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Definition 1 We define c_22Emin_2E_40 to be \A.XP € 24.if (3z € A.p (ap P x)) then (the (\z.x € ANp
of type t=>t.

Let ty_2Ficee_2Eroundmode : ¢ be given. Assume the following.
nonempty ty_2Fieee_2Eroundmode (1)
Let c.2Fieece 2ETo_nearest : ¢ be given. Assume the following.
c2Fieee 2ETo_nearest € ty_2FEieee 2 Eroundmode (2)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (3)
Let ty_2FEpair 2Eprod : t1=>1=>1 be given. Assume the following.
VA0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(4)
Let ty_2Frealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealar_2Ereal (5)
Let c.2FEieece_2Eround : ¢ be given. Assume the following.

c2Eieee 2Eround € ((((ty_2Epair 2Eprod ty 2Enum_2Enum (ty_2Epair_2Epr
ty,2Enum,2Enum ty72Enum72Enum))ty,2ETeala:E,2Ereal)ty,QEieee,ZEroundmode)(ty,ZEpai'r,2EpTod ty_2Enumn

(6)
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (7)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (8)



Definition 2 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type 1=-t.

Definition 3 We define cC2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 4 We define c_2Earithmetic_ 2EZERO to be c_2Enum_2EO.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) 9)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

¢ 2Enum 2ESUC__REP € (omega®™9%) (10)

Definition 5 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 6 We define c_2Ebool 2E 21 to be NA_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 7 We define c 2Enum_2ESUC to be AVOm € ty_ 2Enum_2Enum.(ap ¢ 2Enum 2EABS__num
Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(11)

Definition 8 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty_ 2Enum_2Enum.(ap (ap c-2Earithmetic_
Definition 9 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c2Earithmetic_
Definition 10 We define c_2Earithmetic2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.

Definition 11 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 12 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Epair 2EABS __prod : 1=1=>1 be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS__prod

A27a A27b € ((ty-2Epair 2Eprod A27a A727b)((2A—27b)A727Q))
(12

Definition 13 We define c 2Epair 2E 2C to be N\A 27a : t. \A27b : 1. AV0x € A27a AV1y € A 27b.(ap (c2

Definition 14 We define c_2Eieee_2Efloat__format to be (ap (ap (c_2Epair2E_2C ty_2Enum_2Enum ty 2FE



Let ty 2Fieece 2F float : ¢ be given. Assume the following.
nonempty ty_2FEieee 2F float (13)

Let c2Fieece 2F float : ¢ be given. Assume the following.

c,2Eieee,2Efloat c (ty,QEieee,QEfloat(ty’ZEpair’ngTOd ty_2Enum_2Enum (ty-2Epair_2Eprod ty_2Enum_2Enur
(14)
Let c.2Fieee 2Edefloat : 1 be given. Assume the following.

c2Fiece 2Edefloat € ((ty-2Epair 2Eprod ty_2Enum_2Enum (ty-2Epair_2Eprod
ty 2Enum_2Enum ty_2Enum_2FEnum))tY-2Fiece-2Efloat)
(15)
Let c.2Fieee 2F fraction : ¢ be given. Assume the following.

c,2Eieee,2Efracti0n c (ty72Enum72Enum(ty,QEpair,ZEprod ty_2Enum_2Enum (ty_2Epair_2Eprod ty_2Enum_21
(16)
Let c2Eieece_2Eexponent : v be given. Assume the following.

ty 2Enum 2Enum(ty,2Epair,2Eprod ty_2Enum_2Enum (ty-2Epair_2Eprod ty_2Enum_2

(17)

c2FEicee 2Eexponent € (

Let c.2Fieee 2F fracwidth : 1 be given. Assume the following.

c,2Eieee,2Efracwidth c (ty,QETLUm,QETLUm(ty’2EpaiT’2EpTOd ty-2Enum_2Enum ty,2Enum,2Enum))
(18)
Let c.2Fieee 2Eexpwidth : ¢ be given. Assume the following.

C,2Ei€€€,2E€$pUJidth c (ty72Enum72Enum(ty,QEpair,2Eprad ty_2Enum_2Enum ty,QEnum,QEnum))
(19)
Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.

c2Earithmetic2E_2D € ((ty-2Enum_2 EnumtY-2Fnum-2Enum)ty 2Enum-_2Enum)
(20)
Let c.2Farithmetic2EEX P : 1 be given. Assume the following.

c.2Earithmetic 2EEX P € ((ty_2Enum_2Enum!y-2Enum-2Enum)ty 2Enum 2Enum)
(21)

Definition 15 We define c 2Eieee 2Ebias to be \V0X € (ty_2Epair 2Eprod ty_2Enum_2Enum ty_2Enun

Let c.2FEieee 2Evalof : ¢ be given. Assume the following.

c,2Eieee,2Evalof c ((ty,2Erealam,2Ereal(ty*QEp“"lEpmd ty_2Enum_2Enum (ty_-2Epair_2Eprod ty_2Enum_2E
(22)

Definition 16 We define c_2Eieee_2Eminus__zero to be \VOX € (ty-2Epair_2Eprod ty_ 2Enum_2Enum ty
Definition 17 We define c_2Eieee_2Eplus__zero to be A\VOX € (ty-2Epair_2Eprod ty-2Enum_2Enum ty_2

Definition 18 We define c 2Eieee 2Eis__zero to be \V0X € (ty_2Epair 2Eprod ty_2Enum_2Enum ty 2FE



Definition 19 We define c_22Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV 0t € 2.V 0t)).

Definition 20 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Definition 21 We define c 2Eieee 2Ezerosign to be A\V0X € (ty_2Epair_2Eprod ty_2Enum_2Enum ty 2E
Definition 22 We define c_2Ebool 2E_TE to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 23 We define c 2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 24 We define c_2Eprim__rec_2E_3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
Definition 25 We define c_2Earithmetic_2E_3E to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty 2Enum 2En
Definition 26 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €
Definition 27 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum.A\V1n € ty_2Enum_2
Definition 28 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty 2Enum 2Enum. AV 1n € ty 2Enum_2
Definition 29 We define c 2Eprim__rec 2EPRE to be A\VOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2F
Let c.2Farithmetic2E 2A : ¢« be given. Assume the following.

c.2Earithmetic 2E 2A € ((ty_2Enum_2 Enum!y-2Fnum-2Enum)ty 2Enum_2Enum)
(23)

Definition 30 We define c_22Enumeral 2EiZ to be A\VO0x € ty_2Enum_2Enum.V0zx.
Let c.2Farithmetic2EEV EN : 1 be given. Assume the following.
c2Earithmetic2EEV EN € (2t-2Fnum-2Enum) (24)
Let ty 2Ehreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2FEhreal (25)
Let c2FErealax 2Ereal _REP__CLASS : . be given. Assume the following.

c2Brealaz_2Ereal__REP_CLASS ¢ ((2(tv-2Epair-2Bprod ty-2Ehreal-2Ehreal ty-2Ehreal 2Ehreal))ty-2Brealax
(26)
Definition 31 We define c 2Erealax_2Ereal __REP to be AV 0a € ty_2FErealax_2Ereal.(ap (c_2Emin_2E_40 (¢
Let c.2Erealax_2Etreal__add : ¢ be given. Assume the following.

c2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,ZEhreal,ZEhreal) (ty_2Epair_2Eprod ty_2Ehreal _2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Ehi

(27)
Let c2Erealaxr_2FEtreal__eq : « be given. Assume the following.
c,2Erealax,2Etreal,,eq c ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,QEpair,2EpTod ty_2Eh
(28)
Let c.2Erealax 2Ereal __ABS__CLASS : . be given. Assume the following.

o(ty-2Epair_2Eprod ty-2Ehreal_2Ehreal ty-2Ehreal 2Ehy

(29)

c2Erealax 2Ereal__ABS_CLASS € (ty_2FErealax_2Ereal'



Definition 32 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty-2Ehreal 2Ehreal ty
Definition 33 We define c_2Erealax_2Ereal__add to be \VOT'1 € ty_2FErealax 2Ereal \V1T?2 € ty_2FEreala

Let c.2Frealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_2Etreal__mul € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,?Ehreal,?Ehreal)(ty*QEpa“"*zEpmd ty_2Ehreal _2Ehreal ty,2Ehreal,2Ehreal))(ty,2Epai7‘,2Eprod ty_2Ehreal _2Ehi

(30)
Definition 34 We define c_2Erealax_2Ereal__mul to be A\VOT'1 € ty_2Erealax 2FEreal A\V1T2 € ty_2Ereala
Let c2Erealax_2Etreal __inv : ¢ be given. Assume the following.

c2Erealax_2Etreal__inv € ((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEhreal,QEhreal) (ty-2Epair_2Eprod ty_2Ehreal _2Ehreal ty_2Ehreal_2Ehreal) )

(31)
Definition 35 We define c 2Erealax_2Einv to be \VO0T'1 € ty 2Erealax_2Ereal.(ap c_2Erealax 2Ereal __ABS
Definition 36 We define c_2Ereal 2E_2F to be A\VO0zx € ty_ 2Erealax 2Ereal AV1y € ty_2Erealax_2Ereal.(
Let c2FEarithmetic2EODD : ¢ be given. Assume the following.

c2Earithmetic2EODD € (2tY-2Enum-2Enum) (32)
Let c.2Ereal 2Epow : ¢ be given. Assume the following.

c.2Ereal 2Epow € ((ty2Erealax_2Erealtv-2Enum-2Enum)ty_2Erealaz 2Ereal)
(33)
Let c.2Erealax_2Etreal_neg : ¢ be given. Assume the following.

c2Erealax_2Etreal_neg € ((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEhreal,QEhreal)(ty*2Ep“i“2Epmd ty_2Ehreal _2Ehreal ty,2Ehreal,2Ehreal))

(34)
Definition 37 We define c_2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2FEreal.(ap c_2Erealax_2Ereal

Let c2Ereal 2Ereal__of __num : ¢ be given. Assume the following.
c2Ereal 2Ereal _of _num € (ty 2Erealax_2Ereql™V-2Fmm-2Enum) (35
Assume the following.

(VVOn € ty2Enum_2Enum.(((ap (ap c.2Earithmetic 2EEX P
(ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_2EZERO)))
VOn) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic 2EZERO)))A((ap (ap c-2Earithmetic 2EEXP V0n)
(ap c2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1 c_2Earithmetic 2EZERQ))) =
Von)))
(36)



Assume the following.
True (37)

Assume the following.

(VW01 € 2.(VV1£2 € 2.(((p VOt =(p V1¢2))=(((p

V1t2)=(p VOrL))=((p VOt (p V12))))) (38)

Assume the following.
(YVOt € 2.(False=(p VOt))) (39)

Assume the following.
(WY Ot € 2.((p VOR)V(=(p VOO))) (40)

Assume the following.

(VVO0t € 2.(((True=(p VOt))=(p VOr))A((((p
True)A(((False=(p VOt))=True)A((((p VOt)=(p
(p VOt)=False)=(=(p V01))))))))

VOt)=True)s
Vot))eTrue)A(( (41)

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VOL)) )A(((-True)<False) A\

((=False)=True))) (42)
Assume the following.
VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True)) (43)
Assume the following.
VA 27a.nonempty A27a=(VV0zx € A27a.(VV1y € (44)

A27a.(VOx = Viy)e(Viy = V0x))))
Assume the following.

(YVOt € 2.(((Trues(p VOt))(p VOO)A(((p VOt)&True)<
(p VO)A(Falses(p VOt))<(=(p VOL)))A(((p VOt) & False)e(=( (45)

p V01)))))))

Assume the following.

VA 27a.nonempty A27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt A((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1e2) = V1t2))))
(46)



Assume the following.

(VVOt1 € 2.(YV 112 € 2.(VV2t3 € 2.(((p VOt1)= )
((p V1t2)=(p V2t3)))=(((p VOLA(p V1t2))=(p V2t3))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € 2.

(VV2zx € A27a.(VV32.27 € A27a.(VV4y € A27a.
(VWhy27 € A27a.((((p VOP)=(p V1Q)A(((p V1Q)=(V2z = V3z27))A
((=(p V1Q))=(V4y = V5y_27))))=((ap (ap (ap (c-2Ebool_2ECOND A_27a)
VOP) V2z) V4y) = (ap (ap (ap (c-2Ebool 2ECOND A_27a) V1Q) V3z_27)

Vy2)))
(45)
Assume the following.

VA 27a.nonempty A27a=-((VV0tl € A27a.(VV 112 €
A 27a.((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)))A(VV2t1 € A 27a.(VV3t2 € A27a.((ap
(ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF) V2t1) V3t2) = V3t2))))
(19)
Assume the following.

(VV 0z € ty-2Erealax 2Ereal.(VV 1b € ty_2Enum_2Enum.

((ap c-2Fiece 2Edefloat (ap c2Fieee 2E float (ap (ap (ap c-2Eieee_2Ezerosign
c_2Eieee_2Efloat_format) V'1b) (ap (ap (ap c-2Eicee_2Eround c_2Eieee_2Efloat__format)
c2Fieece 2ETo_nearest) VO0z)))) = (ap (ap (ap c2Eieee_2Ezerosign
c_2Eieee_2Efloat_format) V'1b) (ap (ap (ap c2Eicee_2Eround c_2Eieee_2Efloat__format)

c2Fieee 2ETo_nearest) VO0zx)))))
(50)
Assume the following.

(VV0s € ty_2Enum_2Enum.(VV'1e € ty_ 2Enum_2Enum.(

VV2f € ty2Enum_2Enum.((ap c2FEiece_2FEexponent (ap (ap
(c2Epair 2E 2C ty_ 2Enum_2Enum (ty_2Epair 2Eprod ty_ 2Enum_2Enum
ty_2Enum_2Enum)) VO0s) (ap (ap (c2Epair 2E_2C ty_2Enum_2Enum
ty_2Enum_2Enum) Vle) V2f))) = Vle))))

(51)
Assume the following.

(VV0s € ty_2Enum_2Enum.(VV 1le € ty_ 2Enum_2Enum.(
YV2f € ty 2Enum_2Enum.((ap c2FEieee 2F fraction (ap (ap
(c2Epair 2E 2C ty_ 2Enum_2Enum (ty_2Epair 2Eprod ty_ 2Enum_2Enum
ty2Enum_2Enum)) VO0s) (ap (ap (c2Epair-2E_2C ty_2Enum_2Enum
ty2Enum_2Enum) Vle) V2f))) = V2f))))
(52)



Assume the following.

(VV0X € (ty_2Epair 2Eprod ty 2Enum_2Enum ty_2Enum_2Enum).
(VV1s € ty_2Enum_2Enum.(VV2e € ty_ 2Enum_2Enum.(
YV3f € ty2Enum_2Enum.((ap (ap c.2Eieee_2Evalof V0X) (ap
(ap (c-2Epair2E_2C ty_ 2Enum_2Enum (ty-2Epair 2Eprod ty_2Enum_2Enum
ty_2Enum_2Enum)) V1s) (ap (ap (c-2Epair 2E_2C ty_2Enum_2Enum
ty 2Enum_2Enum) V2e) V3f))) = (ap (ap (ap (c_2Ebool 2ECOND ty_2Erealax_2Ereal)
(ap (ap (c.2Emin_2E_3D ty_2Enum_2Enum) V2e) c_2Enum_2E0)) (ap
(ap c-2Erealax_2Ereal__mul (ap (ap c_2Erealax_2Ereal__mul (ap
(ap c2Ereal 2Epow (ap c-2Erealax_2Ereal__neg (ap c.2Ereal 2Ereal__of -_num
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))))
V1s)) (ap (ap c2Ereal 2E_2F (ap c2Ereal 2Ereal__of __num (ap
c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT2 c_2Earithmetic_.2EZERO))))
(ap (ap c2Ereal 2Epow (ap ¢ 2Ereal 2Ereal__of _num (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 c_2Earithmetic_2EZERO)))) (ap c_2Eieee_2Ebias
V0X))))) (ap (ap c2Ereal 2E_2F (ap c2Ereal 2Ereal__of __num
V3f)) (ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of __num (ap
c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT2 c_2Earithmetic_2EZERO))))
(ap c2Fieee 2F fracwidth V0X))))) (ap (ap c_2Erealax_2Ereal __mul
(ap (ap c-2Erealax_2Ereal__mul (ap (ap c-2Ereal 2Epow (ap c_2Erealax_2Ereal__neg
(ap c2Ereal_2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL (
ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))))) V1s)) (
ap (ap c2Ereal 2E_2F (ap (ap c2Ereal 2Epow (ap ¢ 2Ereal 2Ereal__of__num
(ap c_2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO))))
V2e)) (ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of__num (ap
c_2Earithmetic.2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic.2EZERO))))
(ap c_2Eieee_2Ebias V0X))))) (ap (ap c_2Erealax_2Ereal__add (
ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL (ap
c_2Earithmetic_2EBIT1 c_2Earithmetic_2EZERO)))) (ap (ap c_2Ereal 2E_2F
(ap c2Ereal 2Ereal__of _num V3f)) (ap (ap c2Ereal 2Epow (ap
c2Ereal 2Ereal__of __num (ap c_2Earithmetic. 2ENUMERAL (ap c_2Earithmetic_2EBIT2
c_2Earithmetic_2EZERO)))) (ap c-2Fiecee 2F fracwidth V0X)))))))))))
(53)



Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n)))A((YV25n € ty_-Enum_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.

(Ao s L o~ O Aavtlhamtim O 2C 2D (v o~ O v+t~ OCNITHIMEDAL



Assume the following.

(YVOn € ty 2Enum_2Enum.((p (ap c2Earithmetic 2EEV EN c_2Earithmetic 2EZERQO))A
((p (ap c2Earithmetic 2EEVEN (ap c2Earithmetic_2EBIT2 VOn)))A
((=(p (ap c2Earithmetic2EEV EN (ap c_2Earithmetic2EBIT1 V0n))))A
((=(p (ap c2Earithmetic2EODD c_2Earithmetic2EZERO)))A((
=(p (ap c.2Earithmetic2EODD (ap c_2Earithmetic_2EBIT2 V0n))))A
(p (ap c2Earithmetic2EODD (ap c_2Earithmetic 2EBIT1 V0n)))))))))

(55)
Assume the following.
VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0z € (ty-2Epair 2Eprod A27a A_27b).(3V1g € A 27a. (56)

(FV2r € A27b.(VOx = (ap (ap (c2Epair_2E 2C A_27a A_27b)
Vig) V2r)))))

Assume the following.

(VVO0zx € ty-2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL ( (57)
ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))) V0x) = V0x))

Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add

VOz) (ap c.2Ereal 2Ereal__of __num c2Enum_2E0)) = V0z)) (58)
Assume the following.
(VVO0z € ty_2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__mul
VO0z) (ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic.2EZERO)))) = V0z))
(59)

Assume the following.

(VVO0zx € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
VO0z) (ap c2Ereal 2Ereal__of __num c_2Enum_2E0)) = (ap ¢2Ereal 2Ereal__of __num
c_2Enum_2E0)))
(60)
Assume the following.

(VVO0x € ty-2Erealax_2Ereal.((ap (ap c_2Ereal 2E_2F (ap
c2Ereal 2Ereal__of _num c2Enum_2EQ)) VO0z) = (ap ¢ 2Ereal 2Ereal__of__num
c_2Enum_2EQ)))
(61)
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Assume the following.

(VVO0z € ty_2Erealax_2Ereal.(VV1n € ty_2Enum_2Enum.
(VV2a € ty2Enum_2Enum.(VV 3y € ty_2Erealax 2Ereal.
(((ap (ap c2Ereal 2Epow V0x) c_2Enum_2E0) = (ap c2Ereal 2Ereal__of __num
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_2EZERO))))A
(((ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of _num c_2Enum_2EQ))
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic 2EBIT1 V1n))) =
(ap c2Ereal_2Ereal__of __num c_2Enum_2E0))A(((ap (ap c2Ereal_2Epow
(ap c2Ereal 2Ereal _of __num c_2Enum_2EQ)) (ap c_2Earithmetic. 2ENUMERAL
(ap c_2Earithmetic 2EBIT2 V1n))) = (ap c-2Ereal 2Ereal__of __num
c2Enum_2E0))A(((ap (ap c2Ereal 2Epow (ap c2Ereal 2Ereal__of __num
(ap c_2Earithmetic2ENUMERAL V2a))) (ap c-2Earithmetic 2ENUMERAL
Vin)) = (ap c.2Ereal 2Ereal__of __num (ap (ap c.2Earithmetic 2EEX P
(ap c_2Earithmetic2ENUMERAL V2a)) (ap c_2Earithmetic 2ENUMERAL
V1n)))A(((ap (ap c2Ereal 2Epow (ap c_2Erealax_2Ereal__neg
(ap c2Ereal 2Ereal__of __num (ap c2EarithmeticZ 2ENUMERAL V2a))))
(ap c_2Earithmetic2ENUMERAL V'1n)) = (ap (ap (ap (ap (c_2Ebool 2ECOND
(ty2Erealax_2Erealtv-2Erealaz-2Erealyy (g ¢ 2 Barithmetic 2EODD
(ap c2Earithmetic2ZENUMERAL V'1n))) c_2Erealax_2Ereal__neg)
(A\V4x € ty_2Erealar_2Ereal.V4x)) (ap c2Ereal 2Ereal__of__num
(ap (ap c2Earithmetic2EEX P (ap c2Earithmetic. 2ENUMERAL V2a))
(ap c_2Earithmetic 2ENUMERAL V'1n)))))A((ap (ap c2Ereal 2Epow
(ap (ap c-2Ereal 2E_2F V0z) V3y)) V1n) = (ap (ap c2Ereal 2E_2F (
ap (ap c2Ereal 2Epow V0z) V1n)) (ap (ap c.2Ereal 2Epow V3y) V1n))))))))))))
(62)
Assume the following.

(VVOn € ty_2Enum_2Enum.(YV1m € ty 2Enum_2Enum.(

(((ap c.2Ereal 2Ereal__of _num VOn) = (ap c.2Ereal 2Ereal_of _num
V1im))<(VOon = V1im))A((((ap c2Erealax_2Ereal__neg (ap c2Ereal 2Ereal__of __num
VOon)) = (ap c2Ereal 2Ereal__of __num V1m))<((VOn = c_22Enum_2E0)A
(V1Im = c.2Enum_2E0)))A((((ap c-2Ereal 2Ereal__of __num V0n) =
(ap c_2Erealax_2Ereal__neg (ap c.2Ereal 2Ereal__of__num V1m)))<
((VOn = c.2Enum_2E0)A(V1m = c2Enum_2E0)))A(((ap c_2Erealax_2Ereal__neg
(ap c2Ereal 2Ereal__of _num VOn)) = (ap c_2Erealax_2Ereal__neg
(ap c2Ereal 2Ereal__of _num V1m)))<(VOn =V1im)))))))

(63)

Assume the following.
(VVOt € 2.((=(=(p VOt)))=(p VOL))) (64)

Assume the following.
(VVO0A € 2.((p VOA)=((—(p VOA))=False))) (65)

Assume the following.
(VV0A € 2.(WV1B € 2.(((—((p VOA)V(p V1B)))=False)& (66)

(((p VOA)=False)=((—(p V1B))=False)))))
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Assume the following.

(VV0A € 2.(WV1B € 2.(((—((—=(p VOA))V(p V1B)))=False)=

((p VOA)=((~(p V1B))=Faise))))) (67)

Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (68)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)=(p V2r)))=(((p Vop)V((p V1g)V INDA(

p V2r))V(=(p V1g)A(((p V1g)V((=(p V2r

((=(p V1g))v(=(p VOp))

Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)=(

(p Vig)=(p V2r)))&(((p VOop)V(p V1g)A(((p VOp)V(=(p V2r)))A((  (70)
=(p V1g))V((p V2r)v(=(p VOp )

~
~—
~—
~—
~—
~—
~—

Assume the following.
(VWOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (71)

Assume the following.
(VWWop € 2.(VV1g € 2.((=((p VOp)=(p V1¢)))=(=(p V1q)))))  (72)

Assume the following.
(VWop € 2.(VV1g € 2.((=((p VOp)V(p V1q)))=(=(p VOp)))))  (73)

Assume the following.
(WWop € 2.(vW1g € 2.((=((p VOp)V(p V1g)))=(=(p V1g)))))  (74)

Assume the following.
(VWOp € 2.((=(=(p VOp)))=(p VOp))) (75)

Theorem 1

(VVO0z € ty-2Erealax 2Ereal . (VV'1b € ty_2Enum_2Enum.

((ap (ap c2Fiece 2FEvalof c_2Eieee 2Efloat__format) (ap c-2FEiecee_2Ede float
(ap c2Fieee 2F float (ap (ap (ap c_2Eiece 2Ezerosign c_2Eiece 2Efloat__format)
V1b) (ap (ap (ap c2Fieee 2Eround c_2Eieee 2Efloat__format) c_2Fieee 2ETo_nearest)

V0z))))) = (ap (ap c2Fieee 2Evalof c_2Eieee_2Efloat__format)

(ap (ap (ap c2Ficee 2Eround c_2Eieee 2Efloat__format) c_2Ficee 2ETo__nearest)

V0z)))))
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