thm_2Edivides 2EDIVIDES__ADD__1
(TMM3Nv7FnXtUdiDmFyVyScQfrXbxgSsBBn'T)

October 26, 2020

Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c.2FEarithmetic2E_2B : 1 be given. Assume the following.

c2Earithmetic.2FE 2B ¢ ((ty72Enum72Enumty,2Enum,QEnum)ty,2Enum,2Enum)

(2)

Definition 1 We define c_2Emin_2E_40 to be \A.AP € 24.if (3z € A.p (ap P z)) then (the (A\z.x € AAp
of type t=-t.

Definition 2 We define c 2Emin_2E_3D to be AA.Xx € A y € Ainj_o (x = vy)
of type t=>t.

Definition 3 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Let c.2FEarithmetic2E 2A : ¢ be given. Assume the following.

c.2Earithmetic 2E 2A € ((ty_2Enum_2 Enum!y-2Fnum-2Enum)ty 2Enum_2Enum)
(3)
Definition 4 We define c_2Ebool 2E_3F to be A\A_27a : 1.(A\VOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40

Definition 5 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 6 We define c_2Edivides_2Edivides to be A\V0a € ty 2Enum_2Enum. AV 1b € ty_2Enum_2Enun
Definition 7 We define c.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 8 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 9 We define c_2Ebool 2E_2F _5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € ¢

Definition 10 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €



Definition 11 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Assume the following.

(VVOm € ty 2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (ap
(ap c2Earithmetic2E 2B VOm) V1n)) V2p) = (ap (ap c2Earithmetic2E_2B
(ap (ap c2Earithmetic2E 2A VOm) V2p)) (ap (ap c2Earithmetic2E_2A

Vin) V2p))))))

(4)

Assume the following.
True (5)

Assume the following.
(YVOtl € 2.(VV1t2 € 2.(((p VOt)=(p V1t2))=(((p 6
V1t2)=(p VO0tl))=((p VOtl)=(p V1t2)))))) (6)

Assume the following.

YVt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<=
True)AN(((False=(p VOt))=True)A((((p VOt)=(p VOt))=True)AN(( (7)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOr))=(p VOO)))A(((-True)=False) A (8)
((-False)=True)))

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VOz = V0z)) (9)

Assume the following.

VA 27a.nonempty A 27a=(VVO0zx € A27a.(VV1y €
A27a.(VOz = V1y)e(V1y = VOx))))

Assume the following.

(YVOt € 2.(((True=(p VOt))(p VOO))A((((p VOt )=True)=
(p VO)A(((False=(p VOt))=(—(p VO£)A(((p VOt)&False)=(—(  (11)

p V01)))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
2.((VV2zx € A27a.(p (ap VOP V22)))A(p V1Q))=(VV3z € (12)
A27a.((p (ap VOP V3z))A(p V1Q))))))



Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-27a) ((VV2z € A 27a.((p VOP)V(p (ap V1Q V2x))))<=((p (13)
VOP)V(VV3z € A27a.(p (ap V1Q V3zx)))))))

Assume the following.
(VVOt € 2.((=(—(p VOt)))=(p VOL))) (14)

Assume the following.
(VVO0A € 2.((p VOA)=((—(p VOA))=False))) (15)

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)=

((p VOA)= False)=((—(p V1B))= False))))) (16)
Assume the following.
(VV0A € 2.(WV1B € 2.(((—((—(p VOA))V(p V1B)))=False)= (17)

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((—(p VOA))=Fualse)=(((p VOA)=False)=False))) (18)

Assume the following.

(VVOp € 2.(vW1q € 2.(VV2r € 2.(((p VOp)=(
(p Vig)&(p V2T)))<:>(((((p VOp)VE( (
V

p V1g)V(p V2r)))A(((p VOp)V((—(
p V2r)V(=(p V1g) DA(((p VIV ((=(p V2r))V(=(p VOp))))A((p V2r)V
((=(p V1g))V(=(p VOp)))))))))))

Assume the following.

(VVOp € 2.(VV1g € 2.(WVV2r € 2.(((p VOp)=(

Assume the following.

(YVOp € 2.(VV1g € 2.(WVV2r € 2.(((p VOp)=(
(p V1g)V(p V2r)))<(((p VOp)V(=(p V1g)))A(((p VOp
((p V1g)V((p V2r)V(=(p V0p))))))))))

Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOp)V(p V1g))A(((
=(p V1g))V((p V2r)V(=(p V0p)))))))

3



Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V
(p V1g))A((=(p V1g))V(=(p VOp)))))))

Assume the following.
(VWop € 2.(VV1q € 2.((=((p VOp)=(p V1q)))=(p VOp))))

Assume the following.

(VWOp € 2.(WV1g € 2.((=((p VOp)=(p V1q)))=(=(r V1q)))))
Assume the following.

(VWop € 2.(VV1g € 2.((=((p VOp)V(p V1g)))=(=(p VOp)))))
Assume the following.

(VWop € 2.(WV1g € 2.((=((p VOp)V(p V1g)))=(~(p V1q)))))
Assume the following.

(VVOp € 2.((=(=(p VOp)))=(p VOp)))

Theorem 1

(VV0a € ty 2Enum_2Enum.(YV1b € ty_ 2Enum_2Enum.(
VV2e € ty 2Enum_2Enum.(((p (ap (ap c_2Edivides_2Edivides

V0a) V1b))A(p (ap (ap c2Edivides_2Edivides V0a) V2¢)))=(p (ap
(ap c_2Edivides_2Edivides V0a) (ap (ap c-2Earithmetic.2E_ 2B V1b)

V2e))))))



