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Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € A.inj_o (x =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V0x € 2.V0z)) (\V1z € 2.V
Definition 3 We define c 2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 5 We define c_2Epred__set 2EEMPTY to be AA_27a : 1.(AVOx € A_27a.c_2Ebool 2EF).
Definition 6 We define c_22Ebool 2EIN to be AA_27a : 1.(AV0z € A27a.(AV1f € (24-27%).(ap V1f V02)))

Definition 7 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)

of type t.

Definition 8 We define c.2Ebool 2E_5C_2F to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Definition 9 We define c_2Ebool 2E_2F _5C to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool_2E_21 2) (AV2t € ¢
Let ty_2FEpair 2Eprod : t1=>1=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)

(1)
Let c2Epair 2EABS __prod : t=1=1 be given. Assume the following.
VA 27a.nonempty A27a=VA_27b.nonempty A_27b=-c 2Epair 2EABS__prod
A27a A27b € ((ty-2Epair 2Eprod A-27a A_27b)(2* =™ 7))
(2)
Definition 10 We define c 2Epair 2E_2C to be N\A27a : t. \A27b : 1. AV0x € A27aAV1y € A27b.(ap (c-2
Let c2Epred__set 2EGSPEC : 1=-1=-1 be given. Assume the following.

VA 2Ta.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((2147270,)((ty,2E'pai'r,2Eprod A_27a 2)A*27b))

(3)



Definition 11 We define c_2Epred__set 2EINSERT to be AA_27a : t.AVOx € A27a.A\V1s € (24-27%).(ap (c-

Definition 12 We define c 2Epred__set 2EFINITE to be AA_27a : 1.AV0s € (24-27%).(ap (c_2Ebool 2E_21 (2
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (4)

Definition 13 We define c 2Emin_2E_40 to be AA.AP € 24.if (32 € A.p (ap P z)) then (the (\z.xz € AN,
of type t=>t.

Definition 14 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Let ty_2Fhreal 2Fhreal : 1 be given. Assume the following.
nonempty ty_ 2Ehreal 2Ehreal (5)
Let ty 2FErealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2Ereal (6)
Let c2Erealaxr 2Ereal__REP__CLASS : i be given. Assume the following.

c2Erealax 2Ereal . REP__CLASS € ((Q(ty,2Epair,2Eprod ty-2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))ty,2Ereala:v
(7)
Definition 15 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2FErealaxz_2Ereal.(ap (c.2Emin_2E_40 (¢

Let c.2FErealax_2Etreal__neg : 1 be given. Assume the following.

c2Erealax_2FEtreal_neg € ((ty_2Epair 2Eprod ty 2Ehreal 2Ehreal
ty72Eh7,.€a172Eh7,.€al)(ty,2Epai'r,2Eprod ty-2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))

(8)

Let c.2Erealax_2Etreal__eq : ¢ be given. Assume the following.

c2Erealar_2Etreal eq € ((2(ty,2Epai7;2Ep7'od ty_2Ehreal_2Ehreal ty,QEhreal,QEhT'eal))(ty,QE'pair,QEp'r'od ty_2Eh

(9)
Let c2Frealax_2Ereal__ABS__CLASS : 1 be given. Assume the following.

—2FEhreal_2Ehreal ty-2FEhreal_2Ehn

c2Erealax 2Ereal__ABS__CLASS € (ty,2ErealaaLLQEreal(2(ty*zEpmuEpmd "
(10)

Definition 16 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty-2Ehreal 2Ehreal ty
Definition 17 We define c_2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal
Let c.2FErealax_2Etreal __add : ¢ be given. Assume the following.

c¢2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,?Ehreal,ZEhreal)(ty*QEpa“"*zEpmd ty_2FEhreal_2Ehreal ty,ZEhreal,2Ehreal))(ty,ZEpai'r,2Eprod ty_2Ehreal_2Eh1

(11)



Definition 18 We define c_2Erealax_2Ereal__add to be \VOT'1 € ty_2Erealax 2Ereal \V1T?2 € ty_2Ereala
Definition 19 We define c_2Ereal_2Ereal__sub to be \VOx € ty 2Erealax_ 2Ereal \V 1y € ty 2FErealax_2E:
Let c2Enum 2EZERO__REP : ¢ be given. Assume the following.
c2Enum 2EZERO__REP € omega (12)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum’™9%) (13)

Definition 20 We define c.2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).

Let c2Ereal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty 2Erealax_2FEreal™-2Erum-2Enumy  (14)

Let c.2FErealax_2Etreal__It : « be given. Assume the following.

c2Brealax 2Etreal It € ((2(tv-2Bpair-2Eprod ty-2Bhreal 2Bhreal ty-2Bhreal 2Bhreal)(ty-2Epair 2Bprod ty-2Bh:
(15)

Definition 21 We define c_2Erealax_2Ereal__It to be \VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty 2FErealax_
Definition 22 We define c_2Ebool 2E_TE to be (A\VOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool _2E
Definition 23 We define c_2Ereal_2Ereal__lte to be A\VOx € ty 2Erealax 2Ereal AV 1y € ty 2Erealax 2Er
Definition 24 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Definition 25 We define c_2Ereal 2Eabs to be A\V0x € ty_2Erealax_2Ereal.(ap (ap (ap (c-2Ebool 2ECONI
Definition 26 We define c_2Eieee_2Eis__closest to be \A_27a : t.A\VOv € (ty_2Erealax_2Ereal®2").\V1s
Definition 27 We define c_2Eieee 2Eclosest to be AA 27a : 1. A\V v € (ty2Erealax 2Ereal®~*"*) \V1p € (

Assume the following.
True (16)

Assume the following.

(VVO0t1 € 2.(9V1t2 € 2.(((p VOr1)=(p V1t2)=(((p

V162)=(p VOr1))=((p VOt )e(p V1e2))))) (17)
Assume the following,
(V0L € 2.(vV 112 € 2.(V2t3 € 2.(((p VOEL)A (18)
((p VI2)A(p V2t3)))=(((p VOIL)A(p V1£2))A(p V2t3))))))
Assume the following,
(VY0 € 2.(((p VO£)= False)=(~(p VOL))) (19)



Assume the following.
(VVOt € 2.((=(p VOt))=((p VOt)=False))) (20)
Assume the following.

(YVOt € 2.(((True=(p VOt))(p VO)A((((p VOt)=True)=
True) AN(((False=(p VOt))=True) A((((p VOt)=(p VOt))=True)A(( (21)
(p VOt)=False)<(=(p V01))))))))

Assume the following.

(VVOt € 2.((—(—(p VOL)))=(p VO)A((-True)=False) A
((-False)=True)))

Assume the following.

VA 2Ta.nonempty A27a=(VV0x € A27a.(VV1y € (23)
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOO)A((((p VOt)&True)<
(p VO)A(((Falses(p VOt))e(—(p VOODA(((p VOt) e False)= (= (24)

p V01)))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).(VV1Q €
(24-27a) (((3V2x € A27a.(p (ap VOP V2z)))A(VV3z €
A27a.((p (ap VOP V3z))=(p (ap V1Q V3x)))))=(p (ap V1Q (ap (c-2Emin_2E_40
A.27a) VOP))))))

(25)
Assume the following.
VA_27a.nonempty A27a=(VVOP € (24-27%).((~(VV 1z € (26)
A27a.(p (ap VOP Vx))))=(3V22 € A27a.(—(p (ap VOP V22))))))
Assume the following.
VA_27a.nonempty A27a=(VVOP € (24-27%).((~(3V 1z € (27)

A27a.(p (ap VOP Vx))))e(VV2z € A27a.(—(p (ap VOP V2z))))))
Assume the following.

VA_27a.nonempty A_27a=(YVOP € (24-27%).(VV1Q €
2.(((3V2z € A27a.(p (ap VOP V2z)))V(p V1Q))=(IV3zx € (28)
A27a.((p (ap VOP V3z))V(p V1Q))))))



Assume the following.

VA 27a.nonempty A 27a=(VYVOP € 2.(WV1Q € (
24-27a) (((p VOP)V(3V2z € A27a.(p (ap V1Q V22))))=(3V3r e  (29)
A27a.((p VOP)V(p (ap V1Q V3x)))))))

Assume the following.

VYA _27a.nonempty A27a=(YVOP € (24-27%).(VV1Q €
2.((3V2z € A27a.((p (ap VOP V2z))A(p V1Q)))=((IV3z € (30)
A27a.(p (ap VOP V3z)))A(p V1Q)))))

Assume the following.

(VW0A € 2.(VW1B € 2.(YV2C € 2.(((p VOA)V(

(b VIB)V(p V2O))&(((p VOANV(p VIB)V(p V2C))) OV
Assume the following.
(VV0A € 2.(WW1B € 2.(((p VOA)V(p V1B))=((p V1B)V (32)

(p V0A)))))

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)A(p V1B)))<=((—(
p VOA)V(=(p V1B))))A((=((p VOA)V(p V1B)))=((=(p VOA)A(=(p Vl(B);)))))
33
Assume the following.

(VWOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(0 V12)=(p V2B3))=((p VAR VIE2)=(p V23))) O

Assume the following.

(VW0 € 2.(VV1z27 € 2.(VV2y € 2.(VV3y 27 €
2.((((p VOz)=(p V12 27))A((p V12 27)=((p V2y)=(p V3y-27))))= (35)
(((p VOz)=(p V2y))=((p V12 27)=(p V3y.27))))))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
YVOP € ((24-27)4-270) (W 1x € A27a.(3V2y €
A27b.(p (ap (ap VOP V1) V2y))))e(3V3f € (A2764-272) (
YWVdx € A27a.(p (ap (ap VOP Vdx) (ap V3f V4x)))))))

(36)



Assume the following.

(VVOU c (ty 2Erealax 2ETeal(ty,2Epair,2Eprod ty_2Enum_2Enum (ty_2Epair_2Eprod ty_2Enum_2Enum ty_
(VVL’L’ c ty 2Erealax 2Ereal (VV?S c (2(ty,2Epair,2Eprod ty_2Enum_2Enum (ty_2Epair_2Eprod ty_2Enum_2Enu

((p (ap (c2Epred__set_2EFINITE (ty_2Epair_2Eprod ty-2Enum_2Enum
(ty-2Epair 2Eprod ty-2Enum_2Enum ty-2Enum_2Enum))) V2s))=(
(=(V2s = (c2Epred__set 2EEMPTY (ty_2Epair_2Eprod ty_2Enum_2Enum
(ty_2Epair 2Eprod ty_ 2Enum_2Enum ty_ 2Enum_2Enum)))))=(3V3a €
(ty_2Epair 2Eprod ty 2Enum_2Enum (ty_2Epair 2Eprod ty_2Enum_2Enum
ty2Enum_2Enum)).(p (ap (ap (ap (ap (c-2Eieee_2Eis__closest (
ty_2Epair 2Eprod ty2Enum_2Enum (ty_2Epair 2Eprod ty_2Enum_2Enum
ty_2Enum_2Enum))) VOv) V2s) Vlz) V3a))))))))

(37)

Assume the following.
(WY Ot € 2.((=(=(p VOI)) = (p VOI))) (38)

Assume the following.
(WV0A € 2.((p VOA)=((~(p VOA))= False))) (39)

Assume the following.

(VV0A € 2.(YV1B € 2.((~((p VOAV(p V1B)))= False)

((p VOA)= False)=((~(p V1B))=False))))) (40)

Assume the following.
(VOA € 2(WV1E € 2((~((~p VOOV(p VIB))=False) sy

((p VOA)=((~(p V1B))="False)))))
Assume the following.
(YV0A € 2.(((~(p VOA))=False)=(((p VOA)=False)=False)))  (42)
Assume the following.

(VVOp € 2.(VV1g € 2.(WVV2r € 2.(((p VOp)<(
(p Vig)e(p V2r)))e(((p Vop)V((p V1g)V(p V2r)))A(
p V2r)V(=(p qu))))A((((p VigV((=(p V2 ))

) A((
)V (=(p VOp))A((p V2r)V
p V1g))V(=(p V0p)))))))

)
)

(= )
(43)
Assume the following.
(VVOp € 2.(¥V1q € 2.(vV2r € 2.(((p VOp)=(
(p V1ig)A(p V2r)))=(((p VOop)V((—=(p V1g))V(=(p V2r))))A(((p V1g)
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) )



Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p V1ig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A
((p V1ig)V((p V2r)V(=(p V0p)))))))))) )
Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V(=(p V2r)))A((  (46)
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(p V1g))A((p V1)V (~(p VOp)))))) (47)

Theorem 1

(VVO’U c (ty 2Erealax 2E7,.6al(ty,2Epair,2Eprod ty_2Enum_2Enum (ty_2Epair_2Eprod ty_-2Enum_2Enum ty_2Enur

(Vle c (2(ty,2Epair,2Eprod ty_2Enum_2Enum (ty_2Epair_2Eprod ty_2Enum_2Enum ty_2Enum_2Enum))

(VV2S c (2(ty,2Epai7',2Ep7'od ty_2Enum_2Enum (ty_2Epair_2Eprod ty_2Enum_2Enum ty_2Enum_2Enum))

(VV3x € ty_2Erealax 2Ereal.((p (ap (c_2Epred__set 2EFINITE

(ty_2Epair 2Eprod ty 2Enum_2Enum (ty_2Epair_2Eprod ty_2Enum_2Enum
ty 2Enum_2Enum))) V2s))=((-(V2s = (c2Epred__set 2EEMPTY (ty_2Epair_2Eprod
ty_2Enum_2Enum (ty-2Epair 2Eprod ty2Enum_2Enum ty_2Enum_2Enum)))))=

((p (ap (ap (ap (ap (c2Eieee_2Eis__closest (ty_2FEpair_2Eprod

ty 2Enum_2Enum (ty-2Epair_2Eprod ty_ 2Enum_2Enum ty-2Enum_2Enum)))
VOv) V2s) V3zx) (ap (ap (ap (ap (c_2Eieee 2Eclosest (ty_2Epair_2Eprod
ty 2Enum_2Enum (ty_2Epair 2Eprod ty 2Enum_2Enum ty_ 2Enum_2Enum)))
VOv) V1ip) V2s) V3x)))A((IV4b € (ty-2Epair_2Eprod ty-2Enum_2Enum
(ty-2Epair 2Eprod ty_2Enum_2Enum ty_ 2Enum_2Enum)).((p (ap (
ap (ap (ap (c_2Eieee_2Eis__closest (ty_2Epair_2Eprod ty-2Enum_2Enum
(ty_2Epair 2Eprod ty 2Enum_2Enum ty_ 2Enum_2Enum))) V0v) V2s)
V3z) V4b))A(p (ap V1p V4b))))=(p (ap V1p (ap (ap (ap (ap (c-2Eieee_2Eclosest
(ty-2Epair 2Eprod ty-2Enum_2Enum (ty-2Epair_2Eprod ty-2Enum_2Enum

ty_2Enum_2Enum))) VOv) V1p) V2s) V3z)))))))))))



