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Let c2Enum 2EZERO__REP : . be given. Assume the following,.
c2Enum 2EZERO__REP € omega (1)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum’™9%) (3)

Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € Ainj_o (x = vy)
of type t=>t.

Definition 2 We define c2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 3 We define c_2Earithmetic. 2EZERO to be c_2Enum_2EOQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum_2EREP_num € (omegat¥-2Enum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

c2Enum 2ESUC__REP € (omega®™®9%) (5)

Definition 4 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V0z € 2.V0z)) (A\V1z € 2.V
Definition 5 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27

Definition 6 We define c_22Enum_2ESUC to be AVOm € ty_2Enum_2Enum.(ap c2Enum 2EABS__num |



Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c.2Earithmetic2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(6)
Definition 7 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_ 2Enum_2Enum.(ap (ap c-2Earithmetic_

Definition 8 We define c_2Earithmetic 2ENUMERAL to be A\V 0z € ty_2Enum_2Enum.V0x.
Definition 9 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 10 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 11 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Definition 12 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV 12 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Definition 13 We define c 2Emin_2E_40 to be A\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.xz € AN
of type 1=-t.

Definition 14 We define c 2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 15 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_ 2Enum_2Enu
Definition 16 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €
Definition 17 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty 2Enum 2Enum. AV 1n € ty 2Enum_2
Definition 18 We define c_2Ebag 2EBAG__ALL_DISTINCT to be AA_27a : t.AV0b € (ty,2Enum,2EnumA'
Definition 19 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A_27a.(
Definition 20 We define c_2Ebag 2EBAG__INSERT to be AA_27a : t.AV0e € A27a.\V1b € (ty-2Enum_2E
Definition 21 We define c_2Ecombin_ 2EK to be AA_27a : t.AA27b : 1. (AVO0z € A27a.(A\V1y € A27b.V 0z
Definition 22 We define c_2Ebag 2EEMPTY__BAG to be AA_27a : v.(ap (c_2Ecombin 2EK ty_2Enum_2En
Let ty_ 2Flist 2Elist : 1= be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty_2Elist 2Elist A0) (7)
Let c2Econtainer 2ELIST_TO__BAG : 1=t be given. Assume the following.

VA 27a.nonempty A27a=c2Econtainer 2ELIST_TO__BAG
A 927a € ((ﬁy,QE’n’u,m,QE’numAj?a)(ty’ZEliSt’ZEliSt A,27a)> (8)

Definition 23 We define c_2Earithmetic_2E_3E to be A\VOm € ty_ 2Enum_2Enum . AV1n € ty 2Enum 2En

Definition 24 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum. AV 1n € ty_2Enum_2



Definition 25 We define c_2Ebag 2EBAG__INN to be AA_27a : t.AV0e € A27a.AV1n € ty_2Enum_2Enun
Definition 26 We define c 2Ebag 2EBAG__IN to be AA_27a : 1.AV0e € A 27a.AV'1b € (ty_2Enum_2Enum’
Let ¢ 2FElist 2ELIST_TO_SET : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=-c2Elist 2ELIST_TO_SET A27a €
((2A,27a)(ty,2Elist,2Elist A,27a)) (9)

Definition 27 We define c_2Ebool 2EIN to be AA27a : 1. (A\V0z € A27a.(A\V1f € (24-27%).(ap V1f VOx)
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2FElist 2ECONS A27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)
(10)
Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2FElist 2ENIL A 27a € (ty2FElist_2Elist
A_27a)
(11)

Let c2Elist 2EALL__DISTINCT : 1=t be given. Assume the following.

VA 2Ta.nonempty A27a=c2Elist 2EALL__DISTINCT A27a €
(2(ty,2Elist,2Elist A,27a)) (12)

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A27b=(
(p (ap (c.2Ebag 2EBAG__ALL_DISTINCT A_27a) (c_2Ebag 2EEMPTY __BAG
A27a)))A(YV0e € A27b.(YV1b € (ty-2Enum_2EnumA-27).
((p (ap (c.2Ebag 2EBAG__ALL_DISTINCT A_27b) (ap (ap (c_2Ebag 2EBAG_INSERT
A_27b) V0e) V1b)))<((—(p (ap (ap (c2Ebag_2EBAG__IN A_27b) V0e)
V1b)))A(p (ap (c.2Ebag 2EBAG__ALL_DISTINCT A_27b) V1b)))))))

(13)

Assume the following.
True (14)

Assume the following.
YA_27a.nonempty A27a=(VVO0t € 2.((VV1x € (15)

A27a.(p VOt))<(p VOL)))

Assume the following.

VA 27a.nonempty A27a=(VV0zx € A27a.((V0z = V0izx)& (16)

True))
Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p VOt))
(p VOO)A(((Falses(p VOt))<(—(p VOt)))

p V0i)))))))

((((p VOt)eTrue)=

N
A(((p VOt)=False)e(=( (17)



Assume the following.

VA 27a.nonempty A_27a=(((ap (c2Econtainer 2ELIST_TO__BAG
A27a) (c2Elist 2ENIL A_27a)) = (c_2Ebag 2EEMPTY_BAG A_27a))A
(VVOh € A27a.(VV1t € (ty-2Elist 2Elist A27a).(

(ap (c2Econtainer 2ELIST_TO__BAG A27a) (ap (ap (c2Elist 2ECONS

A_27a) VOR) V1t)) = (ap (ap (c_2Ebag 2EBAG_INSERT A_27a) VOR) (

ap (c2Econtainer 2ELIST_TO__BAG A_27a) V1t))))))
(18)
Assume the following.

VA 27a.nonempty A27a=(VV0h € A27a.(VV1i €
(ty2Elist_2Elist A-27a).((p (ap (ap (c-2Ebag 2EBAG__IN A_27q)
VOh) (ap (c.2Econtainer 2ELIST_TO__BAG A_27a) V11)))<(p (ap
(ap (c2Ebool 2EIN A_27a) VOh) (ap (c2Elist 2ELIST_TO__SET
A27a) V11))))))
(19)
Assume the following.

VA 27a.nonempty A 27a=(YVOP € (2(tv-2Elist-2Elist A-27a))

(((p (ap VOP (c-2Elist 2ENIL A_27a)))\(VV1t € (ty-2Elist 2Elist
A27a).((p (ap VOP V1t))=(VV2h € A27a.(p (ap VOP (ap (ap (
¢2Elist 2ECONS A_27a) V2h) V1))=YV 3l € (ty_2Elist 2Elist
A27a).(p (ap VOP V3I)))))

(20)
Assume the following.

VA 27a.nonempty A27a=(((p (ap (c2Elist 2EALL__DISTINCT
A27a) (c2BElist 2ENIL A_27a)))aTrue) A(VVOh € A27a.(

YV1t € (ty-2Elist 2Elist A27a).((p (ap (¢c2Elist 2EALL__DISTINCT
A27a) (ap (ap (c2Elist 2ECONS A27a) VOh) V1t)))<((—(p (ap (ap
(c-2Ebool 2EIN A_27a) VOh) (ap (c2Elist 2ELIST_TO_SET A 27a)

VIO))))A(p (ap (c2Elist 2EALL__DISTINCT A27a) V1t)))))))
(21)

Theorem 1

VA_27a.nonempty A 27a=(VVOb € (ty_2Elist_ 2Elist
A27a).((p (ap (c.2Ebag 2EBAG__ALL_DISTINCT A_27a) (ap (c-2Econtainer 2ELIST_TO__BAG
A_27a) VOb)))=(p (ap (c2Elist 2EALL__DISTINCT A_27a) VOb))))



