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Definition 1 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Let ty 2F finite__map 2F fmap : t=>1t=-1 be given. Assume the following.

YV AOQ.nonempty A0=VAl.nonempty Al=nonempty (ty-2E finite__map_2E fmap
A0 A1)
(1)

Let ty_2Epair 2Eprod : t1=-1=t be given. Assume the following.

VA0.nonempty A0=YAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(2)
Let c2E finite__map 2 EFUPDATE : 1=-1=- be given. Assume the following.

VA 2Ta.nonempty A27a=VA_27b.nonempty A_27b=c_2F finite_map 2EFUPDAT |
A27a A27b € (((ty2E finite_map2E fmap A_27a A_27b)(ty-2Epair2Eprod A27a A_27b))(ty-2E finite_map

(3)

Let ty 2FElist 2Flist : 1= be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty-2Elist 2Elist A0) (4)
Let c2Elist 2EFOLDL : t=1= be given. Assume the following.

VA 27Ta.nonempty A_27a=VA_27b.nonempty A_27b=c 2Elist 2EFOLDL
A27a A27b € (((A_27b(ty-2Elist-2Elist A,27a))A,27b)((A,27bA*27“)A’27h))
(5)

Definition 2 We define c 2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 3 We define c_2Efinite__map_2EFUPDATE__LIST to be AA27a : 1. AA27b : 1.(ap (c2Elist 2EF



Let c2Elist 2EM AP : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2Elist 2EM AP
A27a A27b € (((ty-2Elist 2Elist A_27b)(tv-2Elist-2Elist A-27a))(A-276"-27%))
(6)
Definition 4 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Let ¢ 2Elist 2EALL__DISTINCT : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c2Elist 2EALL__DISTINCT A27a €
(2(ty,2Elist,2Elist A,27a)) (7)

Definition 5 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)

of type ¢.

Definition 6 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 7 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let c2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c 2Epair 2EABS__prod
A27a A27b € ((ty-2Epair 2Eprod A27a A,27b)((2A727b)A727a))
(8)
Definition 8 We define c_2Epair 2E_2C to be NA27a : t. \A2Tb : 1L AVOx € A27a.AV1y € A27b.(ap (c2F

Let ¢ 2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))

(9)
Definition 9 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 10 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 11 We define c_2Ebool 2E_7E to be (AVOt € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Let c2Elist 2ENIL : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Elist 2ENIL A_27a € (ty2Elist 2Elist
A27a)
(10)
Let ¢ 2Elist 2EAPPEND : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2EAPPEND A_27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))(ty,2Elist,2Elist A,27a))

(11)



Definition 12 We define c_2Ebool 2E_3F to be AA_27a : . (AVOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2FElist 2ECONS A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(12)
Let ¢ 2Elist 2ELIST_TO_SET : 1= be given. Assume the following.
VA 2Ta.nonempty A27a=c2Elist 2ELIST_TO_SET A 27a €
((214727&)(ty,ZElist,ZElist A,27a)) (13)

Definition 13 We define c 2Ebool 2EIN to be NA 27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz)]
Let ¢ 2Elist 2EFILTER : 1= be given. Assume the following.

VA 27a.nonempty A27a=-c2Elist 2EFILTER A_27a € (((ty-2Elist_2Elist
A727a)(ty,2Elist,2Elist A,27a))(2A*27“))

(14)
Definition 14 We define c_2Esorting_2EPERM to be AA_27a : 1. AVOL1 € (ty_2Elist 2Elist A_27a).\V1L2

Assume the following.
True (15)

Assume the following.

(YVOtL € 2.(¥V 12 € 2.(((p VOtL)=(p V1t2))=(((p

V162)=(p VOID))=((p VOt e (p V1e2))))) (16)

Assume the following.

(VV Ot € 2.(((Truen(p VOt))=(p VO)A((((p VO ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (17)

t)
(((p VO)A(p VOt)) = (p VO01)))))))

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)e
True)A((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A((  (18)
(p VOt)=False)<(~(p V0t))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A
((=False)=True)))

Assume the following.

VA 27a.nonempty A27a=(VV0zx € A27a.(VOx = V0x)) (20)



Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(V0z = V0z)&
True))

Assume the following.

VA 27a.nonempty A27a=(VV0zx € A27a.(VV1y €
A27a.(VOz = V1y)e(Viy = VOx))))

Assume the following.

VA 27a.nonempty A27a=(VV0zx € A27a.(VV1y €
A27a.(VV2z € A27a.(((VOx = VIy)A(V1y = V22))=(V0x = V2z)))))
(23)
Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO))A((((p VOt )=True)=
(p VO)A(((False=(p VOt)) (= ()p v )t))) (((p VOt)eFalse)=(—(  (24)

0£))))))

Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-27%).(VV1Q €
2.((VV2x € A27a.(p (ap VOP V22)))A(p V1Q))=(VV 3z € (25)
A27a.((p (ap VOP V3z))A(p V1Q))))))

Assume the following.

VA 27a.nonempty A27a=(VV0Q € 2.(VV1P € (
24-27a) ((YV2z € A27a.((p (ap V1P V22))V(p VOQ)))=((VV3z € (26)
A27a.(p (ap V1P V3x)))V(p V0Q)))))

Assume the following.

VA 27a.nonempty A_27a=(YVOP € 2.(WV1Q € (
24-27a) ((YV 2z € A27a.((p VOP)V(p (ap V1Q V2z))))=((p (27)
VOP)V(VYV3z € A27a.(p (ap V1Q V3z)))))))

Assume the following.

(VWO0A € 2.(VV1B € 2.(¥V2C € 2.(((p VOA)V(

(0 VIB)A(p V20))&(((p VOA(p VIB)A((p VOA(p V20)))) 2
Assume the following.
(VWWO0A € 2.(VV1B € 2.(vW2C € 2.((((p VIB)A (20)
(p V2O)V(p VOA)&(((p VIB)V(p VOADA((p V2C)V(p VOA)))))))
Assume the following.
(VVOtL € 2.(VV1t2 € 2.(YV2t3 € 2.(((p VOt1)= (30)

((p V1t2)=(p V2t3)))=(((p VOtL)A(p V1E2))=(p V213))))))
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Assume the following.

(VV0z € 2.(VV 1227 € 2.(YV2y € 2.(YV3y.27 €
2.((((p VOoz)=(p V1x27)A((p V1z27)=((p V2y)<=(p V3y-27))))= (31)
(((p VOz)=(p V2y))=((p V1z2T)=(p V3y-27))))))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YVOf € (ty-2F finite__map-2F fmap A27a A27b).(((ap (ap
(c_2Efinite__map_2EFUPDATE__LIST A_27a A_27b) VOf) (c2Elist 2ENTL
(ty2Epair 2Eprod A 27a A27b))) = VOf)ANNV1h € (ty2Epair_2Eprod

A27a A27b).(VYV2t € (ty-2Elist 2Elist (ty-2Epair_2Eprod

A 27a A27D)).((ap (ap (c2Efinite_map_2EFUPDATE__LIST A_27a
A_27b) VOf) (ap (ap (c-2Elist 2ECONS (ty2Epair 2Eprod A27a A_27b))
V1h) V2t)) = (ap (ap (c_2Efinite__map 2EFUPDATE__LIST A_27a A_27b)

(ap (ap (c2E finite__map 2EFUPDATE A 27a A27b) VOf) V1h)) V2t))))))

(32)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVO0fm € (ty-2F finite__map2E fmap A27a A27b).(VV1kvll €
(ty-2Elist_2Elist (ty-2Epair 2Eprod A_27a A_27b)).(VV2kvi2 €
(ty2Elist 2Elist (ty_2Epair 2Eprod A27a A_27b)).((ap (ap (

c_2Efinite__map_2EFUPDATE__LIST A_27a A_27b) VOfm) (ap (ap (c2Elist 2EAPPEND
(ty2Epair 2Eprod A27a A27b)) V1kvll) V2kvl2)) = (ap (ap (c-2Efinite__map_2EFUPDATE__LIST
A27a A27b) (ap (ap (c2Efinite__map_2EFUPDATE__LIST A_27a A_27D)
VOfm) V1kvil)) V2kvi2)))))
(33)
Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=(
YV 0k € A27a.(VV1kvl € (ty2Elist 2Elist (ty_2Epair_2Eprod
A 27a A27))).(VV2fm € (ty2F finite__map 2E fmap A 27a
A_27b).(VV3v € A27b.((—(p (ap (ap (c-2Ebool 2EIN A_27a)

VOk) (ap (c2Elist 2ELIST_TO_SET A_27a) (ap (ap (c2Elist 2EM AP
(ty-2Epair 2Eprod A27a A27b) A27a) (c.2Epair 2EFST A 27a A_27h))
V1kvl)))))=((ap (ap (c2Efinite__map 2EFUPDATE__LIST A 27a
A27b) (ap (ap (c2F finite__map 2EFUPDATE A27a A27b) V2fm) (
ap (ap (c_2Epair2E.2C A27a A_27b) VOk) V3v))) V1kvl) = (ap (ap (
c2E finite_map 2EFUPDATE A_27a A_27b) (ap (ap (c-2Efinite_map_2EFUPDATE__LIST
A27a A27b) V2fm) V1kvl)) (ap (ap (c_2Epair.2E2C A_27a A_27b)
VOk) V30))))

(34)



Assume the following.

VA 27a.nonempty A27a=((YVOIl € (ty2Elist_2Elist
A27a).((ap (ap (c2Elist 2EAPPEND A_27a) (c2Elist 2ENIL A 27a))
VOl) = VO)A(YVLIL € (ty-2Elist 2Elist A-27a).(YV2I2 €
(ty2Elist 2Elist A-27a).(WVV3h € A27a.((ap (ap (c-2Elist 2EAPPEND
A27a) (ap (ap (c2Elist 2ECONS A_27a) V3h) V1I1)) V2i2) = (ap (ap
(c.2Elist 2ECONS A_27a) V3h) (ap (ap (c2Elist 2EAPPEND A_27a)
Vi) V212)))))

(35)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
(YVOf € (A27b4-27) ((ap (ap (c2Elist 2EM AP A_27a A_27b)

VOf) (c.2Elist 2ENIL A27a)) = (c2Elist 2ENIL A2Tb)))A(VV1f €

(A27b4-270) (YV2h € A 27a.(VV3t € (ty_2Elist 2Elist
A27a).((ap (ap (c2Elist 2EM AP A_27a A27b) V1f) (ap (ap (¢2Elist 2ECONS
A_27a) V2h) V3t)) = (ap (ap (c2Elist 2ECONS A27b) (ap V1f V2h))
(ap (ap (c22Elist 2EM AP A 27a A27b) V1f) V3t)))))))
(36)
Assume the following.

VA 27a.nonempty A_27a=-(YVOP ¢ (2(ty-2Elist-2Elist A27a)),

(((p (ap VOP (c2Elist 2ENIL A 27a)))A(VV 1t € (ty_2Elist 2Elist
A27a).((p (ap VOP V1t))=(VV2h € A27a.(p (ap VOP (ap (ap (
¢2Elist 2ECONS A_27a) V2h) V1t)))))))=(VV3l € (ty-2Elist 2Elist
A_27a).(p (ap VOP V3I)))))

(37)
Assume the following.

VA_27a.nonempty A_27a=(VVO0Il € (ty_2FElist_2FElist
A27a).(VV1I2 € (ty2Elist 2Elist A 27a).(VV2I3 €
(ty2Elist_2Elist A_27a).((ap (ap (c2Elist 2EAPPEND A_27a)
V0I1) (ap (ap (c2Elist 2EAPPEND A_27a) V1i2) V213)) = (ap (ap (c2Elist 2EAPPEND
A27a) (ap (ap (c2Elist 2EAPPEND A_27a) V0I1) V1i2)) V2I3)))))
(38)
Assume the following.

VA 27a.nonempty A_27a=-(VV0e € A27a.(VV1Il €
(ty2Elist 2Elist A_27a).(YV22 € (ty_2Elist 2Elist A_27a).
((p (ap (ap (c-2Ebool 2EIN A_27a) VOe) (ap (c2Elist 2ELIST_TO__SET
A27a) (ap (ap (c2Elist 2EAPPEND A27a) V1I1) V2i(2))))<((p (ap
(ap (c-2Ebool_2EIN A_27a) V0e) (ap (c2Elist 2ELIST_TO_SET
A27a) V1i1)))V(p (ap (ap (c2Ebool 2EIN A_27a) VOe) (ap (c2Elist 2ELIST_TO_SET
A.270) V22))))))
(39)



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0l € (ty2Elist 2Elist A_27a).(YV1f € (A27b4-272).

(VV2zx € A27b.((p (ap (ap (c2Ebool_2EIN A_27b) V2z) (ap (
c2Elist 2ELIST_TO_SET A27b) (ap (ap (c2Elist 2EM AP A_27a
A27b) V1f) VD))= (TV3y € A27a.(V2zx = (ap V1f V3y))A(

p (ap (ap (c_2Ebool 2EIN A_27a) V3y) (ap (c2Elist 2ELIST_TO_SET
A.27a) VOI)))))))

(40)
Assume the following.

VA_27a.nonempty A27a=(((p (ap (c2Elist 2EALL__DISTINCT
A27a) (c2Elist 2ENIL A_27a)))aTrue)A\(YVOh € A27a.(
VV1t € (ty2Elist 2Elist A27a).((p (ap (c.2Elist 2EALL_DISTINCT
A27a) (ap (ap (c2Elist 2ECONS A_27a) VOh) V1t)))<=((—=(p (ap (ap
(c-2Ebool 2EIN A_27a) VOh) (ap (c2Elist 2ELIST_TO__SET A_27a)
V1E))))A(p (ap (¢2Elist 2EALL__DISTINCT A_27a) V1t)))))))

(41)
Assume the following.
VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYV 0z € (ty_2Epair 2Eprod A 27a A_27b).(3V1q € A 27a. (42)

(3V2r € A275.(VOx = (ap (ap (c2Epair.2E2C A_27a A_27b)
Vig) V2r)))))

Assume the following.

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=>(
YV0x € A27a.(WV1y € A27b.((ap (c.2Epair 2EFST A 27a (43)
A_27b) (ap (ap (c-2Epair2E_2C A_27a A_27b) VOx) V1y)) = V0x)))

Assume the following,.
(VVOt € 2.((~(—(p VOt)))=(p VOL))) (44)

Assume the following.
(VVO0A € 2.((p VOA)=((—(p VOA))=False))) (45)

Assume the following.

(VV0A € 2.(WVV1B € 2.(((—((p VOA)V(p V1B)))=False)=

((p VOA)= False)=((~(p V1B))=Falsc))))) (46)
Assume the following.
(VV0A € 2.(WV1B € 2.(((—((—=(p VOA))V(p V1B)))=False)= (47)

((p VOA)=((—(p V1B))=False)))))



Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (48)
Assume the following,.

(VVOp € 2.(YV1g € 2.

( 2.(vV2r € 2.(((p VOp)s(
(p Vig)=(p V2T)))<:>(((((p VOp)\/E (
V

A~

p V1g)V(p V2r)))A(((p VOp)V((—(
p V2r))V(=(p V1g)A(((p V1g)V((=(p V2r))V(=(p VOp))))A((p V2r)v
((=(p V1g))V(=(p VOp))))))))))

Assume the following.

(VVOp € 2.(VW1g € 2.(VV2r € 2.(((p VOp)<(

Assume the following.

(VVOp € 2.(VV1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(—(p V1g)))A(((p VOp
((p V1ig)V((p V2r)V(=(p VO0p))))))))))

Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)=(
(p Vig)=(p V2r)))=(((p VOp)V(p V1g))A(((
=(p V1g))V((p V2r)V(=(p VO0p)))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b VIg)A((—(p VIg)V(~(p VOP))))) (53)
Assume the following.
(VVOp € 2.(VV1g € 2.((—=((p VOp)=(p V1q)))=(p VOp)))) (54)

Assume the following.

(VVOp € 2.(vV1g € 2.((~((p VOp)=(p V1q)))=(=(p V1q)))))  (55)
Assume the following.

(VVOp € 2.(vW1g € 2.((=((p VOp)V(p V1q)))=(~(p V0p)))))  (56)
Assume the following.

(VVOp € 2.(VV1g € 2.((=((p VOp)V(p V1q)))=(~(p V1g))))) (57)
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Assume the following.

(YVOp € 2.((=(=(p VOp)))=(p VOp))) (58)

Assume the following.

VA 27a.nonempty A27a=(VVOL € (ty-2Elist 2Elist
A27a).(((p (ap (ap (c2Esorting_2EPERM A_27a) VOL) (c_2Elist 2ENIL
A 27a)))=(VOL = (c2FElist 2ENIL A_27a)))A((p (ap (ap (c2Esorting_2EPERM
A27a) (c.2Elist 2ENIL A_27a)) VOL))&(VOL = (c.2Elist 2ENIL A_27a)))))
(59)
Assume the following.

VA 27a.nonempty A 27a=(VV 0t € (ty_2Elist 2Elist

A27a).(VV1L € (ty-2Elist 2Elist A27a).(YV2h €
A27a.((p (ap (ap (c2Esorting 2EPERM A_27a) (ap (ap (c2Elist 2ECONS

A27a) V2h) VOt)) V1L))<(IV3M € (ty2Elist 2Elist A27a).
(VAN € (ty2Flist 2Elist A27a).(V1L = (ap (ap (c2Elist 2EAPPEND
A27a) V3M) (ap (ap (c2Elist 2ECONS A_27a) V2h) VAN)))A(p (ap (
ap (c_2Esorting_2EPERM A_27a) V0t) (ap (ap (c2Elist 2EAPPEN D
A4.27a) V3M) VAN)))
(60)
Assume the following.

VA_27a.nonempty A 27a=(VVO0Il € (ty_2FElist_2FElist
A27a).(VV1i2 € (ty2Elist 2Elist A27a).((p (ap (ap (c-2Esorting_2EPERM
A27a) VOI1) V112))=(VV2x € A27a.((p (ap (ap (c-2Ebool_2EIN
A_27a) V2z) (ap (c2Elist 2ELIST_TO_SET A_27a) VO0I1)))<(p (
ap (ap (c_2Ebool 2EIN A_27a) V2x) (ap (c-2Elist 2ELIST_TO__SET
A4.27a) V1i2))))))))
(61)

Theorem 1

VA_27a.nonempty A 27a=YA_27b.nonempty A_27b=(

YV O0Is € (ty-2Elist 2Elist (ty_2Epair 2Eprod A_27a A_27b)).
(VV1is_27 € (ty-2Elist 2Elist (ty-2Epair_2Eprod A-27a
A_27b)).(VV2fm € (ty2F finite_map 2F fmap A_27a A_27b).

(((p (ap (c2Elist 2EALL__DISTINCT A_27a) (ap (ap (c2Elist 2EM AP
(ty-2Epair 2Eprod A27a A27b) A_27a) (c2Epair 2EFST A 27a A_27b))
V0ls)))A(p (ap (ap (c2Esorting 2EPERM (ty_2FEpair 2Eprod A_27a
A_27b)) VOls) V1is27)))=((ap (ap (c-2Efinite__map_2EFUPDATE__LIST
A27a A27b) V2fm) VOIs) = (ap (ap (c-2Efinite__map_2EFUPDATE__LIST
A27a A27b) V2fm) V1is27)))))



