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Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be NA_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 7 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let ty_2EternaryComparisons_2FEordering : ¢ be given. Assume the following.

nonempty ty_2FEternaryComparisons_2Eordering (1)

Let c.2FEternaryComparisons 2EGREATER : ¢ be given. Assume the follow-
ing.

c2EternaryComparisons 2EGREATER € ty_ 2FEternaryComparisons_2FEordering

(2)

Let c.2EternaryComparisons 2ELFESS : 1 be given. Assume the following.

c2FEternaryComparisons 2ELESS € ty_2EternaryComparisons_2FEordering

(3)

Let c_2EternaryComparisons 2EEQU AL : ¢ be given. Assume the following.
c2EternaryComparisons 2EEQU AL € ty_2EternaryComparisons_2FEordering
(4)

Let ty_2Foption_2FEoption : 1=t be given. Assume the following.

YV AO.nonempty AO=nonempty (ty_2FEoption_2FEoption A0) (5)



Let c.2EternaryComparisons_2Eoption__compare : 1=>1=-1 be given. Assume
the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEternaryComparis
A27a A27b € (((ty2EternaryComparisons 2Fordering(ty-2Foption-2Eoption A-2Tb))(ty-2Eoption-2Eoption

(6)

Let ty_2FEone_2FEone : 1 be given. Assume the following.
nonempty ty_2Eone_2FEone (7)

Definition 8 We define c_2Ebool 2E_2F_5C to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € ¢

Let ty 2Esum_2FEsum : t=>t=>¢ be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Esum_2FEsum
A0 A1)
(8)

Let c2Esum 2EABS__sum : 1=>1=>¢ be given. Assume the following.

VA 27a.nonempty A_27Ta=VA_27b.nonempty A27b=c2Esum_2EABS__sum
_27a.2
A27a A27b € ((ty2Esum_2Esum A_27a A,27b)(((2A727b)A 27a) )

(9)
Definition 9 We define c.2Esum_2EINL to be AA_27a : t.AA27b : 1. AV 0e € A27a.(ap (c2Esum_2EABS_
Let c_2Foption_2FEoption__ABS : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2FEoption_2Eoption__ABS A_27a €

((ty,ZEoption,ZEoption A727a)(ty,2Esum,2Esum A_27a ty,2E0ne,2Eone)) (10)

Definition 10 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A_27a.(ap (c.2Eoption_2Eoption__

Definition 11 We define c 2Emin_2E 40 to be A\A.AP € 24.if (3z € A.p (ap P x)) then (the (\z.z € AN
of type t=-t.

Definition 12 We define c_2Eone_2Eone to be (ap (c.2Emin_2E_40 ty_2Eone_2Eone) (A\VO0z € ty_2Eone_2
Definition 13 We define c_2Esum_2EINR to be NA_27a : t. NA_27b : 1. AV 0e € A27b.(ap (c2Esum_2EABS
Definition 14 We define c 2Eoption_2ENONE to be AA_27a : t.(ap (c2Eoption_2Eoption__ABS A_27a) (c

Assume the following.
True (11)

Assume the following.

(VV Ot € 2.(((Truen(p VOt))=(p VO)A((((p VO)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)& False)A  (12)
(((p VO)A(p VOt))=(p VO1)))))))



Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True))

Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(VV1y €
A27a.(VOz = V1y)e(V1y = VOx))))

Assume the following.

(YVOt € 2.(((True=(p VOt))(p VOO))A((((p VOt ) &True)<
(p VOO)A(((Falses(p VOt))<(—(p VO)A(((p VOt)< False)<(—(

pV01))))))

Assume the following.

(VV0A € 2.(VV1B € 2.(¥V2C € 2.(((p VOA)V(
(p VIB)V(p V20)))=(((p VOANV(p V1B))V(p V2C))))))

Assume the following.

(VV0A € 2.(WW1B € 2.(((p VOA)V(p V1B))e((p V1B)V
(p V0A)))))

Assume the following.

(VW0A € 2.(YW1B € 2.(((p VOA)=(p V1B))a((=(p VOA)V
(p V1B)))))

Assume the following.

(VVOtL € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOIL)A(p V1E2))=(p V2t3))))))

Assume the following.

(VV0zx € 2.(VV1x 27 € 2.(VV2y € 2.(VV3y 27 €
2.(((p VOoz)=(p V1e27))A((p V1z2T)=((p V2y)=(p V3y-27))))=
(((p VOx)=(p V2y))&((p V1z27)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A27a=(VVOf € (24-27%).(VW1v €
A27a.(VV2z € A27a.((V2x = V1v)=(p (ap VOf V2x))))=(p (
ap VOf V1v)))))

(14)

(15)

(16)

(17)

(20)

(21)



Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0c € ((ty_2EternaryComparisons_2Eordering?-270)A-27a),
(VV1v0 € A27b.(VV203 € A 27a.(VV3vl € A 27a.
(VV4v2 € A27b.(((ap (ap (ap (c-2EternaryComparisons_2Eoption__compare
A27a A27b) VOc) (c-2Eoption_2ENONE A_27a)) (c_2Eoption_2ENONE
A_27b)) = c.2EternaryComparisons 2EEQU AL)A(((ap (ap (ap (c-2EternaryComparisons_2Eoption._.
A27a A27b) VOc) (c-2Eoption_2ENONE A_27a)) (ap (c2Eoption . 2ESOME
A27b) V1v0)) = c2EternaryComparisons 2ELESS)A(((ap (ap (ap
(c.2EternaryComparisons_2Eoption__compare A27a A_27b) V0c)
(ap (c2Eoption.2ESOME A_27a) V2v3)) (c_2Eoption 2ENONE A_27b)) =
c2EternaryComparisons 2EGREATER)A((ap (ap (ap (c.2EternaryComparisons_2Eoption__com
A27a A27b) VOc) (ap (c_2Eoption.2ESOME A_27a) V3vl)) (ap (c_2Eoption 2ESOME
A_27b) V4v2)) = (ap (ap VOc V3vl) V4v2))))))))))
(22)
Assume the following.

VA 27a.nonempty A 27a=(VVO0zx € A27a.(VV1y €
A27a.(((ap (c-2Eoption 2ESOME A_27a) V0x) = (ap (c-2Eoption_.2ESOME
A27a) V1y))=(V0z = V1y))))
(23)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOP € (((2(ty,2Eoption,2Eoption A_270b) ) (ty-2Eoption_2Eoption A_27a) )((ty,2EternaryCompam’sons,2Eordering

A,27b)A,27a)_

A_27b:

((VV1c € ((ty-2EternaryComparisons_2Eordering
(p (ap (ap (ap VOP V1c) (c_2Eoption 2ENONE A _27a)) (c_2Eoption 2ENONE
A2TD))A((YV 2 € ((ty 2EternaryComparisons_2Eordering?-270)4-27a),
(VV3v0 € A27b.(p (ap (ap (ap VOP V2¢) (c_2Eoption 2ENONE
A_27a)) (ap (c2Eoption 2ESOME A_27b) V3v0)))))A((VV4c €
((ty2EternaryComparisons_2Eordering-270)4-272) (YW 5v3 €
A27a.(p (ap (ap (ap VOP V4c) (ap (c2Eoption 2ESOME A_27a) V503))
(c_2Eoption 2ENONE A_27b)))))A(VV6e € ((ty_2EternaryComparisons_2Eordering4-270)4-272),
(VVTvl € A27a.(WV8v2 € A27b.(p (ap (ap (ap VOP V6e)
(ap (c2Eoption_ 2ESOME A_27a) V7v1)) (ap (c-2Eoption_2ESOME A_27b)
V8u2))))))))=(VV v € ((ty_2EternaryComparisons_2Eordering4-27)4-274),
(VV10vl € (ty_2Eoption_2Eoption A27a).(VV11v2 €
(ty-2Foption_2Eoption A_27b).(p (ap (ap (ap VOP V9v) V10vl) V11v2)))))))
(24)



Theorem 1

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV O0emp € ((ty_2EternaryComparisons_2Eordering4-270)4-272),

(VV1vl € (ty_2Eoption 2Eoption A_27a).(VV20v2 € (
ty_2Foption_2Eoption A_27b).(VV3cmp_27 € ((ty_2EternaryComparisons_2FEordering4-270)A-274),
(VV4v1.27 € (ty_2Eoption_2Eoption A_27a).(VV502.27 €
(ty2FEoption_2Eoption A27b).(((V1vl = V4v1 27)A((V202 = V50227)A
(VWéx € A27a.(VV72 27 € A27b.(((V4v1-27 = (ap (c-2Eoption_2ESOME
A27a) V6x))AN(V50227 = (ap (c-2Eoption 2ESOME A_27b) V72 27)))=
((ap (ap VOemp V6x) V72 27) = (ap (ap V3emp27 V6z) V7r_27)))))))=
((ap (ap (ap (c2EternaryComparisons_2Eoption__compare A_27a
A_27b) VO0emp) V1vl) V2v2) = (ap (ap (ap (c2EternaryComparisons_2FEoption__compare
A27a A_27b) V3emp-2T) V4v1.27) V502.27)))))))))



