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Definition 1 We define c.2Emin_2E_40 to be AAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 2 We define c.2Emin_2E_3D to be A\A.\x € A dy € A.inj_o (z =y)
of type t1=-t.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Definition 4 We define c_2Ebool_2EBOUNDED to be (A\VOv € 2.c_2Ebool 2ET).

Definition 5 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 6 We define c_.2Emarker_2EAbbrev to be A\VO0x € 2.V0zx.

Let ty 2Epair 2Eprod : t=-1=t be given. Assume the following.

VA0.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 Al)
(1)

Let c2Epair 2ESN D : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2Epair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_2T7a A,27b))

(2)

Let c2Epair 2EF ST : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Ep7'od A_27a A,27b))

(3)
Definition 7 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : tL.AA2Tc : LAVOS € ((A27¢4-2T

Definition 8 We define c_2Ebool 2EIN to be N\A_27a : 1.(A\VO0z € A27a.(A\V1f € (24-27%).(ap V1f V0x)))



Definition 9 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type t.

Definition 10 We define c 2Ebool 2E_2F 5C to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_ 21 2) (AV2t €
Let ¢ 2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
A27Ta A27b € ((ty-2Epair 2Eprod A-2Ta A_27b)(2*=™) 1)
(4)
Definition 11 We define c2Epair 2E_2C to be N\A27a : t.AA27b : 1. AVO0x € A27a AV1y € A27b.(ap (c-2

Let c2Epred__set 2EGSPEC : 1=-1=- be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A27a A27b € ((2A727a)((ty,2Epair,2Eprod A_27a 2)A*27b))

(5)
Definition 12 We define c 2Epred__set 2EINTER to be AA_27a : 1. AV 0s € (24-27%) AV 1t € (24-27%).(ap (c-

Definition 13 We define c_2Ebool 2EF to be (ap (c2Ebool_2E_21 2) (AVO0t € 2.V 0t)).

Definition 14 We define c_2Epred__set 2EEMPTY to be AA_27a : ¢.(A\VO0x € A-27a.c_2Ebool_2EF).
Definition 15 We define c 2Epred__set 2EDISJOINT to be AA_27a : 1. AV 0s € (24-279) AV 1t € (24-279).(ap
Definition 16 We define c_2Ebool 2E_TE to be (A\VOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Definition 17 We define c 2Epred__set 2EDIFF to be AA_27a : 1t.AV0s € (24-2T9) AV 1t € (24-27%) (ap (c_2.
Definition 18 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 19 We define c 2Epred__set 2EINSERT to be AA 27a : 1t.AVO0x € A 27a. AV 1s € (24-27%).(ap (c-
Definition 20 We define c_2Epred__set 2EDELETE to be AA_27a : t.AV0s € (24-279) AV 1z € A 27a.(ap (a
Definition 21 We define c_2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 22 We define c_2Epred__set 2EBIGUNION to be AA_27a : L. AVOP € (22"7™)).(ap (c-2Epred__:
Definition 23 We define c_2Epred__set 2EINJ to be NA_27a : L. AA27b : LAVOS € (A276427*) AV 1s € (2
Definition 24 We define c_2Epred__set 2EUNIV to be AA_27a : +.(A\V0x € A_-27a.c_2Ebool 2ET).
Definition 25 We define c_2Epred__set 2EIMAGE to be AA_27a : L. NA27b : 1. AVOf € (A,27bA*27a).)\Vls €
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (6)



Definition 26

Definition 27

Definition 28

Definition 29

Definition 30

Definition 31

Definition 32

Definition 33

Definition 34

Definition 35

Definition 36

Definition 37

Definition 38

We define c 2Epred__set 2EFINITE to be AA_27a : t.A\V0s € (24-27).(ap (c_2Ebool 2E_21 (2
We define c_2Epred__set 2EUNION to be AA_27a : t.AV0s € (24-2T9) \V 1t € (24-27%) (ap (c
We define c_2Epred__set 2Ecountable to be A\A_27a : 1.AV 0s € (24-27%).(ap (c_2Ebool 2E_3F
We define c_2Eset__relation_2Eantisym to be AA_27a : 1t \VOr € (2(ty-2Epair-2Eprod A-27a A2
We define c_2Eset__relation_2Ereflexive to be NA_27a : 1. AV Or € (2(ty-2Epair2Eprod A-2Ta A2
We define c 2Eset__relation_2Etransitive to be A\A_27a : 1. AV Or € (2(ty-2Fpair-2Bprod A-27a A-
We define c_2Eset__relation_2Edomain to be AA_27a : t.AA_27b : LAV Or € (2(ty-2Epair-2Eprod
We define c 2Epred__set 2ESUBSET to be AA_27a : t.A\V0s € (24-272) AV 1t € (24-27%).(ap (
We define c_2Eset__relation_2Erange to be NA_27a : tL.AA27b : L. \VOr € (2(ty-2Epair_2Eprod A
We define c_2Eset__relation_2Emaximal__elements to be AA_27a : t.A\V0zs € (24-27%) AV 1r €
We define c_2Eset__relation_2Eupper__bounds to be AA_27a : t. AXA_27b : 1.AV0s € (24-270) AV
We define c_2Eset__relation_2Echain to be N\A_27a : 1.AV0s € (24-272) AV 17 € (2(ty-2Epair-21

We define c_2Eset__relation_2Epartial__order to be NA_27a : 1. AV Or € (2(ty-2Epair2Eprod A_27

Assume the following.

True (7)

Assume the following.

(VV0t1 € 2.(9V1t2 € 2.(((p VOr1)=(p V1£2)=(((p

V162)=(p VOr)=((p VOt ) (p V1t2))))) (8)

Assume the following.

(VVOt € 2.(False=(p V0t))) (9)

Assume the following.

(YOt € 2.((p VOOV (=(p VO1)))) (10)

Assume the following.

VA 27a.nonempty A27a=(VYVO0t € 2.((VV1x €

A27a.(p VOt))=(p VOL)))

Assume the following.

(VVOt € 2.((=(p VOt))=((p VOt)=False))) (12)



Assume the following.
(VVOt € 2.(—((p VOt)A(—(p VO?))))) (13)
Assume the following.

(VVOt € 2.(((Truen(p VOr))=(p VOO))A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (14)

t)
(((p VO)A(p VOt))&=(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue)AN((((p VOt)VTrue)=True)A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)<(p VO)A(((p VO)V

(p VO1))=(p V01)))))))
Assume the following,.

(VVOt € 2.(((True=(p VOt))=(p VOt))A((((p VOt)=>True)s
True)A(((False=(p VOt))=True) AN((((p VOt)=(p VOt))=True)A((  (16)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((-True)sFalse) A

((=False)=True))) (17)

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VOz = V0z)) (18)

Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&

True)) (19)

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (20)

A27a.(VOzr = V1y)e(Viy = V0x))))
Assume the following.

(VVOt € 2.((Trues(p VOt))<(p VOt))A(((p VOt)=True)s
(p VOO)A(((Falses(p VOt)) ( (p VOO)A(((p VOt)&False)=(=( (21)

Vo))

Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).((~(VV 1z €

A27a.(p (ap VOP V12)))(3V2z € A 27a.(~(p (ap VOP V22)))))) 22

4



Assume the following.

VA _27a.nonempty A 27a=(VVOP € (24-27%).((~(3V1x €
A27a.(p (ap VOP V1z))))=(VV2z € A27a.(—(p (ap VOP V2z))))))

Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-27%).(VV1Q €
(24-270) ((VV2z € A27a.((p (ap VOP V2z))A(p (ap V1Q V2z))))=
((VV3z € A27a.(p (ap VOP V3x)))A(VV4x € A2Ta.(p (
ap V1Q V4x)))))))

Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-27%).(VV1Q €
2.(((VV2z € A27a.(p (ap VOP V2z)))A(p V1Q))=(VV3zx €
A27a.((p (ap VOP V3z))A(p V1Q))))))

Assume the following.

VA 27a.nonempty A 27a=(VVOP € 2.(VV1Q € (
24-270) (((p VOP)A(VV 2z € A2Ta.(p (ap V1Q V2z))))<(VV3zx €
A27a.((p VOP)A(p (ap V1Q V3z)))))))

Assume the following.

VA 27a.nonempty A 27a=(VYVOP € 2.(WV1Q € (
24-270) ((YV2z € A 27a.((p VOP)V(p (ap V1Q V22))))<((p
VOP)V(VV3z € A27a.(p (ap V1Q V32)))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € (24-279).(VV1Q €
2.(VV2zx € A27a.((p (ap VOP V2z))=(p V1Q)))=((IV3zx €
A27a.(p (ap VOP V3z)))=(p V1Q)))))

Assume the following.

(VW0A € 2.(VV1B € 2.(~((p VOA)=(p V1B)))&((p VOA)A
(=(p V1B))))))

Assume the following.

(VVO0A € 2.(VW1B € 2.(vV2C € 2.(((p VOA)V(
(p V1B)V(p V2C)))=(((p VOA)V(p V1B))V(p V2C))))))

Assume the following.

(VW0A € 2.(WW1B € 2.(((p VOA)V(p V1B))=((p V1B)V
(p V0A)))))

5

(26)

(28)

(30)



Assume the following.

(VV0A € 2.(WV1B € 2.(((—((p VOA)A(p V1B)))=((—(
p VOA)V(=(p V1B)))A(=((p VOA)V(p VIB)))=((=(p VOA)A(-(p Vlg%;)))))
Assume the following.

(VV0A € 2.(YV1B € 2.(¥V20 € 2.(((p VOA)A(

(v VIB)V(p V2C))) ((p VOA)A(p VIB)V((p VOAIA(p V20)))))) O

Assume the following.

(VWWO0A € 2.(WW1B € 2.(vW2C € 2.((((p V1B)V

(» V2C)A(p VOA) = (((p VIB)A(p VOA)V((p V2O)A(p VOA))))) Y

Assume the following.

(VV0A € 2.(¥V1B € 2.(vV2C € 2.(((p VOA)V(

(n VIB)AGp V2C)) (0 VOAN(p VIB)A((p VOAW (p V20)))))) )

Assume the following.

(VV0A € 2.(VV1B € 2.(¥V2C € 2.((((p V1B)A

(p V2C)V(p VOA)) = (((p VIB)V(p VOA)A((p V2OV (p VOA)))) 3O

Assume the following.

(VWO0A € 2.(¥V1B € 2.(((p VOA)=(p V1B))=((~(p VOA))V

(» V1B)))) (37)

Assume the following.

(VVOP € 2.(VV1Q € 2.(VV2R € 2.((((p VOP)V
(p V1Q))=(p V2R))=(((p VOP)=(p V2R))A((p V1Q)=(p V2R)))))))< )
38
Assume the following.

(VVOP € 2.(VV1Q € 2.(VV2R € 2.(((p VOP)=(
(p VIQ)A(p V2R)))&(((p VOP)=(p VIQ)A((p VOP)=(p V2R)))))))

Assume the following.

(VVOLl € 2.(VW1t2 € 2.(vV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOIL)A(p V112))=(p V2t3))))))

Assume the following.

(VVO0z € 2.(¥V1z.27 € 2.(¥V2y € 2.(VV3y.2T €
2.((((p VOoz)=(p V1x27)A((p V1z27)=((p V2y)<=(p V3y-27))))= (41)
(((p VOz)=(p V2y))&((p V1z27)=(p V3y-27))))))))

6



Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-27%).(VV1a €
A27a.((3V2zx € A27a.((V22 = V1a)A(p (ap VOP V2z))))<=(p ( (42)
ap VOP V1a)))))

Assume the following.

VA_27a.nonempty A27a=(VVOf € (24-27%) (YV1v €
A27a.(VV2x € A27a.((V2zx = V1v)=(p (ap VOf V2z))))=(p ( (43)
ap VOf V1v)))))

Assume the following.

(VVOv € 2.((p (ap c.2Ebool 2EBOUNDED V0v))<True)) (44)

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0s € (24-27T9) (VW 1f € (A27b4-27%).((VV 2z €
A27a.(VV3y € A27a.(((p (ap (ap (c_2Ebool 2EIN A 27a) V2x)
V0s))A(p (ap (ap (c-2Ebool 2EIN A_27a) V3y) V0s)))=(((ap V1f V2zx) =

(ap V1f V3y))=(V2x =V3y)))))=((p (ap (c_2Epred__set_2EFINITE
A_27b) (ap (ap (c-2Epred__set 2EIMAGE A_27a A_27b) V1f) V0s)))<

(p (ap (c2Epred__set_2EFINITE A_27a) V0s))))))

(45)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YV0x € A27a.(VV1y € A27b.(VV2a € A27a.(¥V3b €
A27b.(((ap (ap (c2Epair2E2C A_27a A_27b) VOzx) V1y) = (ap (ap
(c-2Epair2E_2C A_27a A_27b) V2a) V3b))<=((V0x = V2a)A(V1y = V3D)))))))
(46)

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(

VV0x € A27a.(VV1y € A27b.(VV2a € A27a.(VV3b €
A27b.(((ap (ap (c2Epair2E2C A_27a A_27b) VO0z) V1y) = (ap (ap
(c-2Epair2E_2C A_27a A_27b) V2a) V3b))<=((V0x = V2a)A(V1y = V3D)))))))
(47)

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV O0x € (ty-2Epair_2Eprod A-27a A27b).((ap (ap (c-2Epair2E_2C
A27a A27D) (ap (c2Epair 2EFST A27a A27b) VOz)) (ap (c2Epair 2ESND
A27a A27b) VOzx)) = VO0x))
(48)



Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=VA 27c.
nonempty A 27c=(VVOf € ((A27cA-270)A-27a) (VW 1z €
A27a.(VV2y € A27b.((ap (ap (c2Epair2EUNCURRY A_27a
A27b A27¢) VOf) (ap (ap (c_2Epair 2E_2C A 27a A27b) V1x) V2y)) =
(ap (ap VOS V1iz) V2))))

(19)
Assume the following.

VA 27a.nonempty A27a=(VV0s € (24-272).(VV 1t €
(24-270) (V0s = V1t)=(VV2x € A27a.((p (ap (ap (c_2Ebool 2EIN
A27a) V2z) V0s))<(p (ap (ap (c2Ebool 2EIN A_27a) V2z) V'1t)))))))
(50)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOf € ((ty2Epair 2Eprod A27a 2)4-2™).(VV1v €
A27a.((p (ap (ap (c22Ebool 2EIN A_27a) V1v) (ap (c2Epred__set 2EGSPEC
A27a A27b) VOf)))e(3V2x € A27b.((ap (ap (c2Epair_2E_2C
A27a 2) V1v) c2Ebool 2ET) = (ap VOf V2z))))))

(51)

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(—~(p (ap (ap (52)

(c-2Ebool 2EIN A_27a) VO0z) (c_2Epred__set 2EEMPTY A_27a)))))

Assume the following.

VA 27a.nonempty A27a=-(VV0x € A27a.(p (ap (ap (c_2Ebool 2EIN (53)
A_27a) VOz) (c_2Epred_set 2EUNIV A_27a))))

Assume the following.

VA_27a.nonempty A-27a=(—((c_2Epred__set_2EUNIV A_27a) = (54)

(c-2Epred__set 2EEMPTY A_27a)))
Assume the following.

VA_27a.nonempty A27a=(¥V0s € (24-272).(VV 1t €
(24-27a) (VV2u € (24-27%).(((p (ap (ap (c2Epred__set 2ESUBSET
A_27a) V0s) V1t))A(p (ap (ap (c-2Epred__set 2ESUBSET A_27a) V1)
V2u)))=(p (ap (ap (c_2Epred__set 2ESUBSET A_27a) V0s) V2u))))))
(55)
Assume the following.

VA 27a.nonempty A27a=(YV0s € (24-27%).(p (ap (

ap (c-2Epred__set 2ESUBSET A_27a) V0s) V0s))) (56)



Assume the following.

VA 27a.nonempty A27a=(VV0s € (24-27%).(VV 1t €
(24-270) (((p (ap (ap (c_2Epred__set 2ESUBSET A_27a) V0s) V1t))A
(p (ap (ap (c2Epred__set 2ESUBSET A_27a) V1t) V0s)))=(V0s = V1t))))
(57)
Assume the following.

VA_27a.nonempty A27a=(YV0s € (24-27%).(p (ap (
ap (c_2Epred__set 2ESUBSET A_27a) (c_2Epred_set 2EEMPTY A_27q))
V0s)))

Assume the following.

VA_27a.nonempty A27a=(VV0s € (24-27%).(VV 1t €
(24-27a) (VW22 € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a)
V2z) (ap (ap (c-2Epred__set 2EUNION A_27a) V0s) V1t)))<=((p (ap  (59)
(ap (c-2Ebool_2EIN A_27a) V2z) V0s))V(p (ap (ap (c-2Ebool_2EIN
A27a) V2z) V1t)))))))

Assume the following.

VA 27a.nonempty A27a=(YV0s € (24-279).(YV1t €
(24-279) (VV2u € (24-27%).((p (ap (ap (c_2Epred__set 2ESUBSET
A_27a) (ap (ap (c-2Epred__set 2EUNION A_27a) V0s) V1t)) V2u))<  (60)
((p (ap (ap (c-2Epred__set 2ESUBSET A_27a) V0s) V2u))A(p (ap (ap
(c_2Epred__set 2ESUBSET A_27a) V1t) V2u)))))))

Assume the following.

VA_27a.nonempty A27a=((¥V0s € (24-27%).((ap (
ap (c-2Epred__set 2EUNION A_27a) (c_2Epred__set 2EEMPTY A_27a))
V0s) = V0s))A(VV1s € (24-27%).((ap (ap (c_2Epred__set 2EUNION
A_27a) V1s) (c_2Epred_set 2EEMPTY A_27a)) = V1s)))

(61)

Assume the following.

VA 27a.nonempty A27a=(YV0s € (24-27%).(YV1t €
(24-279) (VV2x € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a)
V2z) (ap (ap (c2Epred_set 2EINTER A_27a) V0s) V1t)))=((p (ap  (62)
(ap (c2Ebool_2EIN A_27a) V2zx) V0s))A(p (ap (ap (c_2Ebool 2EIN
A27a) V2z) V1t)))))))

Assume the following.

VA 27a.nonempty A27a=(VV0s € (24-272).(VV 1t €
(24-270) ((p (ap (ap (c_2Epred__set 2EDISJOINT A 27a) V0s) V1t))<  (63)
(p (ap (ap (c2Epred__set 2EDISJOINT A_27a) V1t) V0s)))))



Assume the following.

VA 27a.nonempty A_27a=(YV0s € (24-27%).((p (ap
(ap (c2Epred__set_2EDISJOINT A_27a) V0s) V0s))<(V0s = (c_2Epred__set 2EEMPTY
4270))))
(64)
Assume the following.

VA 27a.nonempty A 27a=(VV0s € (24-27%).(VV 1t €

(24-27a) (VV2u € (24-27%).(((p (ap (ap (c2Epred__set 2EDISJOINT
A_27a) (ap (ap (c-2Epred__set 2EUNION A_27a) V0s) V1t)) V2u))<

((p (ap (ap (c2Epred__set 2EDISJOINT A_27a) V0s) V2u))A(p (ap

(ap (c2Epred__set_2EDISJOINT A_27a) V1t) V2u))))A((p (ap (ap

(c-2Epred__set 2EDISJOINT A_27a) V2u) (ap (ap (c-2Epred__set_2EUNION
A 27a) V0s) V1t)))<((p (ap (ap (c-2Epred__set 2EDISJOINT A_27a)
V0s) V2u))A(p (ap (ap (c2Epred__set_2EDISJOINT A_27a) V1t) V2u))))))))
(65)
Assume the following.

VA 27a.nonempty A27a=(VV0s € (24-27%).(YV1t €
(24-279) (VV2x € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a)
V2z) (ap (ap (c2Epred__set 2EDIFF A_27a) VO0s) V1t)))<((p (ap ( (66)
ap (c-2Ebool 2EIN A_27a) V2z) V0s))A(=(p (ap (ap (c-2Ebool 2EIN
A4.270) V2r) VIE))))

Assume the following.

VA _27a.nonempty A 27a=(VV0s € (24-27).(YV1t €
(24-27%) (p (ap (ap (c-2Epred__set 2ESUBSET A_27a) (ap (ap (c-2Epred__set 2EDIFF
A_27a) V0s) V1t)) V0s))))
(67)
Assume the following.

VA 2Ta.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(YV2s € (22-27%).((p (ap (ap (c_2Ebool 2EIN A_27a)
VO0z) (ap (ap (c2Epred_set 2EINSERT A_27a) V1y) V2s)))<=((V0x =
V1y)V(p (ap (ap (c-2Ebool 2EIN A_27a) VO0z) V2s)))))))

Assume the following.

VA 27a.nonempty A27a=(¥V0s € (24-27%).((V0s =
(c_2Epred_set 2EEMPTY A_27a))V(IV1z € A 27a.(3V2t €
(24-279) ((V0s = (ap (ap (c2Epred_set 2EINSERT A_27a) V1x)
V2))A(—(p (ap (ap (c.2Ebool 2EIN A_27a) V1z) V21))))))))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1s €
(24-272) (=((ap (ap (c_2Epred__set 2EINSERT A_27a) V0z) V1s) =  (70)
(c_2Epred_set 2EEMPTY A_27a)))))
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Assume the following.

VA 27a.nonempty A27a=(VV0s € (24-27%) (VW 1x €
A27a.(WVV2y € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V1x)
(ap (ap (c-2Epred__set 2EDELETE A_27a) V0s) V2y)))<((p (ap (ap
(c-2Ebool 2EIN A_27a) V1z) VOs))A(=(V1z = V2y)))))))

(71)

Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YV0y € A27b.(YV1s € (24-270) (YV2f € (A_27bA-27a),
((p (ap (ap (c2Ebool 2EIN A_27b) VOy) (ap (ap (c_2Epred__set 2EIMAGE
A27a A27b) V2f) V1s)))<(3V3x € A27a.(VOy = (ap V2f V3zx))A
(p (ap (ap (c2Ebool 2EIN A_27a) V3z) V1s))))))))
(72)
Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
VV0x € A27a.(VV1s € (24-27).((p (ap (ap (c-2Ebool 2EIN
A27a) VOx) V1s))=(VV2f € (A2764-27%) (p (ap (ap (c2Ebool 2EIN
A_27b) (ap V2f VOzx)) (ap (ap (c_2Epred__set 2EIMAGE A_27a A_27b)
V2£) Vis)))
(73)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YV 0s € (24-272).(VV1f € (A-2764-27%) (((ap (ap (
c-2Epred__set 2EIMAGE A_27a A27b) V1f) V0s) = (c_2Epred__set 2EEMPTY
A27b))&(V0s = (c_2Epred__set 2EEMPTY A_27a)))))

(74)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
YVOf € (A2764-27%) (VV1s € (24-27).(VV 2t €
(24-27) ((p (ap (ap (ap (c2Epred_set 2EINJ A_27a A_27b) VOf)
Vis) V2t))=((VV3x € A2T7a.((p (ap (ap (c_2Ebool 2EIN A_27a)
V3zx) V1s))=(p (ap (ap (c_2Ebool 2EIN A_27b) (ap VOf V3zx)) V2t))))A
(VWax € A27a.(VV5y € A27a.(((p (ap (ap (c-2Ebool_2EIN
A_27a) Viz) V1s))A(p (ap (ap (c22Ebool_2EIN A_27a) V5y) Vs)))=
(((ap VOf Vidx) = (ap VOf Viy))e(Viz = V5y)))))))))) -
75
Assume the following.

VA_27a.nonempty A27a=(VV0s € (24-272) (VV 1t €
(24-279) ((p (ap (c_2Epred__set 2EFINITE A_27a) (ap (ap (c_2Epred_set 2EUNION
A 27a) V0s) V1t)))<((p (ap (c2Epred__set 2EFINITE A_27a) V0s))A
(p (ap (c2Epred__set 2EFINITE A_27a) V'1t))))))
(76)
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Assume the following.

(—=(p (ap (c2Epred__set 2EFINITE ty_2Enum_2Enum) (c_2Epred__set 2EUNIV
ty_ 2Enum_2Enum))))
(77)
Assume the following.

VA 27a.nonempty A_27a=(VV0zx € A27a.(¥V1sos €
22" ((p (ap (ap (c2Ebool 2EIN A_27a) VOz) (ap (c_2Epred__set_2EBIGUNION
A27a) V1s0s)))=(3V2s € (24279 ((p (ap (ap (c_2Ebool 2EIN
A27a) VOx) V2s))A(p (ap (ap (c.2Ebool 2EIN (24-272)) V2s) V1s0s)))))))
(78)
Assume the following.

VA_27a.nonempty A-27a=((ap (c_2Epred__set 2EBIGUNION
A_27a) (c2Epred_set 2EEMPTY (24-279))) = (c_2Epred__set 2EEMPTY
A_27a))
(79)
Assume the following.

VA_27a.nonempty A_27a=(YV0s € (24-27%) (VV1P ¢
(2(2&27“)).((@}7 (c-2Epred__set 2EBIGUNION A_27a) (ap (ap
(c_2Epred__set 2EINSERT (24-27%)) V0s) V1P)) = (ap (ap (c_2Epred_set 2EUNION
A27a) VOs) (ap (c_2Epred__set_2EBIGUNION A_27a) V1P)))))
(80)
Assume the following.

VA 27a.nonempty A27a=(YV0X € (24-279) (VV1P €
(2(2;\,27@))'(@ (ap (ap (c-2Epred__set 2ESUBSET A_27a) (ap
(c_2Epred__set 2EBIGUNION A_27a) V1P)) VOX))=(VV2y e ( (81)
24-27a) ((p (ap (ap (c-2Ebool 2EIN (24-274)) V2Y) V1P))=(p (
ap (ap (c_2Epred_set 2ESUBSET A_27a) V2Y) V0X)))))))

Assume the following.

VA _27a.nonempty A 27a=(VV0s € (24-27).((—(p (
ap (c_2Epred_set 2EFINITE A_27a) V0s)))<(3V1f € (A27qtv-2Enum-2Enum)
(p (ap (ap (ap (c2Epred__set_2EINJ ty_2Enum_2Enum A_27a) V1f)
(c_2Epred__set 2EUNIV ty_2Enum_2Enum)) V0s)))))
(2)
Assume the following.

VA 27a.nonempty A27a=(VVOf € (A 27qty-2Enum-2Enum)
(p (ap (c-2Epred__set_2Ecountable A_27a) (ap (ap (c2Epred__set_2EIMAGE
ty 2Enum_2Enum A_27a) VOf) (c_2Epred__set 2EUNIV ty_2Enum_2Enum)))))
(83)
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Assume the following.

VA _27a.nonempty A27a=(VV0s € (24-27%).((p (ap
(c-2Epred__set 2EFINITE A_27a) V0s))=(p (ap (c-2Epred__set_2Ecountable
A_27a) V0s))))

(34)
Assume the following.

VA 27a.nonempty A27a=(VV0s € (24-279) (VV 1t €
(24-270) ((p (ap (c_2Epred__set 2Ecountable A_27a) (ap (ap (
c_2Epred_set 2EUNION A_27a) V0s) V1t)))<((p (ap (c2Epred__set_2Ecountable
A_27a) V0s))A(p (ap (c-2Epred__set_2Ecountable A_27a) V'1t))))))

(85)

Assume the following.
(VV0t € 2.((=(=(p VOt)))=(p VO1))) (86)

Assume the following,
(YVOA € 2.((p VOA)=((~(p VOA))=False))) (87)

Assume the following.

(YV0A € 2.(YV1B € 2.(((~((p VOA)(p V1B)))= False)e

(((p VOA)= False)=((~(p V1B))=False))))) (88)

Assume the following.
(W04 € 2(4V1B € 2((~((~(p VOA)V(p VIB))=False)s o

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VW0A € 2.(((~(p V0A))=False)=(((p VOA)=False)=False)))  (90)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p Vig)e(p V2r)))e(((p Vop)V((p Vig)V (

p V2r)V(=(p V1g) )A(((p V1V ((=(p V2r
((=(p V1g))V(=(p VOp))

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOp)V((=(p V1Q))V(ﬂ)(p V2r)))))A(((p Vig)Vv
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Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

(
((p V1ig)V((p V2r)V(=(p V0p)))))))))) 03)
Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOp)V(p V1g)A(((p VOp)V(=(p V2r))A(( (94)
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b VIg)A((—(p VIg)V(~(p VOP)))) (95)
Assume the following.
(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (96)

Assume the following.
(VWOp € 2.(vV1g € 2.((~((p VOp)=(p V1q)))=(=(p V1q)))))  (97)

Assume the following.
(VWOp € 2.(VV1g € 2.((=((p VOp)V(p V1g)))=(=(p VOp)))))  (98)

Assume the following.
(VWOp € 2.(vW1g € 2.((~((p VOp)V(p V1q)))=(~(p V1q)))))  (99)

Assume the following.
(VWOp € 2.((=(=(p VOp)))=(p VOp))) (100)

Assume the following.

VA_27a.nonempty A27a=(YVOr € (2(ty-2Epair 2Eprod A27a A_2Ta))
(VV1s € (24-279).(((~(V1s = (c_2Epred__set 2EEMPTY A _27a)))A
((p (ap (ap (c-2Eset__relation_2Epartial__order A_27a) VOr) V1s))A

(YV2t € (24-2%).((p (ap (ap (c_2Eset__relation_2Echain
A 27a) V2t) VOr))=(—((ap (ap (c_2Eset__relation_2Eupper__bounds
A27a A27a) V2t) VOr) = (c_2Epred__set 2EEMPTY A_27a)))))))=
(3V3z € A27a.(p (ap (ap (c2Ebool 2EIN A_27a) V3zx) (ap (ap
(c-2Eset__relation_2Emaximal__elements A_27a) V1s) VO0r)))))))

(101)
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Theorem 1

VA_27a.nonempty A27a=(VV0s € (24-27%).((=(p (
ap (c2Epred_set 2EFINITE A_27a) V0s)))=(IV1A4 € (22"~
(((ap (c2Epred__set_2EBIGUNION A_27a) V1A) = VO0s)A((VV2a €
(24-27%) ((p (ap (ap (c2Ebool 2EIN (24-27%)) V2a) V1A))=((
—(p (ap (c2Epred__set 2EFINITE A_27a) V2a)))A(p (ap (c_2Epred__set_2Ecountable
A27a) V2a)))))A(VV3al € (24-27%).(VV4a2 € (24-27%),
(((p (ap (ap (c2Ebool 2EIN (24-272)) V3al) V1A))A((p (ap (ap (
c_2Ebool 2EIN (24-27%)) V4a2) V1A))A(=(V3al = V4a2))))=(p (ap
(ap (c2Epred__set 2EDISJOINT A_27a) V3al) V4a2))))))))))
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