thm _2FEfmsp 2EFMSP__FEMPTY
(TMdKA82fYivJ8p4SnJuLxvPVnYVIBGWwGES)

October 26, 2020

Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =y)
of type L1=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0z € 2.V0z)) (A\V1z € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).
Let ty_2Fone_2Fone : ¢ be given. Assume the following.

nonempty ty_2FEone_2FEone (1)

Definition 5 We define c 2Emin_2E_40 to be AA.AP € 24.4f (3z € A.p (ap P 7)) then (the (\z.x € AAp
of type 1=-t.

Definition 6 We define c.2Eone_2Eone to be (ap (c-2Emin_2E_40 ty_2Eone_2Eone) (AVO0z € ty_2Eone_2E

Definition 7 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)

of type ¢.

Definition 8 We define c.2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 9 We define c_2Ebool 2E_2F 5C to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Let ty 2Esum_2Esum : t=-t=-1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2Esum
A0 A1)

(2)
Let c2Esum 2EABS__sum : 1=t=t be given. Assume the following.
VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=c_ 2Esum _2FEABS__sum

A27a A27b € ((ty2Esum_2Esum A-27a A_27p)((*2™)"7)%)
(3)



Definition 10 We define c_2Esum_2EINR to be NA_27a : 1. NA_27b : 1. AV 0e € A27b.(ap (c2Esum_2EABS
Let ty 2F finite__map_2FE fmap : t=t=-1 be given. Assume the following.

VAOQ.nonempty A0=VAl.nonempty Al=nonempty (ty_2E finite_map_2E fmap
A0 A1)
(4)

Let ¢ 2F finite__map 2E fmap__ABS : 1=>1=>1 be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2F finite__map2FE fmap__ABS
A27a A27b € ((ty_2E finite_map_2E fmap A_27a A_27b)(ty-2Esum_2Bsum A_27b ty_2Eone_2Eone)"~1))
(5)
Definition 11 We define c_2Efinite_map_2EFEMPTY to be AA_27a : t. AA27b : v.(ap (c2E finite__map_2F

Let ty_2FEoption_2FEoption : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty-2FEoption_2FEoption A0) (6)
Let c_2Foption_2FEoption__ABS : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c_2Foption_2FEoption__ABS A 27Ta €
((ty,QEoption,ZEoption A727a)(ty,2Esum,2Esum A_27a ty,QEone,QEone)) (7)

Definition 12 We define c 2Eoption_2ENONE to be AA_ 27a : t.(ap (c2Eoption 2Eoption__ABS A_27a) (c
Let ¢ 2F finite_map 2FE fmap__REP : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A27a=VA_27b.nonempty A_27b=-c_2F finite_map 2FE fmap__REP
A27a A27b € (((ty2Esum_2Esum A_27b ty 2Eone_2Eone)A-27%)(ty-2E finite__map 2E fmap A_2Ta A-27b))

(8)

Let c2Esum 2EOQUTL : 1=t=-t be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Esum_2EOUTL
A 270 A27b € (A727a(ty,2Esum,2Esum A_27a A,27b))

(9)
Definition 13 We define c_2Efinite__map_2EFAPPLY to be AA_27a : L. AA27b : 1L A\VOf € (ty-2FE finite__ma

Definition 14 We define c 2Esum_2EINL to be AA_27a : t. \A27b : t.A\V0e € A 27a.(ap (c.2Esum 2EABS
Definition 15 We define c 2Eoption_ 2ESOME to be AA_27a : 1. AV 0z € A 27a.(ap (c2Eoption_2Eoption__
Let c2Esum 2EISL : t=1=-t be given. Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=c 2FEsum_2FEISL
A927a A27b € (2(ty,2Esum,2Esum A_27a A,27b))
(10)

Definition 16 We define c 2Efinite__map 2EFDOM to be NA 27a : t. AA_27Tb : L. AVOf € (ty_2F finite__map



Definition 17 We define c 2Ebool 2EIN to be AA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz))
Definition 18 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Definition 19 We define c 2Efinite__map 2EFLOOKUP to be AA_27a : t. \A2Tb : tL.AVOf € (ty_2F finite_1
Let ty_2FEsptree 2FEspt : 1=t be given. Assume the following.

VAO.nonempty A0=nonempty (ty-2Esptree_2Espt A0) (11)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (12)

Let c_2Esptree_2Elookup : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=-c_ 2Esptree 2Elookup A 27a € (((
ty,2E0pti0n,2Eoption A,27(1) (ty_2Esptree_2Espt A_27a) )ty,2Enum,2Enum)
(13)

Definition 20 We define c 2Ebool 2E 3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 21 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

A_27a

Definition 22 We define c 2Eoption 2EOPTREL to be AA_27a : t.AA_27b : 1. AVOR € ((24-27?) ) AV1x

Definition 23 We define c 2Efmsp 2EFMSP to be AA 27a : t.AA_27b : 1. AA 27c : L. AVOAN € ((2tv-2Enum-

Let c.2Esptree 2EBS : 1= be given. Assume the following.

VA_27a.nonempty A 27a=c 2Esptree 2EBS A 27a € ((((ty-2Esptree 2Espt
A727a)(ty,2Esptree,2Espt A,27a))A,27a)(ty,QEsptTee,QEspt A,27a))

Let c2Earithmetic2EEV EN : 1 be given. Assume the following. "
c2Earithmetic 2EEVEN ¢ (2ty-2Fnum-2Enum) (15)
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (16)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum’™9%) (17)

Definition 24 We define c_2Enum_2EOQ to be (ap c.2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (18)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®"9%) (19)



Definition 25 We define c2Enum_2ESUC to be A\VOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num

Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(20)

Definition 26 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 27 We define c_2Earithmetic_2EZERO to be c_2Enum_2EO.

Definition 28 We define c_2Earithmetic 2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c_2Earithmetic
Definition 29 We define c_2Earithmetic 2ENUMERAL to be A\VO0x € ty_2Enum_2Enum.V0zx.

Let c2Earithmetic2E 2D : 1 be given. Assume the following.

c2Earithmetic 2E 2D € ((ty_2Enum_2EnumtY-2Fnum-2Enum)ty 2Enum 2Enum )
(21)
Let c2Earithmetic2EDIV : . be given. Assume the following.

c.2Earithmetic2EDIV € ((ty_2Enum_2EnumtY-2Enum-2Enum)ty-2Enum-2Enum)
(22)
Let c2Esptree 2EBN : 1= be given. Assume the following.

VA_27a.nonempty A_27a=c 2Esptree 2EBN A_27a € (((ty-2Esptree 2Espt
A727a)(ty,2Esptree,2Espt A,27a))(ty,ZEsptree,QEspt A,27a))

(23)
Let c.2Esptree 2ELS : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=-c 2Esptree 2ELS A 27a € ((ty_ 2Esptree 2Espt
A727a)A727a)
(24)
Let ¢ 2Esptree 2E LN : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Esptree 2ELN A 27a € (ty-2Esptree_2Espt

A_27a)

(25)

Assume the following.
True (26)

Assume the following.
(VVO0tL € 2.(9V1t2 € 2.(((p VOrL)=(p V1t2)=(((p 27)

V1t2)=(p VOt1))=((p VOtl)=(p V112))))))

Assume the following.

(VVOt € 2.(False=(p V0t))) (28)



Assume the following.

VA_27a.nonempty A 27a=(VVO0t € 2.(VV1x €
A27a.(p VOL))<(p VOI)))

Assume the following.

VA 27a.nonempty A 27a=(VVO0t € 2.((IV1x €

A27a.(p VOB (p VOL)) (30)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (31)

t)
(((p VOt)A(p VOt))=(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))=True) AN(((p VOt)VTrue)=True) A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)<(p VO)A(((p VO)V

(p VO1))=(p V01)))))))
(32)
Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)=
True)A(((False=(p VOt))=True) A((((p VOt)=(p VOt))=True) AN(( (33)
(p VOt)=False)(=(p V01))))))))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VO0zx = VOz)&

True)) (34)
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A 27a.(V0z = Vig)e(Viy = VOx))) (35)
Assume the following.
(VWO € 2.(YV 112 € 2.(¥V2t3 € 2.(((p VOt1)= (36)

((p V1t2)=(p V2t3)))=(((p VOLtL)A(p V1t2))=(p V2t3))))))
Assume the following.

(VV0z € 2.(VV 1227 € 2.(¥V2y € 2.(VV3y 27 €
2.(((p VOoz)=(p V1x27))A((p V1z2T)=((p V2y)=(p V3y27))))= (37)
(((p VOz)=(p V2y))=((p V1z27)=(p V3y-27))))))))



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVO0k € A27b.((ap (ap (c-2Efinite__map 2EFLOOKUP A_27b
A_27a) (c_2Efinite__map_2EFEMPTY A_27b A_27a)) V0k) = (c_2Eoption_2ENONE
A_27a)))
(38)
Assume the following.

VA_27a.nonempty A27a=(VYV0x € A_27a.(—((c_2Eoption_2ENONE (39)
A_27a) = (ap (c_2Eoption 2ESOME A_27a) V0x))))

Assume the following.

VA 27a.nonempty A27a=((VV Ok € ty 2Enum_2Enum.
((ap (ap (c-2Esptree2Elookup A27a) VOk) (c.2Esptree 2ELN A_27a)) =
(c-2Eoption_2ENONE A_27a)))A((VV 1k € ty_2Enum_2Enum.
(VV2a € A27a.((ap (ap (c2Esptree_2Elookup A27a) V1k)

(ap (c-2Esptree 2ELS A 27a) V2a)) = (ap (ap (ap (c-2Ebool 2ECOND
(ty-2FEoption_2Eoption A27a)) (ap (ap (c22Emin_2E_3D ty_2Enum_2Enum,)
V1k) c.2Enum_2EQ)) (ap (c-2Eoption 2ESOME A_27a) V2a)) (c_2Eoption 2ENONE
A_27a)))))A((VV3t2 € (ty2Esptree 2Espt A_27a).(VV4tl €
(ty2Esptree 2Espt A_27a).(VV 5k € ty_2Enum_2Enum.((ap
(ap (c2Esptree 2Elookup A_27a) V5k) (ap (ap (c2Esptree 2EBN
A27a) V4tl) V3t2)) = (ap (ap (ap (c.2Ebool 2ECOND (ty_2Foption_2Eoption
A27a)) (ap (ap (c-2Emin_2E_3D ty_2Enum_2Enum) V5k) c_2Enum_2E0))
(c-2Eoption_2ENONE A_27a)) (ap (ap (c2Esptree2Elookup A_27a)

(ap (ap c2Earithmetic2EDIV (ap (ap c.2Earithmetic.2E_2D V5k)

(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_2EZERO))))
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic_ 2EZERO))))
(ap (ap (ap (c_2Ebool 2ECOND (ty_2Esptree 2Espt A_27a)) (ap c2Earithmetic 2EEVEN
V5k)) V4tl) V3t2))))))A(YV6i2 € (ty-2Esptree 2Espt A_27a).

(VVTtl € (ty-2Esptree2Espt A27a).(VV8k € ty_2Enum_2Enum.

(VV9a € A27a.((ap (ap (c2Esptree_2Elookup A27a) V8k)

(ap (ap (ap (c2Esptree 2EBS A_27a) V'7tl) V9a) V6t2)) = (ap (ap (ap
(c_2Ebool 2ECOND (ty-2Eoption_2Eoption A27a)) (ap (ap (c-2Emin_2E_3D
ty_2Enum_2Enum) V8k) c_2Enum_2E0)) (ap (c_2Eoption 2ESOME A_27a)
V9a)) (ap (ap (c2Esptree2Elookup A_27a) (ap (ap c2Earithmetic2EDIV
(ap (ap c.2Earithmetic.2E_2D V8k) (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic.2EZERO)))) (ap c_2Earithmetic. 2ENUMERAL
(ap c_2Earithmetic_2EBIT2 c_2Earithmetic.2EZERO)))) (ap (ap
(ap (c_2Ebool 2ECOND (ty_2Esptree 2Espt A_27a)) (ap c2Earithmetic 2EEVEN

V8k) V7H) V612))))) "



Theorem 1

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=Y A 27c.
nonempty A_27c=(YVOAN ¢ ((2tv-2Fnum-2Enum)A-27a) (/1 BC €
((24-27)A=27%) (p (ap (ap (ap (ap (c_2Efmsp 2EFMSP A_27a A_27b
A_27¢) VOAN) V1BC) (c_2Efinite__map_2EFEMPTY A_27a A_27b)) (c.2Esptree 2ELN
4.270))))



