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Definition 1 We define c 2Emin_2E_3D to be AA.\x € A \y € Ainj_o (z =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V0z € 2.V0z)) (A\V1z € 2.V
Let ty_2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (1)
Let ty_2FEpair_2Eprod : t1=-1=t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(2)

Let ty_2Ficee 2F float : « be given. Assume the following.
nonempty ty_2Fieee 2F float (3)

Let c.2Fieee 2FEdefloat : 1 be given. Assume the following.

c2Eieee 2Edefloat € ((ty-2Epair 2Eprod ty_2Enum_2Enum (ty-2Epair 2Eprod
ty_2Enum_2Enum ty_2Enum_2Enum))tY-2Fiece-2E float)
(4)

Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (5)
Let c.2Enum_2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum®™%) (6)
Definition 3 We define c2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).

Definition 4 We define c_2Earithmetic_ 2EZERO to be c_2Enum_2EO.



Let c.2Enum_2EREP__num : 1 be given. Assume the following.
c2Enum 2EREP_num € (omegaty-2Fnum-2Enum) (7)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®"9%) (8)
Definition 5 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%)(ap (ap (c_2Emin_2E_3D (24-27
Definition 6 We define c 2Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap ¢ 2Enum 2EABS__num
Let c_2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic.2FE 2B € ((ty72Enum72Enumty,2Enum,2Enum)ty,2Enum,2Enum)
(9)
Definition 7 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty_ 2Enum_2Enum.(ap (ap c2Earithmetic_

Definition 8 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_ 2Enum_2Enum.(ap (ap c2Earithmetic_
Definition 9 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.

Definition 10 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type .

Definition 11 We define c_2Ebool 2E_2F 5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €
Let c2Epair 2EABS__prod : t=t=-1 be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS__prod

A27a A27b € ((ty-2Epair 2Eprod A27a A727b)((2A—27b)A727Q))
(10)

Definition 12 We define c_2Epair 2E_2C to be NA_27a : t. AA_27b : 1. AV 0z € A 27a.\V1y € A27b.(ap (c-2
Definition 13 We define c_2Eieee_2Efloat__format to be (ap (ap (c_2Epair2E_2C ty_2Enum_2Enum ty 2FE
Let c_2Fieee 2F fraction : v be given. Assume the following.

c,2Eieee,2Efraction c (ty72Enum72Enum(ty,ZEpair,ZEprod ty_2Enum_2Enum (ty_2Epair_2Eprod ty_2Enum_21
(11)
Let c.2Fieece 2Eexponent : ¢ be given. Assume the following.

(ty_2Epair_2Eprod ty_2Enum_2Enum (ty-2Epair_2Eprod ty_2Enum_2

(12)

c2Fieee 2FEexponent € (ty-2Enum_2Enum

Definition 14 We define c 2Eieee 2Eis__zero to be \V0X € (ty_2Epair 2Eprod ty_2Enum_2Enum ty 2E

Definition 15 We define c 2Eieee 2Elszero to be A\V0a € ty_2FEieee 2F float.(ap (ap c_2Eieee 2Eis__zero c_



Definition 16
Definition 17
Definition 18
Definition 19

Definition 20

We define c_2Ebool _2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

We define c_2Ebool 2E_7E to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
We define c_2Eieee 2Eis__denormal to be \V0X € (ty_2Epair 2Eprod ty_2Enum_2Enum t1
We define c_2Eieee_2Elsdenormal to be A\V0a € ty_2Eiecee 2F float.(ap (ap c_2Eieee_2Eis__de
We define c2Ebool _2E_5C_2F to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2t €

Let c_2Fiece 2 Eexpwidth : ¢ be given. Assume the following.

c 2Fiece 2Eexpwidth c (ty 2Enum. 2Enum(ty,2Epair,2Eprod ty_2Enum_2Enum ty,QEnum,QE’num)>

(13)

Let c2Earithmetic2EEXP : 1 be given. Assume the following.

c2Earithmetic 2EEX P € ((ty2Enum_2Enum!y-2Frum-2Enum)ty_2Enum-2Enum)

(14)

Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.

c2Earithmetic 2E 2D € ((ty_2Enum_2Enum!y-2Enum-2Enum)ty-2Enum-2Enum)

Definition 21

Definition 22
of type t=>t.

Definition 23
Definition 24
Definition 25
Definition 26
Definition 27

Definition 28

(15)
We define c_2Eieee_2Eemax to be A\V0X € (ty-2Epair_2Eprod ty_2Enum_2Enum ty_2Enu

We define c 2Emin_2E_40 to be A\A.AP € 24.if (3z € A.p (ap P x)) then (the (\z.x € AN,

We define c_2Ebool 2E_3F to be AA27a : 1. (A\VOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
We define c 2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum AV 1n € ty_2Enum_2Enu
We define c 2Eieee 2Eis__normal to be \VOX € (ty_2Epair 2Eprod ty_2Enum_2Enum ty_2
We define c_2Eieee_2Elsnormal to be \V0a € ty_2Eieee 2E float.(ap (ap c_2Eieee_2Eis__norn
We define c_2Eieee_2EFinite to be A\V0a € ty_2Fieee_2F float.(ap (ap c-2Ebool 2E_5C_2F (a

We define c 2Eieee 2Ebias to be \V0X € (ty_2Epair 2Eprod ty_2Enum_2Enum ty_2Enun

Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.

nonempty ty_2Ehreal 2FEhreal (16)

Let ty_2Frealax_2Ereal : ¢ be given. Assume the following.

nonempty ty_2Erealax_2Ereal (17)

Let c2Erealax 2Ereal _REP__CLASS : . be given. Assume the following.

c2FErealax 2Ereal__REP__CLASS € ((2(ty,2E'pai'r,2Eprod ty_-2Ehreal_2FEhreal ty,2Eh7‘eal,2Ehreal))ty,ZE'reala:r

(18)



Definition 29 We define c_2Erealax_2Ereal__REP to be A\V0a € ty_2Erealax_2Ereal.(ap (c-22Emin_2E_40 (¢
Let c.2FErealax_2Etreal __inv : ¢ be given. Assume the following.

c2Erealax_2Etreal__inv € ((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty_2Ehreal 2 Ehreal)(ty-2Epair 2Eprod ty 2Bhreal 2Ehreal ty 2Bhreal 2Ehreal))
(19)
Let c2Erealaxr_2FEtreal__eq : « be given. Assume the following.
c2Brealaz 2Etreal _eq € ((2(tv-2Bpair-2Bprod ty 2Ehreal 2Bhreal ty 2Ehreal 2Bhreal))(ty-2Epair 2Bprod ty 2B}
(20)
Let c2Erealaxr 2Ereal__ABS__CLASS : . be given. Assume the following.

Q(ty,QEpai7‘72Ep7‘od ty-2FEhreal_2Ehreal ty_2Ehreal _2Ehn
(21)
Definition 30 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty-2Ehreal 2Ehreal ty

c2Erealax 2Ereal __ABS__CLASS € (ty_2FErealax_2Ereal

Definition 31 We define c_2Erealax_2Einv to be \VOT'1 € ty_2Erealax_2Ereal.(ap c-2Erealax_2Ereal __ABS
Let c2Erealaxr_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_2Etreal__mul € (((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,ZEhreal,QEhreal) (ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Ehi

(22)
Definition 32 We define c_2Erealax_2Ereal__mul to be \VOT'1 € ty_2FErealax 2Ereal A\V1T2 € ty_2FEreala
Let c2Erealax_2Etreal It : « be given. Assume the following.

c.2Erealax 2Etreal It € ((2(ty-2Fpair-2Eprod ty 2EBhreal 2Ehreal ty2Ehreal 2Bhreal))(ty-2Epair 2Eprod ty 2Eh
(23)
Definition 33 We define c_2Erealax_2Ereal__It to be \VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty 2Erealax_
Definition 34 We define c_2Ereal 2Ereal__Ite to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er
Let c2Fiece 2F fracwidth : ¢« be given. Assume the following.

c,2Eieee,2Efracwidth c (ty72Enum72Enum(ty,2E'pair,2Eprod ty_2Enum_2Enum ty,QEnum,ZEnum))
(24)
Let c.2Ereal 2Ereal__of __num : ¢ be given. Assume the following.

c2Ereal 2Ereal _of__num € (ty_2Erealax_2EreqltV-2Enum-2Enumy — (o5)
Let c.2Ereal 2Epow : ¢ be given. Assume the following.

c2Ereal 2Epow € ((ty_2Erealax_2ErealtV-2Enum-2Enumyty-2Erealaz_2Ereal)
(26)
Let c.2FErealax_2Etreal__neg : 1 be given. Assume the following.

c2Erealax_2Etreal_neg € ((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEhreal,QEhreal)(ty*QE”“"*QEpmd ty_2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))

(27)



Definition 35 We define c_2Erealax_2Ereal__neg to be \VOT'1 € ty_2FErealax_2Ereal.(ap c_2Erealax_2Ereal

Let c.2Erealax_2Etreal__add : ¢ be given. Assume the following.

c2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,ZEhreal,QEhreal) (ty_2Epair_2Eprod ty_2Ehreal _2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Ehi

(28)
Definition 36 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty_2FEreala
Definition 37 We define c_2Ereal_2Ereal__sub to be A\VO0x € ty_2Erealax 2Ereal A\V1y € ty_ 2Erealar 2E"
Definition 38 We define c_2Ereal 2E_2F to be \VO0zx € ty_2FErealax_2Ereal AV 1y € ty_2Erealax_2Ereal.(
Definition 39 We define c_2Eieee_2Ethreshold to be A\VOX € (ty-2Epair_2Eprod ty 2Enum_2Enum ty_ 2]
Definition 40 We define c_2Ebool 2ECOND to0 be NA_27a : t.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
Definition 41 We define c 2Ereal 2Eabs to be \V 0z € ty_2Erealax_2Ereal.(ap (ap (ap (c_2Ebool 2ECONI

Definition 42 We define c 2Efloat 2Enormalizes to be A\V0x € ty_2Erealax 2Ereal.(ap (ap c_2Ebool 2E 21

Let ¢ 2Fieee 2Fis_walid : ¢ be given. Assume the following.

c2Fieee 2Fis__valid € ((2(ty,2Epair,2E'prad ty_2Enum_2Enum (ty_2Epair_2Eprod ty_2Enum_2Enum ty_2Enum_2E
(29)

Definition 43 We define c 2Eieee 2Eis__finite to be A\V0X € (ty_2Epair_2Eprod ty_2Enum_2Enum ty_2E

Let ty_2Ficee_2Eroundmode : ¢ be given. Assume the following.
nonempty ty_2FEieee_2 Eroundmode (30)
Let c.2Fieee 2Eround : ¢ be given. Assume the following.

c2Fieece 2Eround € ((((ty-2Epair_2Eprod ty_2Enum_2Enum (ty-2Epair 2Eprc
ty,2Enum,2Enum ty72Enum72Enum))ty,QErealax,ZEreal)ty,2Eieee,2E7"oundmode)(ty,QEpairjEprod ty_2Enumn

(31)
Let c.2FEiece 2ETo_ninfinity : ¢ be given. Assume the following.

c2Fieee 2ETo_ninfinity € ty_2Fieee 2Eroundmode (32)
Definition 44 We define c 2Eieee 2Eminus__zero to be \V0OX € (ty_2Epair 2Eprod ty 2Enum_2Enum ty
Definition 45 We define c_2Eieee_2Eplus__zero to be \VOX € (ty_2Epair 2Eprod ty 2Enum_2Enum ty_2
Definition 46 We define c_2Eieee_2Ezerosign to be A\V0X € (ty-2Epair_2Eprod ty-2Enum_2Enum ty_2E
Definition 47 We define c 2Eieee 2Eis__nan to be A\V0X € (ty_2Epair_2Eprod ty_2Enum_2Enum ty 2Er

Definition 48 We define c 2Eieee 2Esome__nan to be \V0X € (ty_2Epair 2Eprod ty 2Enum_2Enum ty



Let c.2Fieee 2Esign : 1 be given. Assume the following.

c,2Eieee,2Esign c (ty72Enum72Enum(ty,ZEpair,ZEprod ty_2Enum_2Enum (ty_2Epair_2Eprod ty_2Enum_2Enum
(33)
Let c.2Fieee 2FEvalof : ¢ be given. Assume the following.

c,2Eieee,2Evalof c ((ty,2Erealax,2Ereal(tijpa"jEp”’d ty_2Enum_2Enum (ty_2Epair_2Eprod ty_2Enum_2E
(34)

Definition 49 We define c_2Eieee 2EVal to be AV 0a € ty_2Fiece 2E float.(ap (ap c2Fieee_2Evalof c_2E
Definition 50 We define c_2Eieee_2Elsnan to be AV 0a € ty_2Fieee 2F float.(ap (ap c-2Eieee_2Eis__nan c_2
Definition 51 We define c_2Eieee_2Eis__infinity to be A\VOX € (ty_2Epair 2Eprod ty_2Enum_2Enum ty_2
Definition 52 We define c_2Eieee 2EInfinity to be A\V0a € ty_2FEicee 2F float.(ap (ap c_2Eieee_2Eis__infinit
Let c.2Fiece 2ETo_nearest : ¢ be given. Assume the following.

c2Eieee 2ETo_nearest € ty_2FEieee_2Eroundmode (35)

Definition 53 We define c 2Eieee 2Efadd to be \V0X € (ty_ 2Epair 2Eprod ty 2Enum_2Enum ty_2FEnus
Let c_2Fieece 2E float : ¢ be given. Assume the following.

c,2Eieee,2Efloat c (ty,QEieee,ZEfloat(ty’ZEpair’ngTOd ty_2Enum_2Enum (ty-2Epair_2Eprod ty_2Enum_2Enur
(36)

Definition 54 We define c_2Eieee_2Efloat__add to be AV 0a € ty_2FEieee 2F float. AV'1b € ty_2FEiece 2E flo
Definition 55 We define c_2Eprim__rec_2EPRE to be A\VOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2k
Let c.2Enumeral 2Etexp__help : ¢ be given. Assume the following.

c2Enumeral 2Etexp__help € ((ty-2Enum_2 Enumty-2Fnum-2Enum)ty-2Enum-_2Enum)

Let c.2Earithmetic2EODD : 1 be given. Assume the following. e
c2Earithmetic 2EODD ¢ (2t-2Enum-2Enum) (38)

Assume the following.
True (39)

Assume the following.

(YVO0tL € 2.(9V1t2 € 2.(((p VOrL)=(p V1t2)=(((p

V12)=(p VOIL)=((p VOIL)&(p V1t2))))) (40)

Assume the following.
(VVOt € 2.(False=(p VOt))) (41)



Assume the following.

VA 27a.nonempty A_27a=(VV 0t € 2.((VV1x €
A 27a.(p VOt))=(p VOL)))

Assume the following.

(VVOt € 2.(((TrueA(p VOt))(p VO))A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (43)

(((p VOOA(p VOR))&(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueVv(p VOt))eTrue) AN((((p VOL)VTrue)=True)A

((FalseV(p VOt))e(p VOt))A((((p VOt)VFalse)<(p VOi)A(((p VOt)V
(p VO1))=(p VO1)))))))
(44)
Assume the following.

(VVOt € 2.(((True=(p VOt))=(p Vo)) A(((p VOt)=>True)s

True)A((False=(p VOt))oTrue)A((((p VOt)=(p VOt))=True)A((  (45)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((—True)= False) A

((mFalse)=True))) (46)

Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(V0z = V0z)) (47)

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VO0zx = VOz)&

True)) (48)

Assume the following,.
VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (49)

A27a.(VOzr = V1y)e(Viy = VOx))))
Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOO)A((((p VOt ) =True)<
(p VOO)A(((Falses(p VOt)) ( (p VOO)A(((p VOt)& False)=(=(  (50)

Vo))

Assume the following.

VA 27a.nonempty A27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt D)A((ap (ap (ap (c.2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1e2) = V1t2))))
(51)



Assume the following.

(VVOt1 € 2.(YV 112 € 2.(VV2t3 € 2.(((p VOt1)= (52)
((p V1t2)=(p V2t3)))=(((p VOLA(p V1t2))=(p V2t3))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € 2.

(VV2zx € A27a.(VV32.27 € A27a.(VV4y € A27a.
(VWhy27 € A27a.((((p VOP)=(p V1Q)A(((p V1Q)=(V2z = V3z27))A
((=(p V1Q))=(V4y = V5y_27))))=((ap (ap (ap (c-2Ebool_2ECOND A_27a)
VOP) V2z) V4y) = (ap (ap (ap (c-2Ebool 2ECOND A_27a) V1Q) V3z_27)

Vy2)))
(53)
Assume the following.

(VV0a € ty_2Fieee2FE float.((—((p (ap c_2Eieee_2Elsnan
V0a))A(p (ap c-2Eieee_2ElInfinity V0a))))A((—((p (ap c2Eieee_2Elsnan
V0a))A(p (ap c-2Eieee_2EFinite V0a))))A(—((p (ap c_2Eieee_2EInfinity
V0a))A(p (ap c-2Eieee_2EFinite V0a)))))))
(54)
Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap c-2Eieee2Ede float (ap
c2FEieee 2F float (ap (ap (ap c2Eieee 2Eround c_2Eieee_2Efloat__format)
c2Fieece 2ETo_nearest) VOx))) = (ap (ap (ap c2Fieee 2Eround
c_2Eieece_2Efloat_format) c_2Fiece 2ETo_nearest) VO0zx)))

(55)
Assume the following.

(VVO0x € ty_2Erealax 2Ereal.(VV'1b € ty_2Enum_2Enum.
((ap (ap c2Fieee2FEvalof c_2Eieee_2Efloat__format) (ap c2Eieee_2Ede float
(ap c2Fiece 2F float (ap (ap (ap c_2Eiece_2Ezerosign c_2Eieee_2Efloat__format)
V1b) (ap (ap (ap c2Fieee 2Eround c_2Eieee 2Efloat__format) c_2Fiece 2ETo_nearest)
V0x))))) = (ap (ap c2Eicee 2FEvalof c_2Eieee 2Efloat__format)
(ap (ap (ap c2Eicee 2Eround c_2Eieee 2Efloat__format) ¢ 2Eicee 2ETo_nearest)
V0z)))))
(56)
Assume the following.

(VV0a € ty_2Fieee 2F float.((p (ap c_2Eieee_2EFinite V0a))<
(p (ap (ap c_2Eieee_2Eis_ finite c_2Eieee_2Efloat__format) ( (57)
ap c2Eieee 2Ede float V0a)))))



Assume the following.

(VVO0x € ty-2Erealax_2Ereal.((p (ap c2Efloat_2Enormalizes
VO0z))=(3V1e € ty 2Erealax_2Ereal.((p (ap (ap c_2Ereal 2Ereal__lte
(ap c_2Ereal_2Eabs V'le)) (ap (ap c_2Ereal 2E_2F (ap c2Ereal 2Ereal_-_of - _num
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_2EZERO))))
(ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of__num (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 c_2Earithmetic_2EZERO)))) (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT2 (ap c_2Earithmetic_2EBIT1 (ap c_2Earithmetic 2EBIT1
(ap c2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO)))))))))A
((ap c-2Eieee_2EVal (ap c-2Fieee 2E float (ap (ap (ap c-2Fieece2Eround
c_2Eieee_2Efloat_format) c_2Fieee 2ETo_nearest) V0x))) =
(ap (ap c-2Erealax_2Ereal__mul V0x) (ap (ap c_2Erealax_2Ereal__add
(ap c2Ereal 2Ereal _of __num (ap c_2Earithmetic 2ENUMERAL (
ap c_2Earithmetic_ 2EBIT1 c_2Earithmetic 2EZERO)))) V1e)))))))
(58)
Assume the following.

(VV0b € ty2Enum_2Enum.(VV1x € ty_2Erealax_2Ereal.
((p (ap (ap c_2Erealax_2Ereal__It (ap c_2Ereal 2Eabs V1z)) (ap

c_2Eieee 2Ethreshold c_2Eieee 2Efloat__format)))=(p (ap (ap

c_2Eieee 2Eis_ finite c_2Eieee 2Efloat_format) (ap c_2Fiece 2Ede float
(ap c-2Fieee 2E float (ap (ap (ap c-2Eieee_2Ezerosign c_2Eieee_2Efloat__format)
VOb) (ap (ap (ap c2Eieee_2Eround c_2Eieee_2Efloat__format) c_2Fieee 2ET o__nearest)
V1z)))))))))
(59)
Assume the following.

(((ap c_2Eprim__rec_2EPRE c_2Earithmetic 2EZEROQ) = c_2Earithmetic 2EZERO)A
(((ap c2Eprim__rec_2EPRE (ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)) =
c_2Earithmetic2EZERO)A((VVOn € ty-2Enum_2Enum.((ap
c_2Eprim__rec_2EPRE (ap c_2Earithmetic_2EBIT1 (ap c_2Earithmetic 2EBIT1
V0On))) = (ap c-2Earithmetic 2EBIT2 (ap c_2Eprim__rec_2EPRE (ap
c_2Earithmetic_2EBIT1 VOn)))))A((YV1n € ty_2Enum_2Enum.

((ap c_2Eprim__rec 2EPRE (ap c_2Earithmetic 2EBIT1 (ap c_2Earithmetic 2EBIT?2
Vin))) = (ap c-2Earithmetic2EBIT2 (ap c_2Earithmetic_2EBIT1
Vin))))A(VV2n € ty_2Enum_2Enum.((ap c_2Eprim__rec_2EPRE
(ap c_2Earithmetic_2EBIT2 V2n)) = (ap c-2Earithmetic2EBIT1 V2n)))))))

(60)



Assume the following.

(VV0acc € ty 2Enum_2Enum.(NV1n € ty 2Enum_2Enum.
(((ap (ap c2Enumeral 2Etexp__help c_2Earithmetic2EZERO) V0acc) =
(ap c2Earithmetic_2EBIT2 VO0acc))A(((ap (ap c2Enumeral 2Etexp__help
(ap c2Earithmetic_2EBIT1 V1n)) VO0acc) = (ap (ap c2Enumeral 2Etexp__help
(ap c-2Eprim__rec 2EPRE (ap c_2Earithmetic_2EBIT1 V1n))) (ap
c_2Earithmetic 2EBIT1 V0acc)))A((ap (ap c2Enumeral 2Etexp__help
(ap c2Earithmetic_2EBIT2 V1n)) VO0acc) = (ap (ap c2Enumeral 2Etexp__help
(ap c2Earithmetic_2EBIT1 V1n)) (ap c_2Earithmetic.2EBIT1 V0acc)))))))
(61)
Assume the following.

(VVOn € ty_2Enum_2Enum.(((ap (ap c.2Earithmetic 2EEX P
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO)))
c_2Enum _2EQ) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic 2EZERO)))A(((ap (ap c2Earithmetic 2EEX P (ap
c_2EarithmeticC2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic_2EZERO)))
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 VOn))) =
(ap c_2Earithmetic2ENUMERAL (ap (ap c.2Enumeral 2Etexp__help
(ap c2Eprim__rec2EPRE (ap c_2Earithmetic 2EBIT1 VOn))) c_2Earithmetic.2EZERO)))A
((ap (ap c2Earithmetic 2EEX P (ap c_2Earithmetic 2ENUMERAL (
ap c_2Earithmetic_2EBIT2 c_2Earithmetic2EZERO))) (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT2 V0n))) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Enumeral 2Etexp__help (ap c_2Earithmetic 2EBIT1 V0On))
c_2Earithmetic_2EZERO))))))
(62)
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Assume the following.

(VVO0x € ty 2Erealax_2Ereal.(VV1n € ty 2Enum_2Enum.
(VV2a € ty 2Enum 2Enum.(VV 3y € ty 2Erealax 2Ereal.

(((ap (ap c22Ereal 2Epow VO0x) c.2Enum_2E0) = (ap c¢2Ereal 2Ereal__of __num
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))))A
(((ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of __num c_2Enum_2EQ))
(ap c2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1 V1n))) =
(ap c2Ereal 2Ereal__of __num c_2Enum_2E0))A(((ap (ap c2Ereal 2Epow
(ap c2Ereal 2Ereal__of —_num c_2Enum_2E0)) (ap c_2EarithmeticC2ENUMERAL
(ap c2Earithmetic_2EBIT2 V1n))) = (ap c.2Ereal 2Ereal__of __num
c_2Enum_2E0))A(((ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of __num
(ap c_2Earithmetic2ENUMERAL V2a))) (ap c-2Earithmetic 2ENUMERAL
V1n)) = (ap c2Ereal 2Ereal__of __num (ap (ap c2Earithmetic 2EEX P
(ap c_2Earithmetic2ENUMERAL V2a)) (ap c_2Earithmetic 2ENUMERAL
Vin)))A(((ap (ap c2Ereal 2Epow (ap c_2Erealax_2Ereal__neg
(ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL V2a))))

(ap c_2Earithmetic 2ENUMERAL V'1n)) = (ap (ap (ap (ap (c-2Ebool 2ECOND
(ty_2Erealax 2Erealtv-2Erealaz-2Brealyy (qy, ¢ 2 Barithmetic 2EODD
(ap c_2Earithmetic 2ENUMERAL V'1n))) c_2Erealax_2Ereal__neg)

(\Vdz € ty 2FErealax 2Ereal.V4x)) (ap c.2Ereal 2Ereal__of _num
(ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V2a))

(ap c_2Earithmetic2ENUMERAL V'1n))))A((ap (ap c-2Ereal 2Epow
(ap (ap c-2Ereal 2E_2F VO0z) V3y)) V1n) = (ap (ap c2Ereal 2E_2F (
ap (ap c2Ereal 2Epow VO0z) V1n)) (ap (ap c2Ereal 2Epow V3y) V1n))))))))))))

(63)

Assume the following.
(WY Ot € 2.((=(=(p VOI)) = (p VOI))) (64)

Assume the following.
(WV0A € 2.((p VOA)=((~(p VOA))= False))) (65)

Assume the following.

(W04 € 2.(9V1B € 2.((~((p VOAW(p V1B)))=False)

(((p VOA)= False)=((~(p V1B))=False))))) (66)

Assume the following.
(VOA € 2(WV1E € 2((~((~(p VOOV(p VIB))=False) (oo

((p VOA)=((=(p V1B))=False)))))
Assume the following.

(VVO0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (68)
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Assume the following.

(VVOp € 2.(VW1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V2r)))e(((p Vop)V((p Vig)V (

p V2r))V(=(p V1g) )A(((p V1V ((=(p V2r
((=(p V1g))V(=(p VOp))

Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOop)V((=(p qu))V(ﬂ)(p V2T’)))))A(((p Vig)Vv

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1ig)v(p V2r)))=(((p VOop)V(=(p V1g))A((p VOp
((p V1g)V((p V2r)V(=(p V0p))))))))))

Assume the following.

(p V1g)=(p V2r)))=(((p VOop)V(p V1g)A(((p VOp)V(=(p V2r))A(  (72)
—(p V1g))V((p V2r)V(=(p VOp )

~
~—
~—
~—
~—
~—
~—

Assume the following.

(VVOp € 2.(WvV1g € 2.(((p VOp)&=(~(p V1g)))=(((p VOp)V

(b VIg)A((=(p V1g)V(~(p VOp))))) (73)
Assume the following.
(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1gq)))=(p VOp)))) (74)

Assume the following.

(VWop € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (75)
Assume the following.

(VWOp € 2.(VV1g € 2.((=((p VOp)V(p V1q)))=(=(p VOp)))))  (76)
Assume the following.

(VWop € 2.(vW1g € 2.((—~((p VOp)V(p V1q)))=(~(p V1q)))))  (77)

Assume the following.

(YVOp € 2.((=(=(p VOp)))=(p VOp))) (78)
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Theorem 1

(VV0a € ty_2Fieece 2F float.(VV'1b € ty 2FEicee 2F float.
(((p (ap c_2Eieee_2EFinite V0a))A((p (ap c-2Eieee 2EFinite V'1b))A
(p (ap c-2Efloat_2Enormalizes (ap (ap c_2Erealax_2Ereal__add
(ap c_2Eieee 2EVal V0a)) (ap c_2Eieee_2EVal V'1b))))))=((p (ap
c_2Eieee_2EFinite (ap (ap c_2Eieee_2Efloat__add V0a) V1b)))A
(IV2e € ty_2Erealax 2Ereal.((p (ap (ap c_2Ereal 2Ereal__lte
(ap c_2Ereal 2Eabs V2¢)) (ap (ap c_2Ereal 2E_2F (ap c2Ereal 2Ereal__of __num
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic2EZERO))))
(ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of __num (ap c_2EarithmeticZ2ENUMERAL
(ap c_2Earithmetic_2EBIT2 c_2Earithmetic_2EZERO)))) (ap c_-2Earithmetic 2ENUMERAL
(ap c_2Earithmetic 2EBIT2 (ap c_2Earithmetic_2EBIT1 (ap c_2Earithmetic_2EBIT1
(ap c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO)))))))))A
((ap c_2Eieee_2EVal (ap (ap c_2Eieee_2Efloat__add V0a) V1b)) =
(ap (ap c-2Erealax_2Ereal__mul (ap (ap c_2Erealax_2Ereal__add
(ap c_2Eieee 2EVal V0a)) (ap c_2Eieee_2EVal V'1b))) (ap (ap c-2Erealax_2Ereal__add
(ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL (
ap c_2Earithmetic 2EBIT1 c_2Earithmetic 2EZEROQ)))) V2¢)))))))))
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