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Definition 1 We define c 2Emin_2E_3D to be AA.\x € A y € Ainj_o (x =vy)
of type t=>t.

Definition 2 We define c.2Ecombin_2EK to be A\A_27a : 1. NA27b : 1.(AVO0z € A27a.(A\V1y € A27b.V0x))

Definition 3 We define c_2Ecombin_2ES to be AA_27a : 0. AA27b : L. XA 27c: 1. (AVOf € ((14,270‘4*2717)A270

Definition 4 We define c 2Ecombin_2El to be AA_27a : 1.(ap (ap (c_2Ecombin 2ES A 27a (A_27a”-27) A_
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (1)
Let c2Epred__set 2ECARD : 1= be given. Assume the following.

VA 27a.nonempty A27Ta=c 2Epred__set 2ECARD A 27a € (ty—QEnumiEnum(?A’””))
(2)
Definition 5 We define c_22Ebool 2EIN to be A\A_27a : 1.(A\VO0z € A27a.(A\V1f € (24-27%).(ap V1f VOx)))

Definition 6 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 7 We define c 2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0x € 2.V0z)) (\V1z € 2.V
Definition 8 We define c_2Ebool 2E 21 to be NA_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 9 We define c.2Ebool 2E_5C_2F to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Definition 10 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV 12 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let ty 2Epair_2Eprod : t=-1= be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)

(3)



Let c2Epair 2EABS__prod : t=t=-t be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=-c 2Epair 2EABS__prod
A27a A27b € ((ty-2Epair 2Eprod A27a AJ?b)«QAJ%)AJh))
(4)
Definition 11 We define c 2Epair 2E 2C to be N\A 27a : t. \A27b : 1. AVO0x € A27a AV1y € A 27b.(ap (c2
Let c.2Epred__set 2EGSPEC : 1=>1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A927a A27b € ((2A727a)((ty,?Epair,QEprod A_27a 2)A*27b))

(5)
Definition 12 We define c 2Epred__set 2EINSERT to be AA_27a : t.A\VO0x € A27a.A\V1s € (24-27%) (ap (c-
Definition 13 We define c_2Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV 0t € 2.V 0t)).

Definition 14 We define c_2Epred__set 2EEMPTY to be AA_27a : 1. (A\VO0x € A_27a.c_2Ebool_2EF).

Definition 15 We define c 2Epred__set 2EFINITE to be AA_27a : 1.AV0s € (24-27%).(ap (c_2Ebool 2E_21 (2
Definition 16 We define c 2Efcp 2EHAS_SIZE to be AA 27a : t.AV0s € (24-27%) AV 1n € ty 2Enum_2En:
Let c.2Ebool 2EARB : 1=-1 be given. Assume the following.
VA 27a.nonempty A_2T7a=c2Ebool 2EARB A_27a € A27a (6)
Let ty 2F fcp 2F finite_simage : 1=t be given. Assume the following.
YV AO0.nonempty A0=nonempty (ty_ 2E fcp_2F finite__image A0) (7)
Let ¢ 2F fep 2Edest__finite__image : t=-t be given. Assume the following.

VA 27a.nonempty A 27a=c2F fcp 2FEdest__finite__image
A927a € (A727a(ty,QEfcp,QEfinite,,imagc A,27a)) (8)

Let ¢c2E fep 2Emk__finite__image : t=-t be given. Assume the following.

VA 27a.nonempty A27a=-c2E fcp2Emk__finite_image A_27a € ()
((ty 2E fep 2F finite_image A_27a)"-27%)

Let ty 2FEbool 2Fitself : 1= be given. Assume the following.
VAO.nonempty AO=nonempty (ty-2Ebool 2Eitsel f A0) (10)

Let c_2Ebool_2FEthe__value : 1=t be given. Assume the following.

VA_27a.nonempty A_27a=-c_2Ebool_ 2Ethe_wvalue A_27a € (

ty 2Ebool 2Fitsel f A 27a) (11)
Let ¢ 2F fep 2 Edimindex : 1=t be given. Assume the following.

VA_27a.nonempty A27a=c2E fep2Edimindex A27a € (ty_2Enum_2Enum(ty-2Ebool-2Eitsclf A-27a))
(12)



Definition 17 We define c 2Emin_2E_40 to be A\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type 1=-t.

Definition 18 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 19 We define c 2Ebool 2E_3F_21 to be A\A_27a : 1.(AVOP € (24-27%).(ap (ap c_2Ebool 2E_2F _5C
Let ty 2E fep 2Ecart : 1=>1=>1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2FE fcp2Ecart
A0 A1)
(13)
Let c2E fep 2Emk__cart : t=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c2F fcpv,Z_Emvk‘,,cart
A27a A2Tb € ((ty2E fep2Ecart A27a A_27b)(A-2Tal vl Blimieimaoe 4-2700)
(14)

Definition 20 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (15)

Let c2Enum 2ESUC__REP : 1 be given. Assume the following,.
¢ 2Enum 2ESUC_REP € (omega®™9%) (16)

Let c2Enum 2EABS__num : ¢ be given. Assume the following.

c2Enum 2EABS__num € (ty_2Enum_2Enum”™®) (17)
Definition 21 We define c2Enum_2ESUC to be \VOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num
Definition 22 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_2Enum_2FEnu
Definition 23 We define c_2Efcp_2Efinite__index to be AA_27a : v.(ap (c_2Emin_2E_40 (A_274"-2Fnum-2En
Let ¢ 2FE fep 2Edest__cart : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2F fcp_2FEdest__cart
A92Ta A27Th € ((A727a(ty,2Efcp,2Efinite,,image A,27b))(ty,QEfcp,QEcart A_27a A,27b))

(18)
Definition 24 We define c_2Efcp_2Efcp__index to be AA_27a : t.ANA_27b : 1L.AVOx € (ty_2E fep_2Ecart A27
Let c.2Earithmetic2EEV EN : ¢ be given. Assume the following.
c2Earithmetic2EEV EN ¢ (2ty-2FPnum-2Enum) (19)
Let c.2Earithmetic2EODD : 1 be given. Assume the following.

c2Earithmetic 2EODD e (2t¥-2Enum-2Enum) (20)



Definition 25

Definition 26

We define c_2Earithmetic 2E_3E to be A\VOm € ty_2Enum_2Enum.A\V1n € ty 2Enum_2En

We define c_2Earithmetic_2E_3E_3D to be \VOm € ty_ 2Enum_2Enum. AV 1n € ty_ 2Enum_2

Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (21)

Definition 27 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).

Definition 28

Definition 29

We define c.2Ebool 2ECOND to be AA-27a : ¢.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(

We define c_2Eprim__rec_2EPRE to be AVOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2k

Let c.2Earithmetic2EEXP : 1 be given. Assume the following.

c.2Earithmetic 2EEX P € ((ty_2Enum_2Enumty-2Enum-2Enum)yty 2Enum 2Enum)

(22)

Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.

c.2Earithmetic 2E 2D € ((ty_2Enum_2Enum!v-2Pnum-2Enum)ty 2Enum 2Enum)

(23)

Let c.2FEarithmetic2E_2A : ¢ be given. Assume the following.

c2Earithmetic 2E_ 2A € ((ty_2Enum_2Enum!Y-2Enum-2Enum)ty 2Enum_2Enum)

Definition 30

(24)
We define c_2Enumeral 2EiZ to be A\V 0z € ty_ 2Enum_2Enum.V0x.

Let c.2Earithmetic2E_2B : « be given. Assume the following.

c2Earithmetic 2E 2B € ((ty_2Enum_2EnumtY-2Enum-2Enum)ty 2Enum_2Enum)

Definition 31
Definition 32
Definition 33
Definition 34
Definition 35
Definition 36
Definition 37
Definition 38

Definition 39

(25)

We define c 2Earithmetic_2EBIT2 to be A\VOn € ty 2Enum_2Enum.(ap (ap c_2Earithmetic
We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty 2Enum_2Enum. AV 1n € ty 2Enum_2
We define c_2Epred__set_2EUNIV to be N\A_27a : 1.(AV0x € A_27a.c.2Ebool 2ET).

We define c_2Epred__set 2EDIFF to be AA_27a : 1t.AV0s € (24-2T) \V'1t € (24-27%) (ap (c_2.
We define c 2Epred__set 2EDELETE to be AA_27a : 1t.AV0s € (24-27) \V1x € A 27a.(ap (a
We define c_2Epred__set 2EIMAGE to be AA_27a : t. \A27b: L. AVOf € (A276-2T") A\V1s €
We define c_2Earithmetic 2EZERO to be c_2Enum_2EQ.

We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic

We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.



Assume the following.

(YVOm € ty_2Enum_2Enum.(VV1n € ty_ 2Enum_2Enum.(
(p (ap (ap c2Eprim__rec.2E_3C VOm) V1n))<(p (ap (ap c_2Earithmetic_2E_3C_3D
(ap c22Enum_2ESUC VOm)) V'1n)))))
(26)
Assume the following.

(VVOn € ty_2Enum_2Enum.(p (ap (ap c2Earithmetic_2E_3C_3D (27)
c_2Enum_2EQ) V0n)))

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(

((ap (ap c2Earithmetic2E_2A c_2Enum_2EQ) VOm) = c_.2Enum_2EQ)A
(((ap (ap c2Earithmetic2E_ 2A VOm) c.2Enum_2EQ) = c_2Enum_2E0)A
(((ap (ap c2Earithmetic2E 2A (ap c_2EarithmeticZ2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic_2EZERO))) V0m) = VOm)A
(((ap (ap c2Earithmetic.2E 2A VOm) (ap c_2EarithmeticZ 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) = VOm)A(
((ap (ap c2Earithmetic2E 2A (ap c.2Enum_2ESUC VOm)) V1in) = (ap
(ap c2Earithmetic2E_2B (ap (ap c2Earithmetic2E_2A VOm) Vin))
Vin))A((ap (ap c2Earithmetic2E_2A VOm) (ap ¢c.2Enum_2ESUC V1n)) =
(ap (ap c2FEarithmetic2E 2B VOm) (ap (ap c.2Earithmetic.2E 2A

Vom) Vin))))))))))
(28)
Assume the following.
(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
VYV 2p € ty2Enum_2Enum.(((p (ap (ap c2Earithmetic 2E_3C_3D (29)

VOom) V1n))A(p (ap (ap c-2Earithmetic2E_3C_3D V1n) V2p)))=(p (
ap (ap c_2Earithmetic_2E_3C_3D VOm) V2p))))))

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(VOm = Vin)&((p (ap (ap c2Earithmetic 2E_3C_3D VOm) V1in))A(p (
ap (ap c_2Earithmetic 2E_3C_3D V'1n) VO0m))))))
(30)
Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
YV 2p € ty 2Enum_2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
(ap (ap c2Earithmetic2E_ 2B VOm) V1n)) (ap (ap c.2Earithmetic 2E_2B
Vom) V2p)))<(p (ap (ap c2Earithmetic 2E_3C_3D Vin) V2p))))))
(31)



Assume the following.

(YVOn € ty 2Enum_2Enum.((ap c.2Enum 2ESUC VOn) = (ap (ap
c2Earithmetic2E 2B (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic_.2EZERO))) V0n)))

(32)
Assume the following.
True (33)
Assume the following.
(VV0t1 € 2.(9V1t2 € 2.(((p VOr1)=(p V1£2)=(((p (34)
V1t2)=(p VO0tl))=((p VOtl)<=(p V1t2))))))
Assume the following.
(VVOt € 2.(False=(p V0t))) (35)
Assume the following.
(VVOt € 2.((p VOt)V(=(p VOr)))) (36)
Assume the following.
VA_27a.nonempty A 27a=(VVO0t € 2.((VV1x € (37)
A27a.(p VOt))=(p VOL)))
Assume the following.
VA 27a.nonempty A27a=(YVO0t € 2.((IV1x € (38)
A27a.(p VOt))=(p VOL)))
Assume the following.
(VVO0t1 € 2.(VV1t2 € 2.(YV2t3 € 2.(((p VOt1)A (39)
((p V1e2)A(p V2t3)))=(((p VOIL)A(p V12))A(p V2t3))))))
Assume the following.
(VVOt € 2.(((p VOt)=False)=(—(p V0t)))) (40)
Assume the following.
(VVot € 2.((—(p VOt))=((p VOt)=False))) (41)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO)A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)N  (42)

t)
(((p VOO)A(p VOt))=(p VO1)))))))



Assume the following.

(YVOt € 2.(((TrueV(p VOt))=True) AN((((p VO)VTrue)=True) A
((FalseV(p VOt))e(p VOt))A((((p VOt)VFalse)<(p VOi)A(((p VOt)V

(p VO1))=(p V01)))))))
(43)
Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)=
True)A(((False=(p VOt))eTrue) AN((((p VOt)=(p VOt))=True)A((  (44)
(p VOt)= False)e(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((—True)<False) A

((mFalse)=True))) (45)
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VO0z = VOz)&
True)) (46)
Assume the following.
VA_27a.nonempty A27a=(NVV0zx € A27a.(VV1y € (47)

A27a.(VOz = V1y)e(V1y = VOx))))
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-270) (VV1g € (A2764-270).((VOf = (48)
Vig)e(VV2x € A27a.((ap VOf V2z) = (ap V1g V2z2))))))

Assume the following.

(YVOt € 2.(((Trues(p VOt))<(p VOt))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

A(((p VOt)eTrue)e
A(((p VOt)=False)<(—=( (49)

Assume the following.

VA 27a.nonempty A27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1t2) = V1t2))))
(50)
Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).((~(VV1x €

A27a.(p (ap VOP V1)))(3V2z € A 27a.(~(p (ap VOP V22)))))) OV



Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%) ((-(3V 1z €

A27a.(p (ap VOP Vz))))=(VV2z € A27a.(—(p (ap VOP V2z))))))

Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-27%) (VV1Q €

(24-279) (VW22 € A27a.((p (ap VOP V2z))A(p (ap V1Q V2x))))&

((VV3x € A27a.(p (ap VOP V3x)))A(VVdx € A27a.(p (
ap V1Q V4dx)))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € 2.(vV1Q € (
24-27a) (((p VOP)A(YV 2z € A27a.(p (ap V1Q V2x))))=(VV3x €
A27a.((p VOP)A(p (ap V1Q V31)))))))

Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%).(VV1Q €
2.(((3V2z € A27a.(p (ap VOP V2z)))V(p V1Q))=(IV3zx €
A27a.((p (ap VOP V3z))V(p V1Q))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € 2.(v¥V1Q € (
24-270) (((p VOP)V(3V2z € A27a.(p (ap V1Q V21))))=(3V3z €
A27a.((p VOP)V(p (ap V1Q V3x)))))))

Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-27%).(VV1Q €
2.((3V2z € A27a.((p (ap VOP V2z))A(p V1Q)))=((IV3z €
A27a.(p (ap VOP V3z)))A(p V1Q)))))

Assume the following.

VA 27a.nonempty A_27a=(YVOP € 2.(WV1Q € (
24-27a) ((3V 2 € A27a.((p VOP)A(p (ap V1Q V2z))))=((p
VOP)A(IV3z € A27a.(p (ap V1Q V3z)))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-270) (VW2 € A27a.((p VOP)V(p (ap V1Q V2z))))((p
VOP)V(VV3z € A27a.(p (ap V1Q V31x)))))))

Assume the following.

(VWW0A € 2.(WW1B € 2.((=((p VOA)=(p V1B)))<=((p VOA)A
(=(r V1B))))))

8

(52)

(53)

(54)

(56)



Assume the following.

(VWO0A € 2.(VV1B € 2.(¥V2C € 2.(((p VOA)V(

(b VIB)V(p V2CO))=(((p VOAV(p VIB)V(p V2C)))) OV
Assume the following.
(VWW0A € 2.(VW1B € 2.((p VOA)V(p V1B))=((p V1B)V (62)
(p VOA)))))
Assume the following.
(VW0A € 2.(¥V1B € 2.(((p VOA)V(p V1B))&((p V1BV (63)

(p V0A)))))

Assume the following.

(VW0A € 2.(WV1B € 2.(((~((p VOA)A(p V1B)))e((~(
p VOA)V(=(p V1B)))A((=((p VOA)V(p V1B)))&((=(p VOA)A(=(p V1B)))))))

(64)

Assume the following.
(VWO0A € 2.(WW1B € 2.(((p VOA)=(p V1B))((~(p VOA))V (65)

(p V1B)))))

Assume the following.
(VVOt € 2.(((p VOt)=False)<((p VOt)=False))) (66)

Assume the following,.
(VVOtL € 2.(VV 112 € 2.(VV2t3 € 2.(((p VOL1)= ©7)

((p V1t2)=(p V2t3)))=(((p VOt1)A(p V1t2))=(p V2t3))))))
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVO0b € 2.(VV1f € (A27b4-279) (YV 2g € (A27b4-272).
(VV3x € A27a.((ap (ap (ap (ap (c.2Ebool 2ECOND (A_27p4-274))
V0b) V1f) V2g) V3z) = (ap (ap (ap (c.2Ebool 2ECOND A_27b) V0b) (ap
V1f V3z)) (ap V2g V3z)))))))
(68)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-279) (YV1b € 2.(VV2x € A 27a.
(VV3y € A27a.((ap VOf (ap (ap (ap (c-2Ebool 2ECOND A_27a)
V1b) V2x) V3y)) = (ap (ap (ap (c_2Ebool 2ECOND A_27b) V'1b) (ap VOf

V2z)) (ap VO V3y)))))))
(69)



Assume the following.

(YV0Ob € 2.(VV1tl € 2.(VV2t2 € 2.((p (ap (ap
(ap (c2Ebool 2ECOND 2) V0b) V1t1) V262))<(((~(p VOb)V(p V1E1))A

((p VOb)V(p V2i2)))))))

(70)
Assume the following.
VA_27a.nonempty A27a=(YVOP € (24-27%).((p (ap
(c_2Ebool 2E_3F 21 A 27a) (A\V1x € A 27a.(ap VOP V1z))))<(( (71)

V2 e A27a.(p (ap VOP V2x)))A(VV3x € A27a.(VV4y €
A27a.(((p (ap VOP V3z))A(p (ap VOP V4y)))=(V3z = V4y)))))))

Assume the following.

(VV0z € 2.(VV 1227 € 2.(VV2y € 2.(VV3y.27 €
2.(((p VOoz)=(p V1x27))A((p V1z2T)=((p V2y)=(p V3y27))))= (72)
(((p VOz)=(p V2y))&=((p V1z2T)=(p V3y-27))))))))

Assume the following.

YA_27a.nonempty A27a=(VVOP € 2.(VV1Q € 2.

(VV2x € A27a.(VV3x27 € A27a.(VV4y € A 27a.
(VVhy 27 € A27a.((((p VOP)&(p V1Q)A(((p V1Q)=(V2z = V32 27))A
((=(p V1Q))=(V4y = V5y.27))))=((ap (ap (ap (c_2Ebool 2ECOND A _27a)
VOP) V2z) V4y) = (ap (ap (ap (c-2Ebool 2ECOND A_27a) V1Q) V3z_27)

Vy21))))
(73)
Assume the following.

VA 27a.nonempty A27a=(VVOf € (24-27%).(VW1v €
A27a.(VV2x € A27a.(V2z = V1v)=(p (ap VOf V2x))))=(p ( (74)
ap VOf V1v)))))

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
YVOP € ((24-270)4-27) (VW 1z € A 27a.(3V2y €

A27b.(p (ap (ap VOP Vix) V2y))))=(3V3f € (A27p4-27) ( (75)
VWax € A27a.(p (ap (ap VOP Vdz) (ap V3f V4zx)))))))
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.((ap (c.2Ecombin_2El (76)

A27a) VOz) = VO0x))
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Assume the following.

VA_27a.nonempty A 27a=((VV0a € (ty_2F fcp 2E finite_simage
A27a).((ap (c2E fep 2Emk__finite_image A 27a) (ap (c2E fep 2Edest__finite__image
A27a) V0a)) = V0a)A(VV1r € A27a.((p (ap (A\V2zx € A27a.
(ap (ap c-2Ebool 2E_5C_2F (ap (ap (c.2Emin_2E_3D A_27a) V2x) (c-2Ebool 2EARB
A27a))) (ap (c-2Epred__set_2EFINITE A_27qa) (c_2Epred__set 2EUNIV
A 27a)))) V1ir))e((ap (c2E fep 2Edest__finite__image A_27a)
(ap (c2Efep2Emk__finite__image A 27a) V1r)) = V1r))))
(77)
Assume the following.

VA_27a.nonempty A27a=((ap (c2E fep-2Edimindex A-27a)
(c-2Ebool 2Ethe_value A27a)) = (ap (ap (ap (c_2Ebool 2ECOND
ty_2Enum_2Enum) (ap (c2Epred__set 2EFINITE A_27a) (c_2Epred__set 2EUNIV
A_27a))) (ap (c2Epred__set 2ECARD A_27a) (c_2Epred__set_2EUNIV
A_27a))) (ap c2EarithmeticZ2ENUMERAL (ap c_2Earithmetic_2EBIT1

c_2Earithmetic_.2EZEROQ))))
(78)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(

(VVO0a € (ty2E fep 2Ecart A 27a A27b).((ap (c2E fep 2Emk__cart
A27a A27b) (ap (c2E fep2Edest__cart A27a A27b) V0a)) = V0a))A
(VV].T c (A727a(ty,2Efcp,QEfinite,,image A,27b)).((p (
ap (A\V2f € (A27a(tv-2Efep-2B inite—image A-27b)) ¢ DEpool 2ET)
Vir))e((ap (c2E fep-2Edest__cart A27a A27b) (ap (¢ 2E fep2Emk__cart
A27a A27b) V1r)) =V1r))))

(79)
Assume the following.

(VVOn € ty_2Enum_2Enum.(—((ap c22Enum_2ESUC V0On) = c_2Enum_2EQ)))
(80)
Assume the following.

(VVOP € (2ty-2Enum-2Enum) (((p (ap VOP c_2Enum_2EQ))A
(VV1in € ty-2Enum_2Enum.((p (ap VOP V1n))=(p (ap VOP (ap c.2Enum_2ESUC
V1in))))))=(VV2n € ty2Enum_2Enum.(p (ap VOP V2n)))))
(81)

11



Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n))))A((YV25n € ty_28num_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.

(Ao s L o~ O Aavtlhamtim O 2C 2D (v o~ O v+t~ OCNITHIMEDAL



Assume the following.

(VVOn € ty-2Enum_2Enum.(NYV1m € ty_2Enum_2Enum.(

((p (ap (ap c-2Earithmetic_2E_3C_3D c_2Earithmetic 2EZERO) V0n))<
True)A(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic 2EBIT1
V0n)) c2Earithmetic 2EZERO))< False) A(((p (ap (ap c2Earithmetic_2E_3C_3D
(ap c_2Earithmetic_2EBIT2 VOn)) c_2Earithmetic 2EZERO))< False)A
(((p (ap (ap c-2Earithmetic2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic2EBIT1 V1m)))<(p (ap (ap c2Earithmetic 2E_3C_3D
Von) V1im)))A(((p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c_2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) Vim))A(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT2

VOn)) (ap c_2Earithmetic 2EBIT1 V1m)))<(=(p (ap (ap c_2Earithmetic 2E_3C_3D
Vim) VOon))))A((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D

VOn) Vim)))))))))))
(33)
Assume the following.

VA 27a.nonempty A27a=(YV0s € (24-272).(VV 1t €
(24-272) ((V0s = V1t)(VV2r € A27a.((p (ap (ap (c-2Ebool 2EIN
A27a) V2z) V0s))<(p (ap (ap (c2Ebool 2EIN A_27a) V2z) V1t)))))))
(34)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(—(p (ap (ap

(c_2Ebool 2EIN A_27a) V0z) (c 2Epred_set 2EEMPTY A.27a))))) (o)

Assume the following.

VA _27a.nonempty A 27a=(VV0s € (24-27%) ((FV1z €
A27a.(p (ap (ap (c-2Ebool_2EIN A_27a) V1z) V0s)))<(—~(V0s = (c-2Epred__set 2EEMPTY
4.27a)))))
(86)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(p (ap (ap (c_2Ebool 2EIN

A.27a) V0z) (c2Epred_set 2EUNIV A_27a)))) (87)

Assume the following.

VA_27a.nonempty A27a=VV0zx € A27a.(VV1y €
A 27a.(VV2s € (24-27).((p (ap (ap (c_2Ebool 2EIN A_27a)
VO0z) (ap (ap (c2Epred__set 2EINSERT A_27a) V1y) V2s)))=((V0x =
V1y)V(p (ap (ap (c2Ebool 2EIN A_27a) VO0z) V2s)))))))
(88)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1s €
(24-272) (=((ap (ap (c_2Epred__set 2EINSERT A _27a) VOz) V1s) =  (89)
(c_2Epred_set 2EEMPTY A_27a)))))
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Assume the following.

VA 27a.nonempty A_27a=(YV0s € (24-279) (VV 1z €
A27a.(WVV2y € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V1x)
(ap (ap (c-2Epred__set 2EDELETE A_27a) V0s) V2y)))<((p (ap (ap
(c-2Ebool 2EIN A_27a) V1z) VOs)A(=(V1z = V2y)))))))

(90)

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1s €
(24-279) ((p (ap (ap (c2Ebool 2EIN A_27a) V0z) V1s))=((ap (ap
(c_2Epred__set 2EINSERT A_27a) VO0x) (ap (ap (c2Epred__set 2EDELETE
A27a) V1s) V0x)) = V1s))))
(91)
Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.((p (ap (ap (c.2Ebool 2EIN A_27a) VOx) (ap (ap (c_2Epred__set 2EINSERT
A_27a) V1y) (c2Epred_set 2EEMPTY A_27a))))<=(V0z = V1y))))
(92)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YV0y € A27b.(YV1s € (24-270) (YV2f € (A_27bA-27a),
((p (ap (ap (c-2Ebool 2EIN A_27b) VOy) (ap (ap (c_2Epred__set_2EIMAGE
A27a A27b) V2f) V1s)))=(TV3x € A27a.(VOy = (ap V2f V3zx))A
(p (ap (ap (c2Ebool 2EIN A_27a) V3z) V1s))))))))
(93)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A27064-27).((ap (ap (c_2Epred__set 2EIMAGE A _27a
A_27b) VOf) (c_2Epred__set 2EEMPTY A_27a)) = (c_2Epred__set 2EEMPTY
A_27b)))
(94)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-27%) (VViz € A27a.(VV2s € (
24-274) ((ap (ap (c_2Epred_set 2EIMAGE A _27a A_27b) VOf) (ap
(ap (c2Epred__set 2EINSERT A_27a) V1z) V2s)) = (ap (ap (c_2Epred__set 2EINSERT
A27b) (ap VOf V1)) (ap (ap (c2Epred__set_2EIMAGE A_27a A_27D)
VOf) V25)))
(95)
Assume the following.

VA_27a.nonempty A_27a=(p (ap (c_2Epred__set 2EFINITE

A_27a) (c_2Epred_set 2EEMPTY A_27a))) (96)
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Assume the following.

VA_27a.nonempty A_27a=(YVOP € (2(2A727a)).((
(p (ap VOP (c2Epred_set 2EEMPTY A_27a)))A(VV 1s € (24-279).
(((p (ap (c2Epred__set 2EFINITE A_27a) V1s))A(p (ap VOP V1s)))=
(VV2e € A27a.((—(p (ap (ap (c-2Ebool_2EIN A_27a) V2e) V1s)))=
(p (ap VOP (ap (ap (c2Epred__set 2EINSERT A_27a) V2e) V1s))))))))=
(YV3s € (24-27%).((p (ap (c_2Epred_set 2EFINITE A_27a)
V3s))=(p (ap VOP V35)))))
(97)
Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(VV1s €
(24-279) ((p (ap (c_2Epred__set 2EFINITE A_27a) (ap (ap (c_2Epred__set 2EINSERT
A_27a) VOz) V1s)))<(p (ap (c-2Epred__set 2EFINITE A_27a) V'1s)))))
(98)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1s €
(24-279) ((p (ap (c_2Epred__set 2EFINITE A_27a) (ap (ap (c_2Epred_set 2EDELETE
A27a) V1s) V0zx)))<(p (ap (c_2Epred_set 2EFINITE A_27a) V'1s)))))
(99)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(p (ap (c2Epred__set 2EFINITE
A27a) (ap (ap (c2Epred__set 2EINSERT A_27a) VO0z) (c2Epred__set 2EEMPTY
4270))))
(100)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YV 0s € (24-27).((p (ap (c_2Epred_set 2EFINITE A_27a)
V0s))=(VV1f € (A2764-27%) (p (ap (c_2Epred_set 2EFINITE
A_27b) (ap (ap (c-2Epred__set 2EIMAGE A_27a A_27b) V1f) V0s))))))
(101)
Assume the following.

VA_27a.nonempty A27a=((ap (c2Epred__set 2ECARD A_27a)

(c_2Epred_set 2EEMPTY A_27a)) = c_2Enum_2E0) (102)

Assume the following.

VA 27a.nonempty A27a=(YV0s € (24-27%).((p (ap
(c-2Epred__set 2EFINITE A_27a) V0s))=(VV1z € A_27a.((
ap (c2Epred__set 2ECARD A_27a) (ap (ap (c-2Epred__set 2EINSERT
A27a) V1z) V0s)) = (ap (ap (ap (c-2Ebool 2ECOND ty_2Enum_2Enum)
(ap (ap (c-2Ebool 2EIN A_27a) V1z) V0s)) (ap (c-2Epred__set 2EC ARD
A_27a) V0s)) (ap c2Enum_2ESUC (ap (c2Epred__set 2ECARD A_27a)

V0s))))))) 103
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Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.((ap (c2Epred__set 2EC ARD
A27a) (ap (ap (c-2Epred__set 2EINSERT A_27a) VO0x) (c_2Epred__set 2EEMPTY
A_27a))) = (ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1

c_2Earithmetic.2EZERO))))
(104)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
((ap c22Enum_2ESUC VOm) = (ap c.2Enum_2ESUC V1n))<(VOm = Vin))))
(105)
Assume the following.

(VVOn € ty 2Enum_2Enum.(—(p (ap (ap c_2Eprim__rec 2E_3C

Von) Von)))) (106)

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV 1n € ty_2Enum_2Enum.(
(p (ap (ap c2Eprim__rec.2E_3C VOm) (ap c.22Enum_2ESUC V'1n)))<(
(VOm = V1n)V(p (ap (ap c2Eprim__rec 2E_3C VOm) V1n))))))

(107)

Assume the following.
(YVOt € 2.((=(—=(p VO1)))=(p VOL))) (108)

Assume the following.
(VV0A € 2.((p VOA)=((=(p VOA))=False))) (109)

Assume the following.

(VV0A € 2.(vV1B € 2.(((~((p VOA(p V1B)))=False)<

(((p VOA)=False)=((~(p V1B))=False)))) (110)

Assume the following.
(04 € 2(WV1B € 2((~((~(p VOA)V(p VIB))=False)ss )

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (112)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V2r)))e(((p VOop)V((p V1g)V(p V2r)))A(((p VOp)V((—(
p V2r)V(=(p V1g) )A(((p V1V ((=(p V2r
((=(p V1g))v(=(p VOp))



Assume the following.

(VVOp € 2.(VW1q € 2.(VV2r € 2. ((( Vop)<(
(p VigIn(p V2r)))=(((p VOop)V((=(p V1g))V(=(p V2r))))A(((p V1g)V
(=(p VOp))A((p V2r)V(=(p VOp))))))))) ",

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A
((p V1ig)V((p V2r)V(=(p VO0p))))))))))

(115)
Assume the following.
(VVOp € 2.(VV1qg € 2.(WV2r € 2.(((p VOp)=(
(p Vig)=(p V2r)))=(((p VOp)V(p V1g)A((p VOp)V(=(p V2r)))A((
=(p V1g))V((p V2r)V(=(p V0p))))))))))
(116)
Assume the following.
(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V (117)
(p V1g)A((=(p V1g))V(=(p VOp)))))))
Assume the following.
(VVOp € 2.(VV1g € 2.((—((p VOp)=(p V1q)))=(p VOp)))) (118)

Assume the following.

(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1q)))=(~(p V1q))))) (119)

Assume the following.

(VWop € 2.(VV1q € 2.((=((p VOp)V(p V1q)))=(=(p VOp))))) (120)

Assume the following.

(YVOp € 2.(VV1g € 2.((—~((p VOp)V(p V1g)))=(—(p V1g))))) (121)

Assume the following.

(VV0p € 2.((~(=(p VOp)))=(p VOp))) (122)
Theorem 1

VA _27a.nonempty A 27a=YA_27b.nonempty A_27b=(

YV 0z € (ty2E fep 2Ecart A27a A27b).(VV 1y € (ty2E fep 2Ecart
A27a A27b).(VO0z = V1y)e(VV2i € ty2Enum_2Enum.((p (ap
(ap c_2Eprim__rec 2E_3C V'2i) (ap (¢2E fep2Edimindex A_27b) (
¢2Ebool 2Ethe_value A-27b))))=((ap (ap (c-2Efcp_2Efcp__index

A_27a A27b) VOx) V2i) = (ap (ap (c_2Efcp_2Efcp__index A_27a A_27b)

(
Viy) V2i)))))))

17



