thm_2Eextreal 2EEXTREAL_SUM__IMAGE__FINITE__CONST
(TMdnnEYhXZU1jU9CJKq25ab8qtvS49i1nGV)

October 26, 2020

Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € Ainj_o (x =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 5 We define c_2Epred__set 2EEMPTY to be AA_27a : 1.(AV Oz € A_27a.c_2Ebool 2EF).
Definition 6 We define c 2Ebool 2EIN to be AA_27a : 1.(AVO0x € A27a.(A\V1f € (24-27%).(ap V1f VOx)))

Definition 7 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 8 We define c_2Ebool 2E_5C_2F to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Definition 9 We define c_2Ebool 2E_2F 5C to be (A\VO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let ty_2FEpair 2Eprod : t1=>1= be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)

(1)
Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.
VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS__prod
A27a A27b € ((ty-2Epair_2Eprod A27a A,27b)((2A727b)A727a))
(2)
Definition 10 We define c 2Epair 2E_2C to be N\A27a : t. AA27b : 1. AV0x € A27aAV1y € A27b.(ap (c-2



Let c2Epred__set 2EGSPEC : 1=1= be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A927a A27b € ((2A,27a)((ty,QEpai7L2Eprod A_27a 2)A*27b))

(3)
Definition 11 We define c 2Epred__set 2EINSERT to be AA_27a : t.A\VO0x € A 27a.A\V1s € (24-27%) (ap (c-
Definition 12 We define c_2Ebool 2E_TE to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool _2E
Definition 13 We define c 2Epred__set 2EDIFF to be AA_27a : 1t.AV0s € (24-279) AV 1t € (24-27%) (ap (c_2.
Definition 14 We define c_2Epred__set 2EDELETE to be AA_27a : t.AV0s € (24-279) A\V1x € A 27a.(ap (a
Let ty_ 2Fextreal 2FEextreal : « be given. Assume the following.
nonempty ty_2FEextreal 2FEextreal (4)
Let c.2Fextreal 2FEextreal__add : ¢ be given. Assume the following.
c2Fextreal 2Eextreal __add € ((ty_2Fextreal 2FEextrealtV-2Fertreal-2Bextreal )ty 2Eextreal 2Bextreal)
Let ty_2Frealax_2FEreal : ¢ be given. Assume the following. ®)
nonempty ty_2Erealax_2FEreal (6)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (7)
Let c2Ereal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty_2Erealax_2FEreql™-2Fmvm-2Enumy —(g)
Let c.2Fextreal 2ENormal : ¢ be given. Assume the following.
c2Eextreal 2ENormal € (ty_2Fextreal 2 Eextreql™-2Eretar-2Erealy gy

Definition 15 We define c_2Eextreal 2Eextreal__of__num to be AVOn € ty_2Enum_2Enum.(ap c2Fextrea

Let c.2Fextreal 2FEextreal__mul : ¢ be given. Assume the following.

c2Fextreal 2Eextreal__mul € ((ty_2FEextreal 2EextrealV-2Fevtreal-2Bextrealyty 2Bextreal 2Bextreal )

Let c2Enum 2EZFERO__REP : 1 be given. Assume the following. 1o
c2Enum 2EZERO__REP € omega (11)

Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (12)



Definition 16 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Let c2Epred__set 2EITSET : 1=>1= be given. Assume the following.

VA 27Ta.nonempty A27a=VA_27b.nonempty A_27b=c_2FEpred_set 2EITSET

A27a A2Tb € (((A727bA727b)(2‘4*27"'))((A727bA,27b)A,27a))
(13)

Definition 17 We define c_2Eextreal 2EEXTREAL__SUM__IMAGE to be AA_27a : L A\VOf € (ty-2Fextreal
Definition 18 We define c 2Epred_set 2EFINITE to be AA_27a : 1.AV 0s € (24-27%).(ap (c_2Ebool 2E_21 (2

Definition 19 We define c 2Emin_2E_40 to be \A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.xz € AN
of type 1=>t.

Definition 20 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Let c.2Epred__set 2ECARD : 1= be given. Assume the following.

VA_27a.nonempty A_27a=c 2FEpred__set 2ECARD A 27a € (ty,2Enum,2Enum(2A’27a))

(14)

Assume the following.
True (15)

Assume the following.
VA_27a.nonempty A 27a=(VVO0t € 2.((VV1x € (16)

A 27a.(p VOt))=(p VOI)))
Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)AN((((p VOt)AFalse)<False)A  (17)

t)
(((p VO)A(p VO))&(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueVv(p VOt))eTrue) AN((((p VOt)VTrue)=True)A
(((FalseV(p VOt))(p VOO)A((((p VOt)VFalse)=(p VO)A(((p VOE)V
(p VO1))=(p V01)))))))
(18)
Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VO)A((((p VOt)=True)<
True)A(((False=(p VOt))=True)A((((p VOt)=(p VOt))=True)A((  (19)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&

True)) (20)



Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.((V0z = V1y)e(V1y = VOx))))

Assume the following.

(YVOt € 2.(((True=(p VOt))(p VOO)A((((p VOt )&True)<
(p VOO)A(((Falses(p VOt))<(=(p VOO))A(((p VOt)&False)s(=( (22)

p V01)))))))

Assume the following.

(VWOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(0 V12)=(p V2B3))((p VO)AG VIE2)=(p V23))) 2D

Assume the following.

(VW0 € 2.(VV1z27 € 2.(VV2y € 2.(VV3y 27 €
2.((((p VOz)=(p V12 27)A((p V12 2T)=((p V2y)=(p V3y-27))))= (24)
(((p VOz)=(p V2y))=((p V12 27T)=(p V3y.27))))))))

Assume the following.

(VV 0z € ty_2Fextreal 2Eextreal.((ap (ap c2Eextreal 2FEextreal _mul
(ap c_2Eextreal 2Eextreal__of __num c_2Enum_2EQ)) V0x) = (ap c_2Eextreal 2Eextreal__of __num
c_2Enum_2EQ)))
(25)
Assume the following.

VA _27a.nonempty A 27a=(VVOf € (ty 2FEextreal 2Eextreal-27%).
(((ap (ap (c2Eextreal 2EEXTREAL__SUM__IMAGE A_27a) VOf) (c2Epred__set 2EEMPTY
A_27a)) = (ap c_2Eextreal 2Eextreal__of__num c_2Enum_2EQ))A
(VVle € A27a.(¥V2s € (24-27%).((p (ap (c_2Epred__set 2EFINITE
A27a) V2s))=((ap (ap (c2Eextreal 2EEXTREAL__SUM__IMAGE A_27a)
VOf) (ap (ap (c2Epred__set_2EINSERT A_27a) V1e) V2s)) = (ap (ap
c2FEextreal 2Eextreal _add (ap VOf V1e)) (ap (ap (c-2Eextreal 2EEXTREAL__SUM__IMAGE
A27a) VOf) (ap (ap (c2Epred__set 2EDELETE A_27a) V2s) V1e)))))))))
(26)
Assume the following.

VA 27a.nonempty A27a=(YV0s € (24-27%).((p (ap
(c2Epred__set 2EFINITE A_27a) V0s))=(VYV1f € (ty_2Eextreal 2Eextreal-27%).
(VV2p € A27a.(((p (ap (ap (c-2Ebool 2EIN A_27a) V2p) V0s))A
(VV3q € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V3q) V0s))=
((ap V1f V2p) = (ap V1f V3q)))))=((ap (ap (c_2Eextreal 2EEXTREAL__SUM__IMAGE
A27a) V1f) V0s) = (ap (ap c2Eextreal 2Fextreal__mul (ap c_2Eextreal 2Eextreal__of__num
(ap (c2Epred__set 2ECARD A_27a) V0s))) (ap V1f V2p))))))))
(27)



Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(¥V2s € (24-27%).((p (ap (ap (c.2Ebool 2EIN A_27a)
VO0z) (ap (ap (c2Epred__set_2EINSERT A_27a) V1y) V2s)))<=((V0x =
V1y)V(p (ap (ap (c2Ebool_2EIN A_27a) VO0z) V2s)))))))
(28)
Assume the following.

VA_27a.nonempty A 27a=(¥V0s € (24-27%).((V0s =
(c_2Epred_set 2EEMPTY A_27a))V(IV1x € A 27a.(IV2t €
(24-279) ((V0s = (ap (ap (c2Epred_set 2EINSERT A_27a) V1x)
V20))A(—(p (ap (ap (c-2Ebool 2EIN A_27a) V1z) V2t))))))))

(29)

Assume the following.

VA 27a.nonempty A27a=((ap (c2Epred__set 2ECARD A 27a)

(c-2Epred__set 2EEMPTY A_27a)) = c_2Enum_2EO0) (30)

Theorem 1

VA_27a.nonempty A27a=(VYVOP € (24-27%).((p (ap
(c_2Epred__set 2EFINITE A_27a) VOP))=(VV1f € (ty_2Eextreal 2Eextreal-27%).
(VV2zx € ty_2FEextreal 2Fextreal . ((VV3y € A27a.(
(ap V1f V3y) = V2zx))=((ap (ap (c_2Eextreal 2EEXTREAL__SUM__IMAGE
A 27a) V1f) VOP) = (ap (ap c2Eextreal 2Eextreal _mul (ap c_2Eextreal 2Eextreal__of __num
(ap (c2Epred__set 2ECARD A_27a) VOP))) V2x)))))))



