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Let ty_2Fextreal 2FEextreal : ¢ be given. Assume the following.
nonempty ty_2FEextreal _2FEextreal (1)
Let c.2Fextreal 2FEextreal_le : 1 be given. Assume the following.

c2Fextreal 2Eextreal_le € ((Qtijextreal,QEeactreal)ty,ZEextrealJEextreal)

(2)

Let c2Fextreal 2Fextreal __ainv : ¢ be given. Assume the following.

c2Eextreal 2Eextreal__ainv € (ty_2Eextreal 2EextrealtV-2Fevtreal-2Bextreal)
(3)

Definition 1 We define c.22Emin_2E_3D to be AA.\x € A Xy € A.inj_o (z =y)
of type t=>t.

Definition 2 We define c_2Ebool 2EIN to be AA_27a : 1.(AVOx € A 27a.(A\V1f € (24-27%).(ap V1f VOx)))

Definition 3 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type .

Definition 4 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 5 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 6 We define c_2Ebool 2E_2F_5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool_2E_21 2) (AV2t € :
Let ty 2Epair 2Eprod : t=-1=-t be given. Assume the following.
VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 Al)
(4)
Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
A27a A2 € ((ty-2Epair 2Eprod A2Ta A275)(" ")
(5)



Definition 7 We define c_2Epair 2E_2C to be A\A_27a : t.\A27b : 1AV 0z € A27a.\V1y € A_27b.(ap (c2F
Let c2Epred__set 2EGSPEC : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((2.4,27(1)((ty,2Epair,2Eprod A_27a 2)A*27b))

(6)
Definition 8 We define c_2Epred__set 2EIMAGE to be AA_27a : 1.AA27b : LAVOf € (A27b"27) AV1s € (

Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2FEreal (7)
Let c2Fextreal 2ENormal : ¢ be given. Assume the following.
c2Eextreal 2ENormal € (ty_2Fextreal 2Eextreql™V-2Erestar-2Erealy gy
Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2Ehreal (9)
Let c.2Erealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2FErealax_ 2Ereal . REP__CLASS € ((Q(ty,2Epair,2E;m’od ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,QErealam
(10)

Definition 9 We define c 2Emin_2E_40 to be AAAP € 24.4f (3z € Ap (ap P x)) then (the (\z.x € AAp
of type t=-t.

Definition 10 We define c_2Erealax_2Ereal __REP to be AV 0a € ty_2Erealax_2Ereal.(ap (c.2Emin_2E_40 (t

Let c.2Erealax_2Etreal It : « be given. Assume the following.

c2Erealax 2Etreal _lt € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,QEhreal,QEhreal))(ty,2Epair,2Eprod ty_2Eh
(11)
Definition 11 We define c_2Erealax_2Ereal__It to be \VOT'1 € ty 2Erealar 2Ereal \V1T2 € ty 2FErealax_

Definition 12 We define c 2Ebool 2E 3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 13 We define c 2Ereal 2Esup to be \VOP € (2tv-2Erealaz-2Ereal (qp, (¢ 2Emin_2E_40 ty_2Ereal
Let c2Fextreal 2ENegInf : ¢ be given. Assume the following.

c2Fextreal 2ENegInf € ty_2Fextreal 2FEextreal (12)
Definition 14 We define c_2Ebool 2EF to be (ap (c2Ebool_2E_21 2) (AVO0t € 2.V 0t)).

Definition 15 We define c 2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A 27a.(



Let c.2Fextreal 2EPosInf : 1 be given. Assume the following.
c2FEextreal 2EPosInf € ty 2FEextreal 2Eextreal (13)
Definition 16 We define c_2Eextreal 2Eextreal_sup to be \VOp € (2tv-2Eextreal-2Eextreal) (q4) (ap (ap (c 2
Definition 17 We define c_2Eextreal 2Eextreal__inf to be \V0p € (2ty-2Fextreal-2Bextrealy (qp ¢ 2 Bextreal
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (14)
Let c.2Earithmetic2EEV EN : ¢ be given. Assume the following.
c2Earithmetic2EEV EN ¢ (2ty-2Pnum-2Enum) (15)
Let c.2Earithmetic2EODD : ¢ be given. Assume the following.
c2Earithmetic2EODD € (2t¥-2Enum-2Enum) (16)

Definition 18 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E

Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (17)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™9%) (18)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (19)
Definition 19 We define c 2Enum_2ESUC to be \VOm € ty 2Enum_2Enum.(ap c22Enum_2EABS__num
Definition 20 We define c_2Eprim__rec_2E_3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
Definition 21 We define c_2Earithmetic_2E_3E to be A\VOm € ty 2Enum _2Enum. \V1n € ty 2Enum_2En
Definition 22 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 23 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum. AV 1n € ty_2Enum_2
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (20)
Definition 24 We define c 2Enum_2EQ to be (ap ¢ 2Enum 2EABS__num ¢ 2Enum 2EZERO__REP).

Definition 25 We define c_2Eprim__rec_2EPRE to be A\VOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2k



Let c2Farithmetic2EEXP : 1 be given. Assume the following.

c2Earithmetic2EEX P € ((ty-2Enum_2EnumtY-2Enum-2Enum)ty_2Enum-2Enum)
(21)
Let c2Farithmetic2E 2D :  be given. Assume the following.

c2Earithmetic.2E 2D ¢ ((ty72Enum72Enumty,2Enum,QEnum)ty,2E'num,2Enum)
(22)
Let c.2Earithmetic2E_2A : . be given. Assume the following.

c2Earithmetic 2E 2A € ((ty_2Enum_2Enum!y-2Enum-2Enum)ty_2Enum-2Enum)
(23)

Definition 26 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0zx.
Definition 27 We define c_2Enumeral 2EiiSUC to be A\VOn € ty_2Enum_2Enum.(ap c_2Enum 2ESUC (ap
Let c.2Earithmetic2E_2B : ¢ be given. Assume the following.

c.2Earithmetic 2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(24)

Definition 28 We define c_22Enumeral 2EiZ to be A\VO0x € ty_2Enum_2Enum.V0zx.

Definition 29 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 30 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic
Definition 31 We define c_2Earithmetic 2EZERO to be c_2Enum _2EQ.

Definition 32 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty_2Enum_2Enum AV 1n € ty 2Enum_2
Definition 33 We define c_2Epred__set 2EUNIV to be AA_27a : 1. (A\V0x € A_27a.c_2Ebool 2ET).

Assume the following.

(YVOm € ty2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
((ap (ap c2Earithmetic2E_2B c¢_2Enum_2E0) VOm) = VOm)A(((ap (
ap c2Earithmetic2E_2B V0m) c_2Enum_2EQ) = VOm)A(((ap (ap c2Earithmetic2E 2B
(ap c.22Enum_2ESUC VOm)) V1in) = (ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B
VOom) V1in)A((ap (ap c.2Earithmetic2E 2B V0m) (ap c.22Enum_2ESUC
Vin)) = (ap c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOm) V1n))))))))
(25)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(ap (ap c2FEarithmetic2E 2B VOm) V1n) = (ap (ap c.2Earithmetic.2E 2B
Vin) VOm))))
(26)



Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
YV 2p € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2B VO0m)
(ap (ap c2FEarithmetic2E 2B V1n) V2p)) = (ap (ap c.2Earithmetic2E 2B
(ap (ap c2Earithmetic2E 2B VOm) V1n)) V2p)))))
(27)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(

((ap (ap c2Earithmetic.2E_2A c_2Enum_2E0) VOm) = c_2Enum_2EQ)A
(((ap (ap c2Earithmetic2E_2A VOm) c.2Enum_2EQ) = c_2Enum_2E0)A
(((ap (ap c2Earithmetic2E _2A (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) VOm) = VOm)A
(((ap (ap c2Earithmetic.2E_2A VOm) (ap c2EarithmeticZ 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) = VOm)A(

((ap (ap c2Earithmetic.2E 2A (ap c_2Enum_2ESUC VOm)) V1n) = (ap
(ap c2Earithmetic2E 2B (ap (ap c2Earithmetic2E_2A VOm) Vin))
Vin))A((ap (ap c2Earithmetic2E 2A VOm) (ap c2Enum_2ESUC V1n)) =
(ap (ap c2Earithmetic2E 2B VOm) (ap (ap c2Earithmetic.2E 2A
Vom) Vin))))))

(28)
Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
VYV 2p € ty 2Enum_2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
(ap (ap c2FEarithmetic2E 2B VOm) V1n)) (ap (ap c.2Earithmetic2E 2B
Vom) V2p)))<(p (ap (ap c2Earithmetic 2E_3C_3D Vin) V2p))))))
(29)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(=(p (ap (ap c-2Earithmetic2E_3C_3D VOm) V1n)))<(p (ap (ap c_2Earithmetic.2E_3C_3D
(ap c.2Enum_2ESUC V'1n)) VOm)))))
(30)
Assume the following.

(VVOn € ty_2Enum_2Enum.((ap c.22Enum_2ESUC VOn) = (ap (ap
c2Earithmetic2E 2B (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic 2EZERQ))) V0n)))

(31)

Assume the following.
True (32)

Assume the following.
(VVOtl € 2.(VV1t2 € 2.(((p VOt)=(p V1t2))=(((p (33)

V1t2)=(p VOt1))=((p VOtl)<(p V1t2))))))



Assume the following.

VA 27a.nonempty A27a=(VVO0t € 2.((VV1zx €

Assume the following.

A27a.(p VOL))&

(YVOt € 2.(((Truen(p VOt))<=(p VOL)
(p VOO)A(((Falsen(p VOt))False)AN((((p VOt)AFalse)< False)A

(((p VOt)A(p VO)) &=

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOL)

True)AN((False=(p VOt))=True) AN((((p VOt)=
(p VOt)=False)=

Assume the following.

(VV0t € 2.((=(=(p VO1)))=

Assume the following.

(p
(=(p VO1))))))))

(p VO1)))

WA((((p VOO)ATrue)&

t)
(p V01)))))))

)A(((p VOt)=True)e
Vot))eTrue)A((

(p VOO)A(((-True)=False)A

((—False)=True)))

VA 27a.nonempty A_27a=(VV0x € A27a.(V0x = VO0z))

Assume the following.

VA_27a.nonempty A27a=VV0zx € A27a.(VV1y €

A27a.(VOzr = V1y)<
Assume the following.

(YVOt € 2.(((True=(p VOt))=(p V

)

(V1y = Vox))))

WW((((p VOt)eTrue)e

0t
(p VOt)A(((Falses(p VOt)) ( (p VOR))A(((p VOt) & False) e (=(

Assume the following.
(YVOt € 2.(((p VOt)=False)=

Assume the following.

Vo))

((p VOt)eFalse)))

(VWOt1 € 2.(VV 112 € 2.(VV2t3 € 2.(((p VOt1)=
(((p VOtL)A(p V1t2))=(p V2t3))))))

((p V1t2)=(p V2t3))) &

Assume the following.

(VV0z € 2.(¥V1z.27 € 2.(¥V2y € 2.(VV3y.2T €
2.((p VOoz)=(p V1e27))A((p V1x 27)=

(((p VOz)=

(p V2y))&=

6

((p V2y)=(p V3y27))))=
((p V1e 27)=

(p V3y-27))))))))

(35)

(36)

(37)

(38)

(43)



Assume the following.

(VVO0zx € ty_2Fextreal 2FEextreal.(VV 1y € ty_ 2FEextreal 2Eextreal.
(VV2z € ty 2Fextreal 2FEextreal.(((p (ap (ap c.2Eextreal 2Eextreal__le
VOoz) V1y))A(p (ap (ap c2Eextreal 2Fextreal_le V1y) V2z)))=(

p (ap (ap c2Fextreal 2Eextreal_le V0z) V2z2))))))

(44)
Assume the following.

(YVOp € (2ty-2Beatreal 2Bextreal) (y\/ 1z € ty 2Fextreal 2Fextreal.
((p (ap (ap c2Fextreal 2Fextreal_le V1zx) (ap c-2Eextreal 2Eextreal__inf
VOp)))=(VV2y € ty 2Fextreal 2Eextreal.((p (ap VOp V2y))=
(p (ap (ap c2Fextreal 2Fextreal_le V1z) V2y)))))))
(45)
Assume the following.

(VVOp € (2tv-2Bextreal 2Bextreal) (y\/ 1y € ty 2Fextreal 2Eextreal.
((p (ap (ap c2Eextreal 2Eextreal_le (ap c_2Eextreal 2Eextreal__inf
VOp)) Vliz))e(VV2y € ty_2Fextreal 2Fextreal.((VV 3z €
ty 2Fextreal 2FEextreal.((p (ap VOp V3z))=(p (ap (ap c2Eextreal 2Eextreal _le
V2y) V32))))=(p (ap (ap c2Eextreal 2Eextreal_le V2y) V1x)))))))
(46)
Assume the following.

(VVOp € (2tv-2Pextreal 2Bextreal) (V15 ¢ ty 2Eextreal 2FEextreal.

(((ap c_2Eextreal 2Eextreal __inf VOp) = Vix)=((VV2y € ty 2Fextreal 2Eextreal.
((p (ap VOp V2y))=(p (ap (ap c2Fextreal 2Eextreal_le V1z) V2y))))A
(VV3y € ty_2Eextreal 2Eextreal.(VV4z € ty_2Eextreal 2FEextreal.

((p (ap VOp V42))=(p (ap (ap c-2Eextreal 2Eextreal_le V3y) V4z))))=
(p (ap (ap c2Fextreal 2Fextreal_le V3y) V1x))))))))

(47)



Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n))))A((YV25n € ty_-FEnum_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.

(Ao s L o~ O Aavtlhamtim O 2C 2D (v o~ O v+t~ OCNITHIMEDAL



Assume the following.

(VVOn € ty2Enum_2Enum.(YV1m € ty_2Enum_2Enum.(

((ap c_2Enumeral 2EiZ (ap (ap c2Earithmetic.2E_2B c_2Earithmetic 2EZERO)
VOon)) = VOn)A(((ap c2Enumeral 2EiZ (ap (ap c2Earithmetic2E 2B
VOn) c_2Earithmetic22EZERO)) = VOn)A(((ap c-2Enumeral 2EiZ (
ap (ap c2Earithmetic.2E_2B (ap c_2Earithmetic 2EBIT1 V0n)) (
ap c_2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT2 (
ap c_2Enumeral 2EiZ (ap (ap c2Earithmetic.2E 2B V0On) V1m))))A
(((ap c2Enumeral 2EiZ (ap (ap c2Earithmetic.2E_2B (ap c_2Earithmetic 2EBIT1
VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c.2Enumeral 2EiZ (ap (ap c-2Earithmetic.2E 2B (ap c_2Earithmetic 2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c2Enum_2ESUC (ap (ap c2Earithmetic2E 2B VOn) V1m))))A(

((ap c_2Enumeral 2EiZ (ap (ap c_2Earithmetic 2E_2B (ap c_2Earithmetic 2EBIT?2
VOn)) (ap c-2Earithmetic2EBIT2 V'1m))) = (ap c_2Earithmetic_2EBIT2
(ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B c_2Earithmetic 2EZERO)
V0n)) = (ap c2Enum_2ESUC VOn))A(((ap c.22Enum_2ESUC (ap (ap c2Earithmetic.2E 2B
VO0n) c_2Earithmetic 2EZERO)) = (ap c_2Enum 2ESUC VOn))A(((ap
c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c22Enum _2ESUC (ap (ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1
VOn)) (ap c2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic 2EBIT2
(ap c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c2Enum_2ESUC (ap (ap c-2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT2
(ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c.2Enum_2ESUC (ap (ap c2Earithmetic 2E_2B (ap c_2Earithmetic 2EBIT?2
VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c22Enumeral 2EiSUC (ap (ap c-2Earithmetic2E 2B V0On) V1m))))A
(((ap c2Enumeral 2EiiSUC (ap (ap c-2Earithmetic.2E_2B c_2Earithmetic.2EZERO)
VOn)) = (ap c.2Enumeral 2EiiSUC VOn))A(((ap c-2Enumeral 2EiSUC
(ap (ap c2Earithmetic2E_2B VO0n) c_2Earithmetic.2EZERO)) = (
ap c_2Enumeral 2EiiSUC VOn))A(((ap c2Enumeral 2EiiSUC (ap (
ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1 VOn)) (ap c_2Earithmetic_2EBIT1
V1m))) = (ap c2Earithmetic_2EBIT2 (ap c_.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B
Von) V1im))))A(((ap c-2Enumeral 2EiiSUC (ap (ap c2Farithmetic2E_2B
(ap c_2Earithmetic 2EBIT1 VOn)) (ap c_2Earithmetic 2EBIT2 V1m))) =
(ap c2Earithmetic_2EBIT1 (ap c_2Enumeral 2EiiSUC (ap (ap c2Earithmetic2E_2B
Von) V1im))))A(((ap c-2Enumeral 2EiiSUC (ap (ap c2FEarithmetic 2E_2B
(ap c2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic2EBIT1 V1m))) =
(ap c2Earithmetic_2EBIT1 (ap c_2Enumeral 2EiiSUC (ap (ap c-2Farithmetic2E_2B
Von) V1im))))A((ap c2Enumeral 2EiiSUC (ap (ap c2Earithmetic 2E 2B
(ap c2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) =
(ap c2Earithmetic_2EBIT2 (ap c_2Enumeral 2EiiSUC (ap (ap c2FEarithmetic2E 2B

Von) Vglm))))))))))))))))
(49)



Assume the following.

(VVOn € ty-2Enum_2Enum.(NV1m € ty_2Enum_2Enum.(

((p (ap (ap c_2Earithmetic_2E_3C_3D c_2Earithmetic 2EZERO) V0n))<
True)A(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic 2EBIT1
V0n)) c2Earithmetic_2EZERO))< False) A(((p (ap (ap c2Earithmetic_2E_3C_3D

(ap c_2Earithmetic_2EBIT2 VOn)) c_2Earithmetic 2EZERO))< False)A
(((p (ap (ap c-2Earithmetic2E_3C_3D (ap c_2Earithmetic_2EBIT1
) (ap c_2Earithmetic 2EBIT1 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
V1im)))A(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c_2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) Vim)A(((p (ap (ap c2Earithmetic 2E_3C_3D (ap c_2Earithmetic 2EBIT2
VOn)) (ap c_2Earithmetic 2EBIT1 V1m)))<(=(p (ap (ap c_2Earithmetic 2E_3C_3D
V1im) VOon))))A((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic_2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D

VOn) Vim)))))))))))

Von
Von

~— N —

(50)
Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-279).(VV1z €
A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V1x) VOP))<=(p (ap VOP Vix)))))
(51)

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(p (ap (ap (c-2Ebool 2EIN

A.27a) V0z) (c2Epred_set 2EUNIV A_27a)))) (52)

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0y € A27b.(VV1s € (24-279).(YV2f € (A27bA-272),
((p (ap (ap (c-2Ebool 2EIN A_27b) VOy) (ap (ap (c_2Epred__set_2EIMAGE
A27a A27b) V2f) V1s)))=(IV3x € A27a.(VOy = (ap V2f V3z))A
(p (ap (ap (c-2Ebool 2EIN A_27a) V3z) V1s))))))))

(53)

Assume the following.
(YVO0t € 2.((~(~(p VOt) & (p VL)) (54)

Assume the following.
(VW0A € 2.((p VOA)=((~(p VOA))=False))) (55)

Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (56)
Assume the following.

(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (57)
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Assume the following.
(VWOp € 2.(vV1g € 2.((~((p VOp)=(p V1q)))=(=(p V1q)))))  (58)

Theorem 1

(VVOf € (ty-2Fextreal 2EextrealtV-2Enum-2Enum) ((\gy1m ¢
ty_2Enum_2Enum.(¥YV2n € ty_ 2Enum_2Enum.((p (ap (ap c2Earithmetic_.2E_3C_3D
Vim) V2n))=(p (ap (ap c2Fextreal 2Eextreal_le (ap VOf V2n)) (
ap VOf V1im))))))=((ap c_2Eextreal 2Eextreal__inf (ap (ap (c-2Epred__set_2EIMAGE
ty 2Enum_2Enum ty_ 2FEextreal 2Eextreal) (AV3n € ty_2Enum_2Enum.

(ap VOf (ap c22Enum_2ESUC V3n)))) (c-2Epred__set_2EUNIV ty_2Enum_2Enum))) =
(ap c_2Eextreal 2Eextreal__inf (ap (ap (c_2Epred__set_2EIMAGE
ty 2Enum_2Enum ty_2FEextreal 2Fextreal) VOf) (c_2Epred__set 2EUNIV
ty 2Enum_2Enum))))))
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