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Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € A.inj_o (x =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 5 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 6 We define c_2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Let ty 2F finite__map_2FE fmap : t=1=-1 be given. Assume the following.

VAO0.nonempty A0=VYAl.nonempty Al=nonempty (ty_2FE finite_map_2E fmap
A0 A1)
(1)

Let ty 2Epair 2Eprod : t=-1=-t be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(2)
Let ¢ 2F finite_map 2 EFUPDATE : 1=1=-1 be given. Assume the following.

VA 2Ta.nonempty A 27a=YA_27b.nonempty A_27b=c_2F finite_map 2EFUPDAT |
A27a A27b € (((ty2E finite_map2E fmap A27a A_27b)(ty-2Epair2Eprod A27a A_27b))(ty-2E finite_map

(3)

Let ty 2FElist_2Elist : 1= be given. Assume the following.

VAO0.nonempty A0=nonempty (ty-2Elist_2Elist A0) 4)



Let ¢ 2Elist 2EFOLDL : 1=1=- be given. Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2Elist 2EFOLDL
A2Ta A27b € (((A27b(ty-2Blist 2Blist A,27a))A,27b)((A,27bA*27“)A’27b))

()
Definition 7 We define c_2Efinite__map_2EFUPDATE__LIST to be AA_27a : t.AA27b : t.(ap (c2Elist 2EF

Definition 8 We define c_2Ebool 2E_2F 5C to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2¢ € ¢
Let ¢ 2Elist 2EM AP2 : 1=>1=-1=>1 be given. Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=V A 27c.
nonempty A27c=c2Elist 2EMAP2 A 27a A27b A27c € ((((ty-2Elist_2Elist
A727a)(ty,2Elist,2Elist A,27c))(ty,2Elist,2Elist A,27b))((A,27aA*27”)A’27b))

(6)
Let ¢ 2Elist 2EFOLDL?2 : 1=1=-1=> be given. Assume the following.
VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=V A 27c.

nonempty A 27c=c2Flist 2EFOLDL2 A27a A27b A 27c € ((((A27a(ty-2Blist-2Elist A-2Tc))(ty-2Elist-2
(7)

Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum ()
Let ¢ 2Elist 2ELENGTH : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c2Elist 2ELENGTH A_27a € (ty_2Enum_2Enum/(ty-2Elist-2Blist A-27a))
(9)

Let ¢ 2Elist 2EZIP : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A 27b=c 2FElist 2EZIP
A27a A27b € ((ty2Elist_2Elist (ty 2Epair 2Eprod A_27a A_27b))(ty-2Epair2Eprod (ty 2Elist 2Elist A2T
(10)
Let c2Epair 2EF ST : 1=1= be given. Assume the following.

VYA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(11)

Let c2Epair 2ESN D : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(12)
Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A 27a A27b € ((ty-2Epair 2Eprod A 27a A,27b)((2A,27b)A,27a))
(13)



Definition 9 We define c_2Epair 2E_2C to be A\A_27a : t.\A27b : 1. AV 0z € A27a.\V1y € A_27b.(ap (c2F

Definition 10 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA27b : tL.NA27c: L AVOf € ((AJ?CA*Q7
Let ¢ 2Elist 2EM AP : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FElist 2EM AP

A27a A27b € (((ty2Elist 2Elist A_27b)(ty-2Blist-2Elist A_2Ta))(A-276"-7%))
(14)
Assume the following,.
True (15)

Assume the following.

(VVOt € 2.(((True=(p VOt))<=(p VOt))A(((p VOt)=>True)s
True)A(((False=(p VOt))=True) A((((p VOt)=(p VOt))=True)A((  (16)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(VO0z = VOz)&

True)) (17)
Assume the following.
VAQ?(;l.nonempty A27a=VV0zx € A27a.(VV1y € (18)
27a.(VOr = V1y)e(V1y = V0x))))
Assume the following.
(VVOEL € 2.(VV 112 € 2.(VV2t3 € 2.(((p VOt1)= 19)

((p V1t2)=(p V2t3)))=(((p VOtL)A(p V1t2))=(p V2t3))))))
Assume the following.

(VVO0z € 2.(VV1z.27 € 2.(VV2y € 2.(VV 3y 27 €
2.((((p VOz)=(p V1z27))A((p V1z27)=((p V2y)=(p V3y-27))))= (20)
(((p VOz)=(p V2y))=((p V12 27T)=(p V3y.27))))))))

Assume the following.

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YV 0l € (ty2Elist 2Elist A27a).(YV1f € (A27p4-27%).
((ap (c2Elist 2ELENGTH A-27b) (ap (ap (c-2Elist 2EM AP A_27a A_27b)
V1f) Vol)) = (ap (c-2Elist 2ELENGTH A_27a) V0I))))
(21)



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYVO0I1 € (ty-2FElist 2Elist A_27a).(VV1i2 € (ty-2Elist 2Elist
A27b).(((ap (c2Elist 2ELENGTH A-27a) VOI1) = (ap (c-2Elist 2ELENGTH
A27b) V1i2))=(((ap (c-2Elist 2ELENGTH (ty-2Epair_2Eprod A27a
A27b)) (ap (c-2Elist 2EZIP A 27a A27b) (ap (ap (c2Epair2E_2C
(ty2Elist 2Elist A27a) (ty-2Elist 2Elist A27b)) V0I1) V1i2))) =
(ap (c2Blist 2ELENGTH A_27a) VOI1)A((ap (c2Elist 2ELENGTH
(ty2Epair 2Eprod A27a A-27b)) (ap (c2Elist 2EZIP A_27a A27b)
(ap (ap (c-2Epair2E_2C (ty_2Elist 2Elist A27a) (ty-2Elist 2Elist
A27b)) VOI1) V1i2))) = (ap (c-2Elist 2ELENGTH A_27b) V'1i2))))))
(22)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=Y A 27c.
nonempty A 27c¢c=YA_27d.nonempty A_27d=(VV0I1 € (
ty_2FElist 2Elist A_27a).(VV1i2 € (ty-2Elist 2Elist A_27b).
(VV2f1 € (A27cA-272) (VV3f2 € (A27d4-27%).(((
ap (c2Elist 2ELENGTH A27a) V0I1) = (ap (c2Elist 2ELENGTH A_27b)
V1i2))=(((ap (c2Elist 2EZIP A 27c A27b) (ap (ap (c-2Epair_2E_2C
(ty2Elist 2Elist A_27c) (ty-2Elist 2Elist A27b)) (ap (ap (c2Elist 2EM AP
A27a A27¢) V2f1) V0I1)) V1i2)) = (ap (ap (c2Elist 2EM AP (ty_2Epair_2Eprod
A27a A27b) (ty-2Epair 2Eprod A27c A_27b)) (\V4p € (ty-2Epair_2Eprod
A27a A27b).(ap (ap (c-2Epair2E_2C A_27¢ A27b) (ap V2f1 (ap (
c2Epair 2EFST A 27a A27b) V4p))) (ap (c-2Epair 2ESND A27a A27D)
Vip)))) (ap (c2Elist 2EZIP A_27a A_27b) (ap (ap (c_2Epair2E_2C
(ty2Elist 2Elist A27a) (ty-2Elist 2Elist A27b)) V0I1) V1i2))))A
((ap (c2Elist 2EZIP A 27a A27d) (ap (ap (c-2Epair 2E_2C (ty_2Elist 2Elist
A_27a) (ty2Elist 2Elist A27d)) VOI1) (ap (ap (c2Elist 2EM AP
A27b A27d) V3f2) V1i2))) = (ap (ap (c2Elist 2EM AP (ty_2Epair_2Eprod
A27a A27b) (ty-2Epair 2Eprod A27a A_27d)) (AVbp € (ty-2Epair 2Eprod
A 27a A27b).(ap (ap (c-2Epair 2E_2C A 27a A27d) (ap (c2Epair 2EFST
A27a A27b) V5p)) (ap V3f2 (ap (c2Epair 2ESND A 27a A27b) V5p)))))
(ap (c2Elist 2EZIP A 27a A27b) (ap (ap (c2Epair_2E_2C (ty_2Flist 2Elist
A27a) (ty-2Elist 2Elist A_27b)) V0I1) V1i2))))))))))
(23)



Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=V A 27c.
nonempty A27c=(VYVO0I1 € (ty2Elist 2Elist A 27a).(WVV112 €
(ty2Elist_2Elist A_27b).(((ap (c2Elist 2ELENGTH A27a) V0I1) =
(ap (c2Elist 2ELENGTH A_27b) V112))=(VV2f € ((A27cA-2T0)A-2Ta),
((ap (ap (ap (c2Elist 2EM AP2 A_27¢ A27a A27b) V2f) VOI1) V1i2) =
(ap (ap (c2Elist 2EM AP (ty_2Epair 2Eprod A27a A27b) A_27c)

(ap (c2Epair2EUNCURRY A_27a A_27b A 27¢c) V2f)) (ap (c2Elist 2EZIP
A27a A27b) (ap (ap (c2Epair2E_2C (ty_2FElist 2Elist A_27a)
(ty2Elist 2Elist A_27b)) V0I1) V'1i2))))))))

(24)
Assume the following.

VA 27a.nonempty A27a=VA_27b.nonempty A_27b=Y A 27c.
nonempty A_27c¢=(VVO0I1 € (ty_2Elist 2Elist A_27a).(WVV1I2 €
(ty-2Elist 2Elist A27b).(((ap (c-2Elist 2ELENGTH A 27a) VOI1) =
(ap (c2Elist 2ELENGTH A_27b) V112))=(VV2f € (((A27cA-270)A-27a)A27c)
(VV3a € A27c.((ap (ap (ap (ap (c2Elist 2EFOLDL2 A27c A 27a
A27b) V2f) V3a) VOI1) V1I2) = (ap (ap (ap (c2Elist 2EFOLDL (ty_2Epair 2Eprod
A27a A27b) A27c) (A\W4a € A27c.(ap (c_2Epair 2EUNCURRY A_27a
A27b A27¢) (ap V2f V4a)))) V3a) (ap (c2Elist 2EZIP A27a A27D)
(ap (ap (c_2Epair2E_2C (ty-2Elist 2Elist A27a) (ty-2Flist 2Elist
A.275)) VOlL) VI2)
(25)
Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YV 0is € (ty 2Elist 2Elist A_27a).(YV1f € (A_27b(ty-2Epair-2Eprod A-2Ta A-27a))
((ap (ap (c2Elist 2EM AP (ty-2Epair 2Eprod A_27a A27a) A_27b)
V1f) (ap (c:2Elist 2EZIP A 27a A27a) (ap (ap (c-2Epair_2E_2C (
ty 2Flist 2Elist A_27a) (ty-2Elist 2Elist A27a)) VO0ls) VO0Is))) =
(ap (ap (c2Elist 2EM AP A 27a A27b) (A\V2zx € A27a.(ap V1f (ap
(ap (c2Epair_2E 2C A_27a A_27a) V2z) V2z)))) VOis))))
(26)
Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YV0x € A27a.(WV1y € A27b.((ap (c.2Epair 2EFST A 27a (27)
A_27b) (ap (ap (c-2Epair2E_2C A_27a A_27b) VOx) V1y)) = V0x)))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
YV0x € A27a.(WV1y € A27b.((ap (c2Epair 2ESND A_27a (28)
A_27b) (ap (ap (c-2Epair2E_2C A_27a A27b) V0x) V1y)) = V1y)))



Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=VA 27c.
nonempty A 27c=(VVOf € ((A27cA-270)A-27a) (VW 1z €
A27a.(VV2y € A27b.((ap (ap (c2Epair2EUNCURRY A_27a
A27b A27¢) VOf) (ap (ap (c_2Epair 2E_2C A 27a A27b) V1x) V2y)) =
(ap (ap VOS V1iz) V2))))

(29)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=YA 27c.
nonempty A27c¢=(VVOP € (A27cty-2Epair 2Eprod A2Ta A27b))
((A\V1p € (ty-2Epair 2Eprod A27a A_27b).(ap VOP V1p)) = (ap (
c_2Epair2EUNCURRY A_27a A_27b A 27c) (AV2pl € A27a.(A\V3p2 €
A27b.(ap VOP (ap (ap (c-2Epair 2E.2C A_27a A_27b) V2pl) V3p2)))))))

(30)
Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=YA 27c.
nonempty A27c=(VVOf € ((A27a4-270)A-270) (VV1e €
A 27a.(VV2g € (A27b4-27¢) (VV 3l € (ty_2Elist 2Elist
A27¢).((ap (ap (ap (c2Elist 2EFOLDL A27b A_27a) VOf) Vle) (ap
(ap (c2Elist 2EM AP A_27c A27b) V2g) V3l)) = (ap (ap (ap (c2Elist 2EFOLDL
A27¢ A27a) (A\VAx € A27a.(A\Vby € A27c.(ap (ap VOf Vdx) (

ap V29 V5y))))) Vie) V3l))))))
(31)

Theorem 1

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=VA_27c.
nonempty A 27c¢=VA_27d.nonempty A 27d=(VV0f1 € (
(A 27cA-2T0)A-2Ta) (Y1 f2 € ((A27dA-270)A-27a) (Y1 2bs €

(ty_2Elist 2Elist A27a).(VV3cs € (ty 2Elist 2Elist A_27b).

(VVda € (ty2F finite_map 2E fmap A27c A27d).(((ap (c2Elist 2ELENGTH
A_27a) V2bs) = (ap (c2Elist 2ELENGTH A27b) V3cs))=((ap (ap (ap
(ap (c-2Elist 2EFOLDL2 (ty-2E finite__map_2E fmap A 27c A27d)
A27a A_27b) (A\V5fm € (ty_2F finite_map_2F fmap A27c A_27d).
(AV6b € A27a.(A\V7c € A27b.(ap (ap (c2F finite__map 2EFUPDATE
A27c¢ A27d) V5fm) (ap (ap (c_2Epair 2E_2C A_27¢ A_27d) (ap (ap VOf1
V6b) V7c)) (ap (ap V1f2 V6b) V7c))))))) Vda) V2bs) V3es) = (ap (ap (
c_2Efinite_map_2EFUPDATE__LIST A_27¢c A_27d) V4a) (ap (c-2Elist 2EZIP
A 27c A27d) (ap (ap (c_2Epair2E_2C (ty-2FElist 2Elist A_27c)
(ty2Elist 2Elist A_27d)) (ap (ap (ap (c2Elist 2EM AP2 A 27c¢ A 27a
A_27b) VOf1) V2bs) V3cs)) (ap (ap (ap (c2Elist 2EMAP2 A 27d A 27a
4.270) V1f2) Vobs) Vaes))))



