thm_2Ecomparison_2Egood__cmp__trans
(TMQceTvSe-
JVWZAWKICTAVIVZp5nmE78YRW1)

October 26, 2020

Definition 1 We define c 2Emin_2E_40 to be NA.AP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 2 We define c.2Emin_2E_3D to be A\A.X\x € A y € Ainj_o (x = y)
of type t=-t.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0x € 2.V0z)) (\V1z € 2.V
Let ty_2EternaryComparisons_2FEordering : ¢ be given. Assume the following.

nonempty ty_2FEternaryComparisons_2FEordering (1)
Let c.2FEternaryComparisons 2ELESS : 1 be given. Assume the following.

c2EternaryComparisons 2ELESS € ty_2EternaryComparisons_2FEordering

(2)
Definition 4 We define c2Emin_2E_3D_3D_3E to be AP € 2.0Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 5 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 6 We define c_2Ebool 2E_2F 5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let c2EternaryComparisons 2EEQU AL : ¢ be given. Assume the following.
c2EternaryComparisons 2EEQU AL € ty_2EternaryComparisons_2FEordering

Let c_2EternaryComparisons 2EGREATER : ¢ be given. Assume the follo(\i?

ing.

c2EternaryComparisons 2EGREATER € ty_ 2FEternaryComparisons_2FEordering

(4)



Definition 7 We define c_2Ecomparison_2Egood__cmp to be AA_27a : 0. AV 0cmp € ((ty_2EternaryCompar:

Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (5)

Let c_2EternaryComparisons_2Eordering2num : ¢ be given. Assume the fol-
lowing.

c2EternaryComparisons_2FEordering2num € (ty,2Enum,2Enumty*2Ete”“"ycom”a”s""S*ZE”de””g )
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following. )
c2Enum 2EZERO__REP € omega (7
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS__num € (ty-2Enum_2Enum°™") (8)
Definition 8 We define c2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 9 We define c_2Earithmetic_2EZERO to be c_2Enum_2EOQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) 9)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™®9%) (10)

Definition 10 We define c 2Enum_2ESUC to be \VOm € ty_ 2Enum_2Enum.(ap c22Enum_2EABS__num

Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic 2E 2B € ((ty_2Enum _2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(11)
Definition 11 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic

Definition 12 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.

Definition 13 We define c_2Ebool 2EF to be (ap (c2Ebool_2E_21 2) (AVO0t € 2.V 0t)).

Definition 14 We define c_2Ebool 2ECOND to be AA_27q : t.(AVOt € 2.(AV1tl € A 27a.(AV2t2 € A 27a.(
Definition 15 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Definition 16 We define c 2Ebool 2E_3F to be AA_27a : . (AVOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40

Definition 17 We define c_2Eprim__rec_2E_3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2FEnu



Definition 18 We define c_2EternaryComparisons_2Eordering__CASE to be AA_27a : 1.AV0x € ty_2Eternary
Let ty 2Epair 2Eprod : t=-1= be given. Assume the following.

VAO.nonempty A0=YAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(12)
Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A27a A27b € ((ty-2Epair 2Eprod A 27a A727b)((2A—27b)A727Q))
(13)

Definition 19 We define c 2Epair 2E_2C to be A\A27a : t. \XA27b : 1. AVO0x € A27a AV1y € A_27b.(ap (c-2

Let c2Epair 2ESND : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2Epair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(14)
Let c2Epair 2EF ST : 1=1= be given. Assume the following.

VA 27Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Ep1‘od A_27a A,27b))
(15)

Definition 20 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA27b : t.AA27c: L. AVOf € ((A,27CA*27

Definition 21 We define c_2Erelation_2Etransitive to be AA_27a : L. AVOR € ((24-27)**"") (ap (c_2Ebool_
Definition 22 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Assume the following.
True (16)

Assume the following.

(VVOtL € 2.(WV1t2 € 2.(((p VOt1)=(p V1t2))=(((p

V162)=(p VOrD))=((p VOt (p V1£2))))) (17)

Assume the following.

(VVOt € 2.((True=(p VOt))=(p VO) ) A(((p VOt)=True)<
True) AN(((False=(p VOt))=True) AN((((p VOt)=(p VOt))=True)A(( (18)
(p VOt)=False)<(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO))A(((—True)<False) A

((mFalse)=True))) (19)



Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VOz = V0z))
Assume the following.

VA_27a.nonempty A27a=(VVO0zx € A27a.(VV1y €
A27a.(VOz = V1y)e(V1y = VOx))))

Assume the following,.

(YVOt € 2.(((True=(p VOt))<=(p VO
(p VOO)A(((False=(p VOt))=(—(p VOt

p VO01)))))))

INA((((p VOt)=True)=
INA(((p VOt)& False)<(—(

Assume the following.

VA 27a.nonempty A27a=(VVOP € (24-277).(VV1Q €
(24-279) ((VV2z € A27a.((p (ap VOP V22))A(p (ap V1Q V22))))=
((VV3x € A27a.(p (ap VOP V3x)))A(VVix € A27a.(p (
ap V1Q V4x)))))))

Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%).(VV1Q €
2.(((VV2z € A27a.(p (ap VOP V2z)))A(p V1Q))=(VV3zx €
A27a.((p (ap VOP V3z))A(p V1Q))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-27a) (((p VOP)A(VV2z € A2Ta.(p (ap V1Q V2z))))<(VV3z €
A27a.((p VOP)A(p (ap V1Q V31)))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € 2.(vV1Q € (
24-27a) ((YV2z € A 27a.((p VOP)V(p (ap V1Q V22))))=((p
VOP)V(VYV3z € A27a.(p (ap V1Q V3z)))))))

Assume the following.

(VWO0A € 2.(VV1B € 2.(¥V2C € 2.(((p VOA)V(
(p VIB)A(p V20)))&(((p VOA)V(p VIB))A((p VOA)V(p V2C)))))))

Assume the following.

(YV0A € 2.(VW1B € 2.(vW2C € 2.(((p V1B)A
(p V2C))V(p VOA))=(((p VIB)V(p VOA)A((p V2C)V(p V0A)))))))

(20)

(21)

(25)

(28)



Assume the following.

(VVOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(0 V1E2)=(p V23))((p VOAQ V1) = (p V23))) 20

Assume the following.

(VV0z € 2.(VV1z.27 € 2.(¥V2y € 2.(YV3y 27 €
2.(((p VOz)=(p V1x27))A((p V1z27)=((p V2y)<=(p V3y-27))))= (30)
(((p VOz)=(p V2y))=((p V1z27)=(p V3y-27))))))))



Assume the following.

VA 27a.nonempty A27a=(((—=(c2EternaryComparisons 2ELESS =
c2EternaryComparisons 2EEQU AL))A((—(c2EternaryComparisons 2ELESS =
c2EternaryComparisons 2EGREAT ER))N\(—(c-2EternaryComparisons 2EEQU AL =
c2EternaryComparisons 2EGREATER))))A(((YV0v0 € A_27a.
(VV1ivl € A27a.(VV202 € A27a.((ap (ap (ap (ap (c_2EternaryComparisons_2Eordering__CASE
A_27a) c2EternaryComparisons 2ELESS) V0v0) V1vl) V202) = V0v0))))A
(VV300 € A27a.(VV4vl € A27a.(VV502 € A27a.
((ap (ap (ap (ap (c_2EternaryComparisons_2Eordering__CASE A_27a)
c2EternaryComparisons 2EEQU AL) V3v0) V4vl) V5v2) = V4ul))))A
(VV6v0 € A27a.(VVTvl € A 27a.(VV8v2 € A 27a.
((ap (ap (ap (ap (c_2EternaryComparisons_2Eordering__CASE A _27a)
c2EternaryComparisons 2EGREATER) V6v0) VTvl) V8v2) = V8v2))))))A
((VV9a € ty_2EternaryComparisons_2Eordering.((V9a = c2EternaryComparisons 2ELESS)V
((V9a = c2EternaryComparisons 2EEQU AL)V(V9a = c_2EternaryComparisons 2EGREATER))))
(YV10emp € ((ty_2EternaryComparisons_2Eordering?-272)A-27a),
((p (ap (c_2Ecomparison_2Egood__cmp A_27a) V10cmp))<=((VV1lx €
A27a.((ap (ap V10ecmp V1lz) V1lx) = c2EternaryComparisons 2EEQU AL))A
(VV12z € A27a.(VV13y € A27a.(((ap (ap V10cmp V12z)
V13y) = c.2EternaryComparisons 2EEQU AL)=((ap (ap V10cmp V13y)
V12z) = c2EternaryComparisons 2EEQU AL)))A((VV 14z €
A27a.(VV1by € A27a.(((ap (ap V10emp V1dx) V15y) = c.2EternaryComparisons 2EGREATER)<
((ap (ap V10cmp V1by) V1dz) = ¢ 2EternaryComparisons 2ELESS))))A
(VV16x € A27a.(VV1Ty € A27a.(VV182 € A 27a.
((((ap (ap V10cmp V16z) V17y) = c2EternaryComparisons 2EEQU AL)A
((ap (ap V10cmp V1Ty) V18z) = c.2EternaryComparisons 2ELESS))=
((ap (ap V10cmp V16z) V18z) = c2EternaryComparisons 2ELESS)))))A
(VV19z € A27a.(YW20y € A27a.(YV21z € A_27a.
((((ap (ap V10emp V19z) V20y) = c2EternaryComparisons 2ELESS)A
((ap (ap V10cmp V20y) V21z) = c.2EternaryComparisons 2EEQU AL))=
((ap (ap V10cmp V19z) V212) = c2EternaryComparisons 2ELESS)))))A
(VV222 € A27a.(VV23y € A27a.(YV24z € A27a.
((((ap (ap V10cmp V22z) V23y) = c 2EternaryComparisons 2EEQU AL)A
((ap (ap V10cmp V23y) V24z) = c 2EternaryComparisons 2EEQU AL))=
((ap (ap V10cmp V22z) V24z) = c2EternaryComparisons 2EEQU AL)))))A
(VV25x € A27a.(VV26y € A27a.(VV27z € A27a.
((((ap (ap V10emp V25z) V26y) = c2EternaryComparisons 2ELESS)A
((ap (ap V10cmp V26y) V27z) = c.2EternaryComparisons 2ELESS))=
((ap (ap V10emp V25zx) V27z) = ¢ 2EternaryComparisons 2ELESS))))))))))))))))
(31)
Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
VYV 0z € (ty_2Epair 2Eprod A 27a A_27b).(3V1q € A 27a. (32)
(FV2r € A27b.(VOx = (ap (ap (c2Epair_2E_2C A_27a A_27b)
Vig) V2r)))))



Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=Y A 27c.
nonempty A 27c=(VVOf € ((A27cA-270)A-27a) (VW 1z €
A27a.(VV2y € A27b.((ap (ap (c2Epair2EUNCURRY A_27a
A27b A27¢) VOf) (ap (ap (c_2Epair 2E_2C A 27a A27b) V1zx) V2y)) =

(ap (ap VOf Vi) V2y)))))

(33)

Assume the following.
(VV0L € 2.((=(=(p VOL)) = (p VOI))) (34)

Assume the following.
(VV0A € 2.((p VOA)=((~(p VOA))= False))) (35)

Assume the following.

(VW04 € 2.(9V1B € 2.((~((p VOAW(p V1B)))=False)<

((p VOA)=False)=((~(p V1B))=False))))) (36)

Assume the following.
(WA € 2(W1B € 2.((~(~(p VOA)V(p VIB))=False)es (0

((p VOA)=((—(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (38)

Assume the following.

(VV0p € 2.(¥V1q € 2.

(p Vig)e(p V2r)))<(((p Vop)v(

p V2r))V(=(p V1g))A(((p V1g)V(
(=(p Vig))v(=

(VV2r € 2.(((p VOp)&(
(p Vig)V(p V2r)))A(((p VOp)V((=(
(=(p V2r))V(=(p VOp))))A((p V2r)V
(p V0p)))))))))))

(39)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)&(
(p V1igA(p V2r)))=(((p VOop)V((=(p V1g)V(=(p V2r))A((p V1g)V
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) W)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A

((p V1ig)V((p V2r)V(=(p VO0p))))))))))
(41)



Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V(=(p V2r))A((  (42)
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b VIg)A((=(p VIg)V(~(p VOP))))) (43)
Assume the following.
(YVOp € 2.(VV1g € 2.((—=((p VOp)=(p V1q)))=(p VOp)))) (44)

Assume the following.

(VW0p € 2.(vV1g € 2.((~((p VOp)=(p V1q)))=(=(p V1q)))))  (45)
Assume the following.

(VV0p € 2.(vW1g € 2.((=((p VOp)V(p V1q)))=(~(p VO0p)))))  (46)
Assume the following.

(VWWop € 2.(WW1g € 2.((=((p VOp)V(p V1g)))=(=(p V1g)))))  (47)

Assume the following.

(YVOp € 2.((=(=(p VOp)))=(p VOp))) (48)
Theorem 1

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YV O0cmp € ((ty_2EternaryComparisons_2Eordering4-27%)4-27a),
((p (ap (c-2Ecomparison_2Egood__cmp A_27a) VOcmp))=-(p (ap (c_2Erelation_2Etransitive

(ty_2Epair 2Eprod A27a A27b)) (ap (c_2Epair 2EUNCURRY A_27a

A27h (2(ty-2Epair2Bprod A-27a A21b))) (\V1k € A27a.(A\V2v €
A_27b.(ap (c_2Epair 2EUNCURRY A_27a A27b 2) (A\V3k_2T7 € A 27a.

(A\V4v27 € A27b.(ap (ap (c.2Emin_2E_3D ty_2FEternaryComparisons_2Eordering)
(ap (ap VOemp V1k) V3k_27)) c2EternaryComparisons 2ELESS)))))))))))



