thm_2Ecardinal 2ECOUNTABLE_EMPTY
(TMEqiUxnx8Ki5xBy9SbwjJECz8yw4t7mi4B)

October 26, 2020

Definition 1 We define c 2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%) (ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_2F 5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Definition 7 We define c 2Emin_2E_40 to be \A.AP € 24.if (3x € A.p (ap P x)) then (the (\z.xz € ANp
of type t=-t.

Definition 8 We define c_22Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40 2
Definition 9 We define c_2Ebool 2EIN to be AA_27a : 1.(A\VO0z € A27a.(AV1f € (2427 (ap V1f VO0z)))
Definition 10 We define c 2Epred__set 2EINJ to be NA_27a : tL.AA27b : LAVOS € (A27b-27") AV 1s € (24
Definition 11 We define c_2Ecardinal 2Ecardleq to be A\A_27a : t.\XA_27b : 1.AV0s1 € (24-279) \V'1s2 € (2
Definition 12 We define c_2Epred__set 2EUNIV to be AA_27a : +.(A\V0x € A_27a.c_2Ebool 2ET).

Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (1)

Definition 13 We define c_2Ecardinal 2Ecardgeq to be A\A_27a : t.AA27b : 1.AV0s € (24-279) \V 1t € (242
Definition 14 We define c 2Epred__set_ 2Ecountable to be AA_27a : 1.AV0s € (24-27%) (ap (c_2Ebool 2E_3F

Definition 15 We define c_2Epred__set 2EEMPTY to be AA_27a : ¢.(A\VO0x € A_27a.c_2Ebool_2EF).



Definition 16 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Assume the following.

True (2)
Assume the following.

(YVO0tL € 2.(vV 12 € 2.(((p VOr)=(p V12))=(((p ;
V1t2)=(p VOr1))=((p VOt ) (p V1E2))))) (3)

Assume the following.
(VVOt € 2.(False=(p V0t))) (4)
Assume the following.

VA_27a.nonempty A 27a=(V0t € 2.(VV1x € (5)
A27a.(p VOL))<(p VOL)))

Assume the following.

VA_27a.nonempty A27a=(VVO0t € 2.((IV1x € (6)
A27a.(p VOt))&=(p VOL)))

Assume the following.

(VVOt € 2.(((Truen(p VOt))=(p VOO))A((((p VO)ATrue)=
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)N  (T7)

(((p VO)A(p VOt))=(p VOL)))))))

Assume the following.

YVt € 2.(((True=(p VOt))=(p VO)A((((p VOt)=True)<
True)A(((False=(p VOt))=True)A((((p VOt)=(p VOt))=True)A((  (8)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0s € (24-279).(VV 1t € (24-2™).((p (ap (ap (c2Ecardinal 2Ecardleq
A27a A27b) V0s) V1t))=(3V2f € (A2764-27) ((VV 3z €
A27a.((p (ap (ap (c.2Ebool 2EIN A_27a) V3x) V0s))=-(p (ap (ap (c_2Ebool 2EIN
A27b) (ap V2f V3x)) V1t)))A(VV4x € A27a.(VVby €
A27a.(((p (ap (ap (c_2Ebool 2EIN A_27a) V4x) V0s))A((p (ap (ap
(c-2Ebool 2EIN A_27a) V5y) VO0s))A((ap V2f Viz) = (ap V2f V5y))))=

(Vdz = V5y)))))))))
(9)

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0s € (24-279) (VV 1t € (24-2™).((p (ap (ap (c_2Ecardinal 2Ecardgeq
A27a A27b) V0s) V1t))<(p (ap (ap (c-2Ecardinal _2Ecardleq A_27b
A 27a) V1t) V0s)))))

(10)



Assume the following.

VA_27a.nonempty A27a=(YVO0t € (24-27).((p (ap
(c-2Epred__set_2Ecountable A_27a) VO0t))<(p (ap (ap (c_2Ecardinal 2Ecardgeq
ty2Enum_2Enum A-27a) (c2Epred__set_ 2EUNIV ty_2Enum_2Enum))
Vot))))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(—(p (ap (ap
(c_2Ebool 2EIN A 27a) VOx) (c_2Epred_set 2EEMPTY A_27a)))))

Theorem 1

VA_27a.nonempty A_27a=(p (ap (c_2Epred__set_2Ecountable
A_27a) (c_2Epred__set 2EEMPTY A_27a)))



