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Definition 1 We define c.2Emin_2E_3D to be A\A.\x € A y € A.inj_o (z =y)
of type 1=-t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (A\V1z € 2.V
Let ty 2F finite_map 2F fmap : 1=1=-1 be given. Assume the following.
YV AOQ.nonempty A0=VAl.nonempty Al=nonempty (ty_2E finite_map_2E fmap
A0 A1)
(1)
Let ¢c2F finite__map 2EFUNION : 1=-1=>1 be given. Assume the following.

VA 2Ta.nonempty A27a=VA_27b.nonempty A_27b=c_2F finite_map 2 EFUNI
A27a A27b € (((ty2E finite_map2E fmap A_27a A_27b)(ty-2Efinite__map_2Efmap A-2Ta A-27b))(ty-2E fin

(2)
Let ty_2FEone 2Fone : 1 be given. Assume the following.
nonempty ty_2Fone_2FEone (3)
Let ty 2Esum_2Esum : t=-1=-1 be given. Assume the following.

VA0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)
(4)

Let c2F finite__map_2FE fmap__REP : 1=-1=-1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2F finite_map_ 2F fmap__REP
A27a A27b € (((ty2Esum_2Esum A_27b ty,ZEone,ZEone)A*27a)(ty*QEfi”“e”map*QEfmap A-27a A*27b))
(5)
Let ¢ 2Esum 2EOQUTL : t=-1=1 be given. Assume the following.

YA 2Ta.nonempty A_27a=VA_27b.nonempty A27b=c 2Esum_2EOUTL
A927a A2Tb € (A727a(ty,2Esum,2Esum A_27a A,27b))

(6)



Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Efinite__map_2EFAPPLY to be N\A27a : t. AA2Tb : L. AVOf € (ty-2F finite__map

Let c2Esum 2EISL : 1=1=>1 be given. Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=c 2Esum_2EISL
A927a A27b € (2(ty,2Esum,2Esum A_27a A,27b))

(7)
Definition 5 We define c_2Efinite__map_2EFDOM to be AA_27a : t. NA27b : L AVOf € (ty-2F finite__map__
Definition 6 We define c_2Ebool 2EIN to be A\A_27a : 1.(A\VO0z € A27a.(A\V1f € (24-27%).(ap V1f VOx)))

Definition 7 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 8 We define c_2Ebool 2E_2F_5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € ¢

Definition 9 We define c 2Emin_2E_40 to be AAAP € 24.4f (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 10 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40
Let ty 2Epair 2Eprod : t=-1=-t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(8)

Let c.2Epair 2EABS__prod : t=t=t be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
A27a A27b € ((ty2Epair 2Eprod A2Ta A_27b)(2* ™) 1)
(9)
Definition 11 We define c_2Epair 2E_2C to be NA_27a : t. AA27b : 1. AV Oz € A 27a.A\V1y € A27b.(ap (c-2
Let c.2Epred__set 2EGSPEC : 1=1= be given. Assume the following.

VA 2Ta.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((214,270,)((ty,2Epai'r,2Eprod A_27a 2)A*27b))

(10)
Definition 12 We define c_2Efinite_map_2EFRANGE to be AA_27a : 1. NA27b : L.AVOf € (ty_2F finite__m
Definition 13 We define c 2Epred__set 2ESUBSET to be AA_27a : t.AV0s € (24-272) AV 1t € (24-27%).(ap (
Definition 14 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Definition 15 We define c 2Epred__set 2EUNION to be AA_27a : 1. AV 0s € (24-27%) AV 1t € (24-27%).(ap (c



Definition 16 We define c_22Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV 0t € 2.V 0t)).
Definition 17 We define c_2Ebool 2E_TE to be (A\VOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E

Assume the following.
True (11)

Assume the following.

(YVOtL € 2.(¥V 12 € 2.(((p VOt )=(p V1£2))=(((p

V1t2)=(p VOt1))=((p VOl (p V1t2))))) (12)
Assume the following,

(VY0 € 2.(((p VOt)= False)= (~(p VO1)))) (13)
Assume the following,

(VYO0 € 2.((~(p VO£)=((p VOt)= False))) (14)

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO))A((((p VOt)=True)=
True)A(((False=(p VOt))=True) A((((p VOt)=(p VOt))=True) A((  (15)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(=(p VOr))=(p VOO)))A(((-True)=False) A
((=False)=True)))

Assume the following.

VA 27a.nonempty A 27a=(VVO0x € A27a.(VV1y €

A27a.(V0x = Viy)e(Viy = V0x)))) (17)

Assume the following.

(VVOt € 2.((Trues(p VOt))=(p Vo)) A(((p VOt)=True)s
(p VOO)A((Falses(p VOt)) (= ()P VOo)A(((p VOt) &= False)s(=( (18)

0£)))))))

Assume the following.

(VV0A € 2.(WW1B € 2.(((p VOA)V(p V1B))=((p V1B)V
(p V0A)))))

Assume the following.

(VVOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOIL)A(p V1t2))=(p V213))))))

3



Assume the following.

(VW0 € 2.(VV1z27 € 2.(VV2y € 2.(VV3y 27 €
2.((((p VOz)=(p V12 27))A((p V12 27)=((p V2y)=(p V3y27))))= (21)
(((p VOz)=(p V2y))&((p V12 27T)=(p V3y-27))))))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf1 € (ty-2E finite__map_2E fmap A27b A_27a).(VV1f2 €
(ty2F finite_map2F fmap A27b A_27a).(p (ap (ap (c2Epred__set 2ESUBSET
A_27a) (ap (c_2Efinite_map_2EFRANGE A_27b A_27a) (ap (ap (c2E finite__map 2EFUNION
A27b A27a) VOf1) V1f2))) (ap (ap (c_2Epred__set 2EUNION A_27a)
(ap (c_2Efinite__map_2EFRANGE A_27b A_27a) V0f1)) (ap (c-2Efinite__map_2EFRANGE
A27b A 27a) V1f2))))))
(22)
Assume the following.

VA 27a.nonempty A27a=(YV0s € (24-27%).(YV1t €
(24-279) (VV2x € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a)
V2z) (ap (ap (c2Epred__set 2EUNION A_27a) V0s) V1t)))<((p (ap  (23)
(ap (c2Ebool_2EIN A_27a) V2z) V0s))V(p (ap (ap (c_2Ebool 2EIN
A27a) V2z) V1t)))))))

Assume the following.
(YVOt € 2.((=(—=(p VO1)))=(p VOL))) (24)

Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (25)

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)&

((p VOA)= False)=((~(p V1B))=Falsc))))) (26)
Assume the following.
(VV0A € 2.(WV1B € 2.(((—((=(p VOA))V(p V1B)))=False)= (27)

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (28)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(

(p V1g)e(p V2r)))=(((p VOp)V((p V1ig)V (

p V2r)V(=(p V1g) )A(((p V1V ((=(p V2r
((=(p V1g))V(=(p VOp))



Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p V1ig)Vv(p V2r)))=(((p VOp)V(=(p V1g))A(((p VOp)V(=(p V2r)))A
((p V1ig)V((p V2r)V(=(p V0p)))))))))) 50)
Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOp)V(p V1g)A(((p VOp)V(=(p V2r))A((  (31)
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(p V1g))A((p V1)V (~(p VOp)))))) (82)

Theorem 1

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf1 € (ty-2F finite__map2E fmap A27b A_27a).(WV1P €
(24-270) (VV2f2 € (ty2E finite_map 2E fmap A27b A 27a).

((VV3v e A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V3v) (ap
(c_2Efinite__map_2EFRANGE A_27b A 27a) VOf1)))=(p (ap V1P V3v))))A
(VW4v € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V4v) (ap (
c_2Efinite__map_2EFRANGE A_27b A_27a) V2f2)))=(p (ap V1P V4v)))))=
(VVbv € A27a.((p (ap (ap (c.2Ebool 2EIN A_27a) V5v) (ap (
c_2Efinite__map_2EFRANGE A_27b A_27a) (ap (ap (c-2E finite__map 2EFUNION
A27b A_27a) VOf1) V2£2))))=(p (ap V1P V5v))))))))



