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Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type 1=>1.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)

of type t.

Definition 4 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 5 We define c_2Ebool 2E_2F _5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € :
Let ty_2FEpair_2Eprod : t1=>1= be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(1)
Let ¢ 2Epair 2EABS __prod : 1=1=1 be given. Assume the following.
VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c 2Epair 2EABS__prod
A27a A27b € ((ty-2Epair 2Eprod A27a AQ?b)«QAJn)AJM))
(2)
Definition 6 We define c_2Epair 2E_2C to be A\A_27a : t.\A27b : 1. AV 0z € A27a.\V1y € A_27b.(ap (c2F
Let ty_ 2FEone_2Fone : 1 be given. Assume the following.
nonempty ty_2Eone_2Eone (3)
Let ty 2Esum_2Esum : t=-1=>1 be given. Assume the following.
VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(4)
Let c2Esum 2EABS__sum : t=t=t be given. Assume the following.
VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=c_ 2Esum _2FEABS__sum

A27a A27b € ((ty2Esum_2Esum A-27a A_27p)((*2™)"7)%)
(5)



Definition 7 We define c.2Esum_2EINL to be AA_27a : t.ANA27b : 1. AV 0e € A27a.(ap (c2Esum_2EABS_

Let ty_ 2FEoption_2FEoption : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2FEoption_2FEoption A0) (6)
Let c2Eoption_2Eoption__ABS : 1=t be given. Assume the following.

VA 27a.nonempty A27a=-c2Eoption_2FEoption__ABS A 27a € (7)
((ty,QEoptiononption A727CL) (ty2Esum_2Esum A_27a ty,ZEone,QEone))

Definition 8 We define c_2Eoption_ 2ESOME t0 be AA_27a : 1. A\VO0x € A 27a.(ap (c_2Eoption_2FEoption__/
Definition 9 We define c_2EerrorStateMonad_2EUNIT to be AA_27a : L. AA27b : 1. AVO0z € A27b.(A\V1s € .
Let c2Epair 2ESN D : 1=-1=-1 be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Ep7'od A 2Ta A,27b))
(8)

Let c2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))

(9)
Definition 10 We define c_2Epair_2Epair__CASE to be AA_27a : t. \A27b : t.AA27c : 1. AV Op € (ty-2Epair.

Definition 11 We define c 2Emin_2E_40 to be N\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.xz € AN
of type t=>t.

Definition 12 We define c_2Eone_2Eone to be (ap (c_2Emin_ 2E_40 ty_2Eone_2Eone) (\V 0z € ty_2Fone_2
Definition 13 We define c_22Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV 0t € 2.V 0t)).

Definition 14 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 15 We define c 2Esum_2EINR to be AA_27a : t. N\A27b : t.A\V0e € A 27b.(ap (c.2Esum 2EABS
Definition 16 We define c_2Eoption_2ENONE to be AA_27a : v.(ap (c-2Eoption_2Foption__ABS A_27a) (¢
Let c.2FEoption_2Eoption__CASE : t=>1=>1 be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=-c_2FEoption_2FEoption__ CASE
A927a A27b € (((A727b(A,27bA*27a))A,27b)(ty,2Eoption,2Eoption A,27a))
(10)

Definition 17 We define c_2EerrorStateMonad 2EBIND to be AA_27a : 0. AA_27b : t.AA27c : 1.AV0g € ((ty-



Let ty_2Flist 2Elist : 1= be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty_2Elist 2Elist A0) (11)
Let c2Elist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Elist 2ENIL A 27a € (ty2Elist 2Elist
A_27a)
(12)
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c 2Elist 2ECONS A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(13)
Let ¢ 2Elist 2EFOLDR : t=-1=1 be given. Assume the following.

VA 2Ta.nonempty A27a=VA_27b.nonempty A_27b=c_2FElist 2EFOLDR

A27a A27b € (((A_27b(ty-2Elist-2Elist A,27a))A,27b)((A,27bA*27b)A’27“))
(14)

Definition 18 We define c_2EerrorStateMonad_2Esequence to be NA_27a : t.AA_27b : v.(ap (ap (c-2Elist 2F
Definition 19 We define c_22Ecombin_2Eo to be AA27a : t. AA27b : L. NA2Tc : L AVOf € (A,27bA*27C).)\V13
Let ¢ 2Elist 2EM AP : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=c 2FElist 2EM AP
A27a A27b € (((ty2Elist 2Elist A_27b)(ty-2Blist-2Elist A-27a))(A-276"-27%))
(15)
Definition 20 We define c_2EerrorStateMonad_2EmapM to be AA_27a : t. AA27b : L. NA27c: L. AVOf € (((¢

Assume the following.
True (16)

Assume the following.

VA_27a.nonempty A27a=(YV0x € A27a.(VO0z = VOz)&

True)) (17)
Assume the following.
VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=Y A 27c.
nonempty A 27c=(VVOf € (A27b4-27%) (VV1g € (A_27a"-77¢). (18)

(VV2z € A27c.((ap (ap (ap (c-2Ecombin_2Eo A_27¢ A27b A_27a)
VOf) Vig) V2z) = (ap VOf (ap V1g V22))))))



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
(YVOf € (A2764-27) ((ap (ap (c2Elist 2EM AP A_27a A_27b)

VOf) (c2Blist 2ENIL A27a)) = (c.2Elist 2ENIL A27b)))AVV1f €

(A2764-270) (YV2h € A 27a.(VV3t € (ty2Elist 2Flist
A27a).((ap (ap (c2Elist 2EM AP A_27a A27b) V1f) (ap (ap (c2Elist 2ECONS
A_27a) V2h) V3t)) = (ap (ap (c2Elist 2ECONS A_27b) (ap V1f V2h))
(ap (ap (c2Elist 2EM AP A 27a A27b) V1f) V3t)))))))
(19)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
(YVOf € ((A27pA-2T)A-2Ta) (vV1e € A27b.((ap (

ap (ap (c2Elist 2EFOLDR A_27a A27b) VOf) Vle) (c2Elist2ENIL

A27a)) = V1e)))A(VYV2S € ((A27pA-2T)A-2Ta) (Y1 3e €

A27b.(VWdx € A27a.(VV5l € (ty-2Elist 2Elist A_27a).

((ap (ap (ap (c-2Elist 2EFOLDR A 27a A27b) V2f) V3e) (ap (ap (c-2Elist 2ECONS
A_27a) V4z) V5l)) = (ap (ap V2f Vizx) (ap (ap (ap (c2Elist 2EFOLDR
A27a A27b) V2f) V3e) V51))))))))
(20)

Theorem 1

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=YA 27c.
nonempty A_27¢=(VVO0f € (((ty-2Eoption_2Eoption (ty-2Epair_2Eprod
A27b A 27a))A-272)A-27¢) ((ap (ap (c_2EerrorStateMonad_2EmapM
A27c A27a A27b) VOf) (c2Elist 2ENIL A_27c)) = (ap (c_2EerrorStateMonad 2EUNIT
A27a (ty-2Elist_2Elist A27b)) (c2Elist 2ENIL A_27b))))



