ap (ap (c-2Esemi_ring_2Esemi_ring_.SRM A_27a) VOr) V1im) V2n))
V3p) = (ap (ap (ap (c2Esemi_ring 2Esemi_ring_ SRM A_27a) VOr)

(ap (ap (ap (c2Esemi_ring 2Esemi_ring..SRM A_27a) VOr) V2n)

Vap) Vim)))
(34)
Assume the following.

VA 27a.nonempty A_27a=-((VVO0I1 € (ty-2Elist 2Elist
A 27a).(VV1a_lt € ((24-279)A-279) ((ap (ap (ap (c2EternaryComparisons_2Elist_merge
A27a) Via_it) VOIL) (c2Elist 2ENTL A-27a)) = VOI1)))A((YV 205 €
(ty2Elist 2Elist A_27a).(VV3v4d € A27a.(VV4a_lt €
((24-272)A-27) ((ap (ap (ap (c-2EternaryComparisons_2Elist_merge
A27a) Vda_lt) (c2Elist 2ENIL A_27a)) (ap (ap (c-2Elist 2ECONS
A_27a) V3v4) V205)) = (ap (ap (c2Elist 2ECONS A_27a) V3v4) V2u5)))))A
(VVby € A27a.(WVbx € A27a.(VVT7I2 € (ty2Elist_2Elist
A_27a).(VV8I1 € (ty-2Elist 2Elist A27a).(VV9a_lt €
((2A4-270)A-272) ((ap (ap (ap (c_2EternaryComparisons_2Elist_merge
A27a) V9a__lt) (ap (ap (c2Elist 2ECONS A27a) V6x) V8I1)) (ap
(ap (c-2Elist 2ECONS A_27a) V5y) V7i2)) = (ap (ap (ap (c-2Ebool 2ECOND
(ty2Elist 2Elist A_27a)) (ap (ap V9a_lt V6x) V5y)) (ap (ap (c2Elist 2ECONS
A27a) V6z) (ap (ap (ap (c2EternaryComparisons_ 2Elist__merge
A27a) V9a_lt) V8I1) (ap (ap (c2Elist 2ECONS A_27a) Vby) V7i2))))
(ap (ap (c-2Elist 2ECONS A_27a) V5y) (ap (ap (ap (c-2EternaryComparisons_2Elist__merge
A27a) V9a_.lt) (ap (ap (c2Elist 2ECONS A27a) Véx) V8I1)) VT7i2)))))))))))
(35)

Theorem 1

VA_27a.nonempty A 27a=(VV0sr € (ty_2Esemi__ring-2Esemi__ring
A_27a).((p (ap (c-2Esemi__ring_2Eis__semi__ring A_27a) V0sr))=
(VV1vm € (ty 2Equote 2Evarmap A 27a).(VV2x € (ty 2Elist 2Elist
ty 2Equote 2Eindex).(VV 3y € (ty_2Elist 2Elist ty 2Equote 2Findex).
((ap (ap (ap (c-2Ecanonical 2Einterp-—vl A_27a) V0sr) V1vm) (ap
(ap (ap (c2EternaryComparisons_2Elist__merge ty_2FEquote_2Findex)
c_2Equote_2Eindex__It) V2z) V3y)) = (ap (ap (ap (c2Esemi__ring_2Esemi__ring-_SRM
A_27a) VOsr) (ap (ap (ap (c-2Ecanonical 2FEinterp_vl A_27a) V0sr)
Vivem) V2x)) (ap (ap (ap (c.2Ecanonical 2Einterp-vl A_27a) V0sr)

Viem) V3y))))))))



