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Let ty 2Epair_2Eprod : t=-t=-1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(1)

Let ¢ 2Epair 2ESN D : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A27a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(2)

Let c2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))

(3)

Let ty_2EternaryComparisons_2FEordering : ¢ be given. Assume the following.
nonempty ty_2FEternaryComparisons_2FEordering (4)

Let c_2EternaryComparisons 2EGREATER : ¢ be given. Assume the follow-
ing.

c2FEternaryComparisons 2EGREATER € ty_2FEternaryComparisons_2FEordering

(5)

Let c2EternaryComparisons 2ELESS : 1 be given. Assume the following.
c2EternaryComparisons 2ELESS € ty_2FEternaryComparisons_2Fordering

(6)

Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (7)

Let c_2EternaryComparisons_2Eordering2num : ¢ be given. Assume the fol-
lowing.

ty,2EternaryComparisons,QEordering)

(8)

c2EternaryComparisons_ 2Eordering2num € (ty_2Enum_2Enum



Let c2Enum 2EZERO__REP : . be given. Assume the following.
c2Enum 2EZERO__REP € omega (9)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum’™") (10)

Definition 1 We define c 2Emin_2E_3D to be AA.\x € A y € A.inj_o (x = vy)
of type t=>t.

Definition 2 We define c22Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 3 We define c_2Earithmetic_ 2EZERO to be c_2Enum_2EO.
Let c2Enum 2EREP__num : 1 be given. Assume the following.

c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (11)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

c2Enum 2ESUC__REP € (omega®™9%) (12)

Definition 4 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 5 We define c_2Ebool 2E 21 to be NA_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 6 We define c 2Enum_2ESUC to be AVOm € ty_ 2Enum_2Enum.(ap ¢ 2Enum 2EABS__num
Let c.2Earithmetic2E_2B : « be given. Assume the following.

c2Earithmetic 2E_2B € ((ty_2Enum_2Enum!¥-2Enum-2Enumty_2Enum_2Enum)
(13)

Definition 7 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c2Earithmetic_
Definition 8 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Definition 9 We define c_.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 10 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type t.

Definition 11 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Definition 12 We define c 2Emin_2E_40 to be AA.AP € 24.if (32 € A.p (ap P z)) then (the (\z.xz € AN,
of type t=>t.

Definition 13 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(

Definition 14 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E



Definition 15 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-%7%).(ap VOP (ap (c_2Emin_2E_40
Definition 16 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
Definition 17 We define c_2EternaryComparisons_2Eordering__CASE to be AA_27a : 1. AV 0z € ty_2FEternary
Let c.2Epair 2EABS__prod : t=1=-1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A 27a A27b € ((ty-2Epair 2Eprod A 27a A,27b)((2A,27b)A,27a,))
(14

Definition 18 We define c_2Epair 2E_2C to be NA_27a : t. AA27b : 1. AV Oz € A27a.A\V1y € A27b.(ap (c-2

Let c_2EternaryComparisons_2Epair__compare : t=>1=1=-1=>1 be given. As-
sume the following.

VA 27a.nonempty A_27a
nonempty A_27c=VA_27d.nonempty A

A27a A27b A27c A27d € ((((ty-2EternaryComparisons_2FEorderingtV-2Epair-2Eprod A-27b A-27d))(ty-
(15)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV O0x € (ty-2Epair_2Eprod A-27a A27b).((ap (ap (c-2Epair2E_2C
A27a A27D) (ap (c2Epair 2EFST A27a A_27b) VO0zx)) (ap (c2Epair 2ESND
A27a A27b) VOzx)) = VO0x))
(16)
Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=Y A 27c.
nonempty A 27c¢c=YA_27d.nonempty A_27d=(¥V0cl € (
(ty_2EternaryComparisons_2Eordering-27)4-27¢) (YV1¢2 €
((ty2EternaryComparisons_2Eordering-274)4-27¢) (VV2a €
A27a.(YV3b € A27c.(VWia € A27b.(VV5y € A27d.

((ap (ap (ap (ap (c2EternaryComparisons_2Epair__compare A_27a
A27b A27c A27d) VOcl) V1c2) (ap (ap (c2Epair.2E_2C A_27a A_27¢)
V2a) V3b)) (ap (ap (c-2Epair2E_2C A_27b A_27d) V4x) V5y)) = (ap (
ap (ap (ap (c-2EternaryComparisons_2Eordering__CASE ty_2EternaryComparisons_2Eordering)
(ap (ap VOcl V2a) V4z)) c2EternaryComparisons 2ELESS) (ap (ap
V1e2 V3b) Vby)) c2EternaryComparisons 2EGREATER))))))))

(17)



Theorem 1

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=Y A 27c.
nonempty A_27c¢=VA 27d.nonempty A 27d=(¥V0cl € (
(ty_2EternaryComparisons_2FEordering-270)4-270) (VV1¢2 €
((ty_2EternaryComparisons_2Eordering-271)4-27¢) (VV2z €
(ty2Epair 2Eprod A27a A27¢).(VYV3y € (ty_2Epair_2Eprod
A27b A27d).((ap (ap (ap (ap (c2EternaryComparisons_2Epair__compare
A27a A27b A27c A27d) VOcl) V1c2) V2zx) V3y) = (ap (ap (ap (ap (c-2EternaryComparisons_2Eorderi
ty_2EternaryComparisons_2FEordering) (ap (ap VOcl (ap (c2Epair 2EFST
A 27a A27c) V2x)) (ap (c2Epair 2EFST A 27b A 27d) V3y))) c2EternaryComparisons 2ELI
(ap (ap V1e2 (ap (c2Epair 2ESND A27a A27c) V2zx)) (ap (c2Epair 2ESN D
A_27b A27d) V3y))) c.2EternaryComparisons 2EGREATER))))))



