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Let ty_2FEinteger 2Eint : v be given. Assume the following.
nonempty ty_2FEinteger_2Eint (1)
Let ty_2FEpair 2Eprod : t1=-1=t be given. Assume the following.

VAO0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)

Let ty 2F frac2E frac : ¢ be given. Assume the following.
nonempty ty_2FE frac2F frac (3)
Let ¢ 2E frac2Erep__frac : ¢ be given. Assume the following.

c2E frac2Erep__frac € ((ty-2Epair_2Eprod ty-2Finteger_2Eint (4)
ty 2Einteger 2Eint)W-2Ffrac-2Bfrac)

Let c2Epair 2ESND : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))

(5)

Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € Ainj_o (x =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V

Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27

Definition 4 We define c 2Efrac 2Efrac__dnm to be A\VOf € ty 2F frac 2E frac.(ap (c.2Epair 2ESND ty

Let c2Epair 2EF ST : 1=1= be given. Assume the following.

VA 27Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Ep1‘od A_27a A,27b))

(6)



Definition 5 We define c_2Efrac_2Efrac__nmr to be \VOf € ty 2E frac 2E frac.(ap (c-2Epair 2EFST ty_

Definition 6 We define c . 2Emin_2E_3D_3D_3E to be AP € 2.0Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 7 We define c_2Ebool 2E_2F 5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
A_27a
A27a A27b € ((ty2Epair 2Eprod A27a A276)(* ™)™
(7)
Definition 8 We define c_2Epair 2E_2C to be A\A27a : t.NA27b : 1. A\V0x € A27a.A\V1y € A_27b.(ap (c2F

Let ¢ 2E frac2Eabs__frac : v be given. Assume the following.

c,2Efrac,2Eabs:f7“ac S (ty72Ef7~a072Ef,,«ac(ty,QEpaiTjEprod ty_2FEinteger_2Eint ty,ZEinteger,QEint))

(8)

Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum 9)
Let c2Finteger 2Eint__REP__CLASS : ¢ be given. Assume the following.

c,QEinteger,QEint,,REP,,C’LASS c ((2(ty,2Epair,2Ep7‘od ty_2Enum_2Enum ty_2Enum_2Enum) )ty,QEinteger,2
(10)

Definition 9 We define c 2Emin_2E_40 to be AAAP € 24.4f (32 € A.p (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 10 We define c_2Einteger_2Eint__REP to be AV 0a € ty_2Finteger 2FEint.(ap (c2Emin_2E_40 (¢
Let c_2Einteger_2Etint__mul : ¢ be given. Assume the following.

c2Einteger 2Etint__mul € (((ty-2Epair_2Eprod ty_2Enum_2Enum
(ty_2Epair_2Eprod ty_2Enum_2Enum ty,2Enum,2Enum))(ty,QEpair,QEprod ty_2Enum_2Enum t1

(11)

ty_ 2Enum_2Enum)

Let c2Einteger 2FEtint__eq : + be given. Assume the following.

cJEinteger,ZEtint,,eq c ((2(ty,2Epair,2Eprod ty-2Enum_2Enum ty,2Enum,2Enum))(ty,2Epair,2Eprod ty_2Enumn
(12)
Let c.2FEinteger 2Fint__ABS__CLASS : i be given. Assume the following.

(ty—2Epair_2Eprod ty—2Enum_2Enum ty_2Enum_2Enum)

(13)

c2Einteger 2Fint_ABS__CLASS € (ty 2FEinteger 2Fint(?

Definition 11 We define c 2Einteger 2Eint__ABS to be A\VOr € (ty_2Epair 2Eprod ty_2Enum_2Enum ty_

Definition 12 We define c_2Einteger 2Eint__mul to be A\VOT'1 € ty_2FEinteger 2Eint. \V1T2 € ty_2Finteg



Let c.2Finteger 2Etint__add : ¢+ be given. Assume the following.

c2Einteger 2Etint__add € (((ty-2Epair_2Eprod ty_2Enum_2Enum
ty,QETLUm,QETLUm)(ty’2EpaiT’2EpT0d ty_2Enum_2Enum ty,2Enum,2Enum))(ty,ZEpair,ZEprod ty_2Enum_2Enum t1

(14)
Definition 13 We define c_2Einteger 2Eint__add to be A\VOT'1 € ty_2Einteger 2Eint A\V1T2 € ty_2FEinteg
Definition 14 We define c_2Efrac_2Efrac__add to be A\VOf1 € ty 2F frac2E fracA\V1f2 € ty 2FE frac 2F|
Let c_2Finteger 2Etint_neg : ¢ be given. Assume the following.

c2Einteger 2Etint_neg € ((ty-2Epair 2Eprod ty_2Enum_2Enum
ty,QEnum,QEnum) (ty-2Epair_2Eprod ty_2Enum_2Enum ty,QEnum,ZEnum))

(15)
Definition 15 We define c_2Einteger 2Eint__neg to be A\VOT'1 € ty_2Finteger_2Eint.(ap c_2Einteger_2Eint.
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (16)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (17)
Definition 16 We define cC2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 17 We define c_2Earithmetic_2EZERO to be c_2Enum_2EO.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (18)
Let ¢c2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™9%) (19)

Definition 18 We define c2Enum_2ESUC to be AVOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num

Let c.2Earithmetic2E_2B : « be given. Assume the following.

c.2Earithmetic2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(20)

Definition 19 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c_2Earithmetic
Definition 20 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Definition 21 We define c_2Einteger 2Etint__1 to be (ap (ap (c-2Epair-2E_2C ty_2Enum_2Enum ty-2Enu

Definition 22 We define c 2Einteger 2Eint__1 to be (ap c_2Einteger_2Eint__ABS c_2Einteger 2Etint__1).



Definition 23 We define c_2Einteger_2Etint__0 to be (ap (ap (c-2Epair-2E_2C ty_2Enum_2Enum ty-2Enuw
Definition 24 We define c 2Einteger 2Eint__0 to be (ap c_2Einteger_2Eint__ABS c_2Einteger_2Etint_0).
Let ty 2FEring 2Ering : 1=t be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2Ering 2Ering A0) (21)
Let c.2Ering_2Erecordtype_2Ering : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2Ering_2Erecordtype_2Ering

A27a € (((ty2Ering 2Ering A,27a)(A*27“A727a))((A*27“A727Q)A727a))((A*”“AJM)AJM))A*27“)A*27a)
(22)
Let ty_2FEcanonical _2Ecanonical __sum : t=-1 be given. Assume the following.

YV AOQ.nonempty A0=nonempty (ty-2Ecanonical 2Ecanonical _sum

40) (23)

Let ty 2EringNorm_2Epolynom : 1= be given. Assume the following.
VAO0.nonempty A0=nonempty (ty_2EringNorm_2Epolynom A0) (24)

Let c2EringNorm_2Epolynom__normalize : 1=t be given. Assume the fol-
lowing.

YA 27a.nonempty A_27a=c 2EringNorm_2Epolynom__normalize
A27a € (((ty-2Ecanonical 2Ecanonical —_sum A_27a)(ty-2EringNorm-2Epolynom A-27a))(ty-2Ering-2Ering A
(25)

Definition 25 We define c 2EintegerRing_2Eint__polynom__normalize to be (ap (c_2EringN orm_2Epolynon
Let c2Ering 2Ering__RM : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Ering 2Ering__RM A_27a € (((
A727aA,27a)A,27a)(ty,QETing,QEring A,Q?a)) (26)

Let c2Ering 2Ering__RP : 1= be given. Assume the following.

VA_27a.nonempty A27a=-c2Ering 2Ering__RP A_27a € (((
A727aA,27a)A,27a)(ty,QEring,ZEring A,27a)) (27)

Let ¢ 2Ering 2Ering__R1 : 1= be given. Assume the following.

VA_27a.nonempty A_27a=>c2Ering 2Ering._R1 A_27a € (A_27q(ty-2Ering-2Ering A-2Ta))
(28)
Let ¢ 2Ering 2Ering__R0 : 1= be given. Assume the following.

VA_27a.nonempty A27a=>c_2Ering 2Ering._R0 A_27a € (A_27q(ty-2Ering-2Ering A-2Ta))
(29)



Let ty 2Esemi_ring 2FEsemi__ring : =1 be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2Esemi_ring_2Esemi_ring A0)  (30)

Let c2Esemi__ring 2Erecordtype 2Esemi_ring : 1=t be given. Assume the
following.

VA 27a.nonempty A 27a=c2Esemi_ring_2Erecordtype 2Esemi_ring

A27a € (((((ty2Esemi_ring 2Esemi_ring A,27a)((A*27“A727G)A727a))((A*W‘IAJM)AJM))A*27“)A*27‘1)
(31)

Definition 26 We define c 2Ering_ 2Esemi__ring__of to be N\A_27a : t.\VOr € (ty_2Ering 2Ering A 27a).(a;
Let ty_2FEquote_2Evarmap : t=-t be given. Assume the following.

VAO.nonempty AO=nonempty (ty-2Equote_2Evarmap AQ) (32)
Let c.2Ecanonical 2Fics__aux : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEcanonical 2Fics__aur A 27a €
((( (A72 7a(ty,2Ecanonical,2Ecanonical,,sum A_27a) )A,27a) (ty-2Equote_2Evarmap A_27a) ) (ty_2Esemi__ring_2Esemi__r

(33)
Definition 27 We define c_2EringNorm_2Er__ics__aux to be AA_27a : . A\VOr € (ty_2Ering_2Ering A_27a).|
Definition 28 We define c_2EintegerRing_2Eint__r__ics__aux to be (ap (c_2EringNorm_2Er__ics__aux ty_2Eint
Let ty_ 2Equote 2Findex : ¢ be given. Assume the following.
nonempty ty_2FEquote_2Findex (34)
Let ty 2FElist 2Flist : t=1 be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty_2Elist 2Elist A0) (35)
Let c.2Ecanonical 2Einterp__m : 1=>1 be given. Assume the following.

VA 2T7a.nonempty A_27a=c_2Ecanonical 2Einterp_-m A_27a €
((((A727a(ty,2Elist,2Elist ty_2Equote_2Eindex) )A,27a)(ty,?Equote,QEvarmap A_27a) ) (ty_2Esemi__ring_2Esemi__ring

(36)
Definition 29 We define c 2EringNorm_2Er__interp__m to be AA_27a : 1. AVOr € (ty_ 2Ering 2Ering A_27a
Definition 30 We define c 2EintegerRing_2Eint__r__interp__m to be (ap (c_2EringNorm_2Er__interp__m ty_2E
Let c.2Ecanonical 2FEinterp_vl : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2Ecanonical 2Einterp_vl A27a €
(((A727a(ty,2Elist,2Elist ty_2Equote_2Eindex) ) (ty-2Equote_2Evarmap A_27a) ) (ty_2Esemi__ring_2Esemi__ring A_27a) )

(37)



Definition 31 We define c_2EringNorm_2Er__interp__vl to be A\A_27a : L. AV Or € (ty_2Ering 2Ering A_27a)
Definition 32 We define c 2EintegerRing_2Eint__r__interp__vl to be (ap (c_2EringNorm_2Er__interp_vl ty 2F
Let c2Ecanonical 2FEivl__aux : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c2Ecanonical 2FEivl__aux A27a €
((((A727a(ty,2Elist,2Elist ty_2Equote_2Eindex) )ty,QEquote,QEindez)(ty,2Equote,2Evarmap A_27a) ) (ty-2Esemi__ring_:

(38)
Definition 33 We define c2EringNorm_2Er__ivl__aux to be AA_27a : L. A\VOr € (ty-2Ering_ 2Ering A27a).(
Definition 34 We define c 2EintegerRing_2Eint__r__ivl__aux to be (ap (c_2EringNorm_2Er__ivl__aux ty_2Fint

Let c_2Ecanonical 2Ecanonical__sum__simplify : 1= be given. Assume the
following.

VA 27a.nonempty A_27a=c_2Ecanonical _2Ecanonical__sum__simplify
A97a € (((ty,QEcanom‘cal,2Ecanom‘cal,,sum A727a) (ty_2Ecanonical _2Ecanonical —_sum A_27a) ) (ty_2Esemi__ri
(39)

Definition 35 We define c 2EringNorm_2Er__canonical __sum__simplify to be AA_27a : 1. \VOr € (ty 2Ering_

Definition 36 We define c_2EintegerRing_2Eint__r__canonical__sum__simplify to
be (ap (c-2EringNorm_2Er__canonical__sum__simplify ty_2FEinteger 2Eint) (ap (ap (ap (ap (ap (c_2Ering_21

Let c_2Ecanonical 2Ecanonical__sum__prod : 1=t be given. Assume the fol-
lowing.

VA 27a.nonempty A_27a=c_2Ecanonical_2Ecanonical
A97a € ( ( ( (ty,QEcanonical,2Ecan0nical,,sum A727a) (ty_2Ecanonical_2Ecanonical —_sum A_27a) ) (ty_2Ecanonic
(40)

Definition 37 We define c 2EringNorm_2Er__canonical __sum__prod to be AA_27a : L. A\VOr € (ty_2Ering 2E

Definition 38 We define c_2EintegerRing_2Eint__r__canonical__sum__prod to be
(ap (c-2EringNorm_2Er__canonical__sum__prod ty_2FEinteger_2Eint) (ap (ap (ap (ap (ap (c2Ering_2Ereco

Let c2FEcanonical 2Ecanonical -_sum__scalar3d : 1=t be given. Assume the
following.

VA 27a.nonempty A_27a=c_2FEcanonical _2Ecanonical -
A97a € ( ( ( ( (ty,QEcanom'cal,2Ecanom'cal,,sum A727a) (ty_2Ecanonical_2Ecanonical__sum A_27a) ) (ty_2Elist_2E
(41)

Definition 39 We define c_2EringNorm_2Er__canonical__sum__scalar3 to be AA_27a : t. AV Or € (ty_2Ering-2

Definition 40 We define c_2EintegerRing_2Eint__r__canonical__sum__scalar3 to be
(ap (c-2EringNorm_2Er__canonical__sum__scalar3 ty_2Einteger_2Eint) (ap (ap (ap (ap (ap (c2Ering 2Ere



Let c2FEcanonical 2Ecanonical -_sum__scalar2 : 1= be given. Assume the
following.

VA 2Ta.nonempty A_27a=-c_2Ecanonical 2Ecanonical__su
A97a € ( ( ( (ty,QEcanonical,2Ecanonical,,sum A727a) (ty_2Ecanonical_2Ecanonical —_sum A_27a) ) (ty_2Elist_2El
(42)

Definition 41 We define c 2EringNorm_2Er__canonical __sum__scalar2 to be AA_27a : t. A\VOr € (ty_ 2Ering 2

Definition 42 We define c_2EintegerRing_2Eint__r__canonical__sum__scalar2 to be
(ap (c-2EringNorm_2Er__canonical__sum__scalar2 ty_2FEinteger_2Eint) (ap (ap (ap (ap (ap (c2Ering 2Ere

Let c_2Ecanonical 2Ecanonical __sum__scalar : t=-¢ be given. Assume the fol-
lowing.

VA 27a.nonempty A_27a=-c_2Ecanonical _2Ecanonical__sum__scalar
A97a € ( ( ( (ty,QEcanonical,2Ecanonical,,sum A727a) (ty_2Ecanonical_2Ecanonical —_sum A_27a) )A,27a ) (ty_2E:
(43)

Definition 43 We define c 2EringNorm_2Er__canonical __sum__scalar to be AA_27a : 1. AVOr € (ty 2Ering 2F

Definition 44 We define c_2EintegerRing_2Eint__r__canonical__sum__scalar to be
(ap (c-2EringNorm_2Er__canonical__sum__scalar ty_2Einteger_2Eint) (ap (ap (ap (ap (ap (c2Ering_2Erec

Let c_2Ecanonical 2FEvarlist__insert : ==t be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEcanonical 2Evarlist_z
A27a € ( ( ( (ty,QEcanonical,2Ecan0nical,,sum A727a) (ty_2Ecanonical_2Ecanonical —_sum A_27a) ) (ty_2Elist_2El
(44)

Definition 45 We define c 2EringNorm_2Er__varlist__insert to be A\A_27a : 1. \VOr € (ty 2Ering 2Ering A
Definition 46 We define c_2EintegerRing_2Eint__r__varlist__insert to be (ap (c_2EringNorm_2Er__varlist__inser
Let c.2Ecanonical 2Emonom__insert : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEcanonical _2FEmonos
A27a € (((((ty,QEcanom'cal,ZEcanonical,,sum A727a)(ty,QEcanonical,QEcanonical,,sum A,27a))(ty,2Elist,2E
(45)

Definition 47 We define c2EringNorm_2Er__monom__insert to be AA_27a : 1. A\VOr € (ty_ 2Ering 2Ering A
Definition 48 We define c_2EintegerRing_2Eint__r__monom__insert to be (ap (c-2EringNorm_2Er__monom__in
Let c.2Ecanonical 2ENil__monom : 1= be given. Assume the following.

VA 2T7a.nonempty A27a=-c_2Ecanonical 2ENil_monom A_27a €

(ty-2Ecanonical_2Ecanonical __sum A_27a) (46)



Let c.2Ecanonical 2ECons__varlist : t1=>1 be given. Assume the following.

VA 27Ta.nonempty A27a=-c_2Ecanonical 2ECons_varlist
A27a € (((ty,2Ecanom'cal,2Ecan0m'cal,,sum A727a)(ty,2Ecanonical,2Ecanonical,,sum A,27a))(ty,2Elist,2Eli‘
(47)
Let c.2Ecanonical 2ECons__monom : 1=t be given. Assume the following.

VA 2Ta.nonempty A_27a=-c_2Ecanonical 2ECons__monom A_27a €
((((ty,QEcanom'cal,2Ecan0m'cal,,sum A727a)(ty,2Ecanonical,2Ecanonical,,sum A,27a))(ty,2Elist,2Elist ty_2Eq
(48)
Let c.2Ecanonical 2Ecanonical__sum__merge : 1=-1 be given. Assume the fol-
lowing.

VA 27a.nonempty A_27a=c_2Ecanonical_2FEcanonical__.
A97a € ( ( ( (ty,QEcanonical,2Ecanonical,,sum A727(l) (ty_2Ecanonical_2Ecanonical —_sum A_27a) ) (ty_2Ecanonic
(49)

Definition 49 We define c_2EringNorm_2Er__canonical__sum__merge to be AA_27a : 1. A\VOr € (ty_2Ering_21

Definition 50 We define c_2EintegerRing_2Eint__r__canonical__sum__merge to be
(ap (c-2EringNorm_2Er__canonical__sum__merge ty_2Einteger 2Eint) (ap (ap (ap (ap (ap (c2Ering 2Erec

Let c2Equote 2E Empty__vm : 1= be given. Assume the following.

VA_27a.nonempty A_27a=c_2Equote 2EEmpty_vm A_27a € (

ty_2FEquote_2Evarmap A_27a) (50)

Let c.2Equote_2ENode__vm : 1=t be given. Assume the following.

VA_27a.nonempty A27a=c2Equote_2ENode_.vm A27a € ((
((ty,2Equ0te,2Evarmap A727a)(ty,QEquote,QE'uaT'map A,27a))(ty,ZEquote,ZEvarmap A,27a))A,27a)
(51)
Let c.2EringNorm_2EPopp : 1=t be given. Assume the following.

VA_27a.nonempty A27a=-c_2EringNorm_2EPopp A27a € ((ty-2EringN orm_2Epolynom
A_27q)(ty-2BringNorm_2Epolynom A-2Ta))

(52)
Let c.2EringNorm 2EPmult : 1=t be given. Assume the following.

VA_27a.nonempty A_27a=-c_ 2EringNorm_2EPmult A 27a € ((
(ty,2EringNorm,2Epolynom A727a) (ty-2EringNorm_2Epolynom A,27a))(ty,2EringNorm,2Epolynom A,27a))

(53)
Let c.2EringNorm_2E Pplus : 1=t be given. Assume the following.

YA 27a.nonempty A_27a=-c_ 2EringNorm_2EPplus A_27a € ((
(ty,2EringNorm,2Epolynom A727a) (ty-2EringNorm_2Epolynom A,27a))(ty,QEringNorm,2Epolynom A,27a))

(54)
Let c.2Equote_2Evarmap__find : 1= be given. Assume the following.
VA 27a.nonempty A_27a=c_2Equote_2Evarmap__find A_27a €
((A727a(ty,2Equote,2E7jarmap A,27a))ty,QEquote,QEindez) (55)



Let c2EringNorm_2E Pvar : 1=-1 be given. Assume the following.

VA 27a.nonempty A_27Ta=c_2EringNorm_2EPvar A 27a € ((ty-2EringNorm_2Epolynom
A727a)t’!!72Equote,2Eindex)

(56)
Let c.2EringNorm_2FE Pconst : 1=t be given. Assume the following.

VA 27a.nonempty A27a=-c_2EringNorm_2EPconst A 27a € (
(ty_2EringN orm_2Epolynom A_27a)4-27)

(57)
Definition 51 We define c_2EringNorm_2Epolynom__simplify to be AA_27a : 1. A\VOr € (ty-2Ering_2Ering 4
Definition 52 We define c 2EintegerRing_2Eint__polynom__simplify to be (ap (c_2EringNorm_2Epolynom__sin

Let c_2Ecanonical 2Einterp__cs : t=>1 be given. Assume the following.

VA 27a.nonempty A_27a=c2Ecanonical 2FEinterp_.cs A27a €
(((A727a(ty,2Ecanonical,2Ecanonical,,sum A,27a))(ty,2Equote,2Evarmap A,27a))(ty,QEsemi,J‘ing,2Esemi,,ring A2

(58)
Definition 53 We define c 2EringNorm_2Er__interp__cs to be NA_27a : 1. AVOr € (ty_2Ering 2Ering A 27a
Definition 54 We define c 2EintegerRing_2Eint__r__interp__cs to be (ap (c_2EringNorm 2Er__interp__cs ty_2F
Let c.2EringNorm_2FEinterp__p : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c 2EringNorm_2FEinterp__p A 27a €
(((A727a(ty,2EringNorm,ZEpolynom A_27a) ) (ty_2Equote_2Evarmap A_27a) ) (ty-2Ering_2Ering A_27a) )

(59)
Definition 55 We define c 2EintegerRing_2Eint__interp__p to be (ap (c2EringNorm_2Einterp_p ty_2FEin:

Let c2Ering 2Ering__RN : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2Ering 2Ering__RN A_27a € ((A27a-27%)(ty-2Ering 2Ering A_27a))
(60)

Definition 56 We define c_2Ering_2Eis__ring to be AA_27a : 1. A\VOr € (ty_2Ering 2Ering A_27a).(ap (ap c

Let c.2FEquote 2ERight__idzx : ¢ be given. Assume the following.

c2Equote 2ERight__idx € (ty_2Equote_2Eindeg'¥-2F1uote-2Eindery —(g7)
Let c2Equote 2E Le ft__idz : « be given. Assume the following.

c2Equote 2ELeft_idx € (ty 2Equote 2FindegV-2Fauote-2Eindery (62)
Let c.2Fquote 2EEnd__idx : . be given. Assume the following.

c2Equote 2EEnd__idx € ty 2Equote 2Findex (63)



Let ty_2EternaryComparisons_2FEordering : ¢ be given. Assume the following.
nonempty ty_2EternaryComparisons_2FEordering (64)

Let c.2Equote_2Findex__compare : ¢ be given. Assume the following.

c2Equote 2Findex__compare € ((ty_2EternaryComparisons_2Eorderingtv-2Fauote-2Eindez)ty 2Equote2F
(65)

Let c2EternaryComparisons 2ELESS : 1 be given. Assume the following.

c2EternaryComparisons 2ELESS € ty_ 2EternaryComparisons_2FEordering
(66)

Definition 57 We define c_2Equote_2Eindex__It to be A\V0il € ty_2FEquote 2Eindex.\V 1i2 € ty_2Equote_2

Let c_2EternaryComparisons_2Enum2ordering : ¢ be given. Assume the fol-
lowing.

c_2EternaryComparisons_2Enum2ordering € (ty_2EternaryComparisons_2Eorderingty-2Enum-2Enum

(67)
Definition 58 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic

Let c_2EternaryComparisons_2FEordering2num : ¢ be given. Assume the fol-
lowing.

ty,2EternaryComparisons,ZEordem'ng)

(68)

c2EternaryComparisons_2Eordering2num € (ty_2Enum_2Enum

Definition 59 We define c_2Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV 0t € 2.V 0t)).

Definition 60 We define c_2Ebool 2ECOND to be AA_27a : 1.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Definition 61 We define c_2Ebool 2E_7E to be (AVOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Definition 62 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 63 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_ 2Enum_2Enu
Definition 64 We define c_2EternaryComparisons_2Eordering__CASE to be AA_27a : 1. AV 0z € ty_2Fternary

Let c.2FEternaryComparisons 2EGREATER : ¢ be given. Assume the follow-
ing.

c2EternaryComparisons 2EGREATER € ty_2FEternaryComparisons_2FEordering
(69)
Let c_2EternaryComparisons 2EEQU AL : ¢ be given. Assume the following.
c2EternaryComparisons 2EEQU AL € ty_2EternaryComparisons_2FEordering
(70)
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Let c2FEternaryComparisons_2Elist__compare : t=>1=>t be given. Assume the
following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEternaryComparisons

A27a A27b € (((ty2EternaryComparisons 2Fordering(ty-2Flist-2Elist A27b))(ty-2Blist2Elist A-2Ta))((ty
(71)
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A27a=-c2Elist 2ECONS A_27a € (((ty-2Elist_2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)
(72)
Let c2Elist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2ENIL A 27a € (ty 2Elist 2Elist
A_27a)
(73)
Let c2EternaryComparisons_2Elist__merge : 1= be given. Assume the fol-
lowing.

VA 27a.nonempty A_27a=c_2EternaryComparisons_2Elist__merge
A27a € ((((ty,QEZZSt,QElZSt A727a)(ty,2Elist,2Elist A,27a))(ty,2Elist,2Elist A,27a))(

(2A727G,)A,27a)

)

(74)
Assume the following.
True (75)
Assume the following.
VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)& (76)
True))
Assume the following.
VA 27a.nonempty A 27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c.2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1e2) = V112))))
(77)
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Assume the following.

VA 27a.nonempty A_27a=((p (ap (c_2Ering_2Eis__ring ty_2Finteger 2Eint)
(ap (ap (ap (ap (ap (c2Ering 2Erecordtype 2Ering ty_2Einteger 2Fint)
c_2Einteger_2Eint__0) c_2Einteger 2Eint__1) c_2Einteger_2Eint__add)
c_2Einteger_2Eint__mul) c_2Einteger_2Eint__neg)))A((VV 0vm €
(ty-2Equote_2 Evarmap ty-2Einteger 2Eint).(VV1p € (ty-2EringN orm_2Epolynom
ty_2Finteger 2Eint).((ap (ap c_2EintegerRing_2Eint__interp__p
V0vm) V1p) = (ap (ap c-2EintegerRing_2Eint__r__interp__cs V0vm)
(ap c_2EintegerRing_2Eint__polynom_simplify V1p)))))A(((
(VV2vm € (ty_2Equote 2Evarmap ty 2Einteger 2Fint).(VV 3c €
ty_2Einteger 2FEint.((ap (ap c-2EintegerRing_2Eint__interp__p
V2um) (ap (c-2EringNorm_2E Pconst ty_2Einteger 2Eint) V3c)) =
V3e))A((VV4vm € (ty-2Equote_2Evarmap ty-2Einteger 2FEint).
(VV5i € ty 2Equote 2FEindex.((ap (ap c_2EintegerRing_2Eint__interp__p
V4vm) (ap (c.2EringNorm_2E Pvar ty_2Einteger 2Eint) V5i)) = (ap
(ap (c2Equote2Evarmap__find ty_2Einteger 2Eint) V5i) V4vm))))A
((VV6vm € (ty-2Equote_2Evarmap ty_2Einteger 2Eint).(
YVpl € (ty_2EringNorm_2Epolynom ty_2Einteger_2FEint).
(VV8p2 € (ty_2EringNorm_2Epolynom ty_2Einteger 2Fint).
((ap (ap c_2EintegerRing_2Eint__interp__p V6um) (ap (ap (c-2EringNorm_2E Pplus
ty_2Einteger 2Fint) V7pl) V8p2)) = (ap (ap c_2Einteger_2Eint__add
(ap (ap c-2EintegerRing_2Eint__interp__p V6um) V'7pl)) (ap (ap
c_2EintegerRing_2Eint__interp__p V6vm) V8p2))))))A((VVIvm €
(ty-2Equote_ 2 Evarmap ty_2Finteger 2Eint).(YV10pl € (
ty_2EringNorm_2Epolynom ty 2Einteger 2Fint).(VV11p2 €
(ty_2EringNorm_2Epolynom ty_2FEinteger 2Eint).((ap (ap c_2EintegerRing_2Eint__interp__p
V9vm) (ap (ap (c2EringNorm_2EPmult ty_2Einteger_2Eint) V10pl)
V11p2)) = (ap (ap c2Einteger 2Eint_mul (ap (ap c_2EintegerRing_2Eint__interp__p
V9vm) V10pl)) (ap (ap c-2EintegerRing_2Eint__interp__p V9vm)
V11p2)))))A(YV12um € (ty-2Equote 2Evarmap ty-2Einteger 2Eint).
(VV13pl € (ty2EringNorm_2Epolynom ty_2Einteger 2FEint).
((ap (ap c-2EintegerRing_2Eint__interp__p V12um) (ap (c-2EringNorm_2E Popp
ty_2Einteger 2Fint) V13pl)) = (ap c_2Einteger_2Eint__neg (ap
(ap c_2EintegerRing_2Eint__interp__p V'12vm) V13p1)))))))))A
(VV1dx € A27a.(VV 1502 € (ty_2Equote 2Evarmap A_27a).
(VV1601 € (ty-2Equote 2Evarmap A-27a).((ap (ap (c2Equote_2Evarmap__find
A_27a) c2Equote 2EEnd__idz) (ap (ap (ap (c2Equote 2ENode__vm
A 27a) V1dz) V16vl) V1502)) = V14x))) )A((VV 1Tz € A27a.(
VV18v2 € (ty-2Equote 2Evarmap A-27a).(VV19v1 € (
ty_2Equote 2FEvarmap A_27a).(VV20il € ty_2Fquote_2Eindex.

((ap (ap (c2Equote 2Evarmap__find A27a) (ap c2Equote 2E Right__idx
V20i1)) (ap (ap (ap (c2Equote 2ENode__vm A 27a) V17x) V19vl) V18v2)) =
(ap (ap (c-2Equote_2Evarmap__find A-27a) V20il) V18v2))))))A
((VV21x € A27a.(VV2202 € (ty-2Equote_2Evarmap A_27a).

(VV23vul € (ty-2Equote 2Evarmap A27a).(VV24il €
ty 2Equote 2Eindex.((ap (ap (c.2Equote 2Evarmap__find A 27a)

(ap c2Equote 2ELe ft__idx V24il)) (ap (ap (ap (c-2Equote 2ENode__vm
A_27a) V21z) V231d) V2202)) = (ap (ap (c2Equote2Evarmap-_find
A_27a) V24il) V23v1))))))A(VV25i € ty_2Equote_2Eindex.

((ap (ap (c2Equote 2Evarmap__find A27a) V25i) (c_2Equote_2E Empty__vm
A27a)) = (ap (c2Emin 2E_40 A_27a) (A\V26z € A_27a.c2Ebool 2ET))))))))A
(((VV27t2 € (ty_2Ecanonical 2Ecanonical __sum ty_2FEinteger 2Fint).
(VV28t1 € (ty_2FEcanonical 2Ecanonical__sum ty_2Einteger 2Eint).

(VV2912 € (ty-2Elist 2Elist ty_2FEquote_2Eindex).(YV30l1 €
(ty_2Elist 2Elist ty_2FEquote_2Findex).(VYV31c2 € ty_2Einteger 2Eint.
(VV32cl € ty_2Finteger 2Eint.((ap (ap c_2EintegerRing_2Eint__r__canonical__sum__merge
(ap (ap (ap (c2Ecanonical 2ECons__monom ty_2FEinteger 2Eint)
V32cl) V30i1) V28tl)) (ap (ap (ap (c-2Ecanonical 2ECons__monom
ty_2FEinteger 2Eint) V31c2) V2912) V27t2)) = (ap (ap (ap (ap (c- 2EternaryCompar|sons 2Eordering__CA
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Assume the following.

(((ap (ap c2Equote_ 2Eindex__compare c 2Equote 2E End__idx)
c2Equote 2EEnd__idx) = c_2EternaryComparisons 2EEQU AL)A(
(VV0v10 € ty2Equote 2Eindex.((ap (ap c.2Equote_2Eindex__compare
c2Equote 2EEnd__idzx) (ap c.2Equote 2E Le ft__idz V0v10)) = c.2EternaryComparisons 2ELESS
((VV1vll € ty_2FEquote 2Eindex.((ap (ap c2Equote_2Eindex__compare
c2Equote 2EEnd__idx) (ap c2Equote 2E Right__idx V1v1l)) = c.2EternaryComparisons 2ELESS
((VV202 € ty_2FEquote 2Eindex.((ap (ap c2Equote_ 2Eindex__compare
(ap c.2Equote 2E Le ft__idz V2v2)) c.2Equote 2EEnd__idz) = c.2EternaryComparisons 2EGREATE
((VV3v3 € ty-2Equote_2Findex.((ap (ap c-2Equote_2FEindex__compare
(ap c2Equote 2E Right__idx V3v3)) c.2Equote 2EEnd__idx) = c2EternaryComparisons 2EGREATF
((VV4n_27 € ty 2Equote 2Eindex.(YV5m_27 € ty_2Equote_2Eindex.
((ap (ap c.2Equote 2Eindex__compare (ap c2Equote 2ELeft__idx
V4n_27)) (ap c2Equote 2ELe ft_sidx V5m_27)) = (ap (ap c2Equote_2Eindex__compare
Van_27) V5m27))))A((YV6n27 € ty_2Equote 2Eindex.(NVTm_27 €
ty_2Equote_2Findex.((ap (ap c.2Equote_2Eindex__compare (ap
c2Equote 2ELe ft__idx V6n_27)) (ap c-2Equote 2ERight__idx VTm_27)) =
c2EternaryComparisons 2ELESS)))A((VV8n_27 € ty_2Equote_2Eindex.
(YVIm_27 € ty_2FEquote 2Eindex.((ap (ap c.2Equote_2Eindex__compare
(ap c.2Equote 2E Right__idx V8n_27)) (ap c.2Equote 2E Right__idx
VIm_27)) = (ap (ap c2Equote2Eindex__compare V8n_27) VIm_27))))A
(VV10n_27 € ty_ 2Equote 2Eindex.(VV11m_27 € ty_ 2Equote_2Eindex.
((ap (ap c.2Equote_2Eindex__compare (ap c2Equote 2ERight__idx
V10n_27)) (ap c2Equote 2ELeft__idx V11m_27)) = c2EternaryComparisons 2EGREATER)))))))
(79)
Assume the following.

VA_27a.nonempty A27a=((VV0v0 € A27a.(WVV1vl €
A27a.(VV2v2 € A27a.((ap (ap (ap (ap (c-2EternaryComparisons_2Eordering__CASE
A_27a) c2EternaryComparisons 2ELESS) V0v0) V1vl) V202) = V0v0))))A
((VV300 € A27a.(VV4vl € A 27a.(VV502 € A 27a.

((ap (ap (ap (ap (c_2EternaryComparisons_2Eordering__CASE A_27a)
c2EternaryComparisons 2EEQU AL) V3v0) V4vl) V5u2) = V4vl))))A
(VV6v0 € A27a.(VVTvl € A 27a.(VV8v2 € A 27a.

((ap (ap (ap (ap (c_2EternaryComparisons_2Eordering__CASE A_27a)
c2EternaryComparisons 2EGREATER) V6v0) VTul) V8&v2) = V8v2))))))

(80)
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Assume the following.

((VV0zx € ty_2EternaryComparisons_2Eordering.((V0x = V0z)&
True))A(((c2EternaryComparisons 2ELESS = c_2EternaryComparisons 2EEQU AL)<
False)AN(((c-2EternaryComparisons 2ELESS = c_2EternaryComparisons. 2EGREATER)<
False)AN(((c2EternaryComparisons 2EEQU AL = c_2EternaryComparisons 2EGREATER)<
False)A(((c2EternaryComparisons 2EEQU AL = c_2EternaryComparisons 2ELESS)<

False)A(((c-2EternaryComparisons 2EGREATER = c_2EternaryComparisons 2ELESS)<

False)A(((c2EternaryComparisons 2EGREATER = ¢ 2EternaryComparisons 2EEQU AL)<
False)AN((((ap c.2EternaryComparisons_2Eordering2num c_2EternaryComparisons.2ELESS) =

c2Enum_2E0)A(((ap c-2EternaryComparisons_2Eordering2num
c2EternaryComparisons 2EEQU AL) = (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic. 2EZERO)))A((ap c-2EternaryComparisons_2Eordering2nur
c2EternaryComparisons 2EGREATER) = (ap c_2Earithmetic.2ENUMERAL
(ap c2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO)))))A(((ap
c2EternaryComparisons_2Enum2ordering c.2Enum_2EQ) = c_2FEternaryComparisons 2ELESS)A
(((ap c2EternaryComparisons_2Enum2ordering (ap c-2Earithmetic 2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic.2EZERO))) = c_2EternaryComparisons 2EEQU AL)A
((ap c2EternaryComparisons_2Enum2ordering (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 c_2Earithmetic_ 2EZERO))) = c_2EternaryComparisons 2EGREATER)))))))
(s1)
Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
(YV0emp € ((ty-2EternaryComparisons_2Eordering-27)A-27a),
((ap (ap (ap (c2EternaryComparisons_2Elist__compare A_27a A_27b)
VO0emp) (c2Elist 2ENTL A 27a)) (c2Elist 2ENITL A_27b)) = c2EternaryComparisons 2EEQU AL)
(YV109 € (ty 2Elist 2Elist A27b).(¥V 208 € A_27b.
(VV3emp € ((ty_2EternaryComparisons 2Eordering-270)4-27a),
((ap (ap (ap (c2EternaryComparisons 2Elist__compare A_2Ta A_27b)
V3emp) (¢ 2Elist 2ENITL A 27a)) (ap (ap (c2Elist 2ECONS A_27b)

V2u8) V1v9)) = c2EternaryComparisons2ELESS))))A((VV4v5 €
(ty2Elist_2Elist A_27a).(VVbvd € A27a.(VV6ecmp €
((ty2EternaryComparisons_2Eordering4-27)4-272) ((ap (ap
(ap (c.2EternaryComparisons_2Elist__compare A27a A_27b) V6cmp)

(ap (ap (c2Elist 2ECONS A_27a) V5v4) V4v5)) (c2Elist 2ENIL A_27b)) =
c2EternaryComparisons 2EGREATER))))A(VV Ty € A_27b.

(VV8x € A27a.(VV9I2 € (ty2Elist 2Elist A_27b).

(VV'10I1 € (ty-2Elist 2Elist A-27a).(YV1lemp € ((
ty_2EternaryComparisons_2FEordering-27)4-27¢) ((ap (ap (
ap (c2EternaryComparisons_2Elist__compare A27a A_27b) V1lemp)

(ap (ap (c-2Elist 2ECONS A27a) V8zx) V10l1)) (ap (ap (c2Elist 2ECONS
A_27b) V'7Ty) V9I2)) = (ap (ap (ap (ap (c_2EternaryComparisons_2Eordering__CASE
ty_2EternaryComparisons_2Eordering) (ap (ap V1lemp V8z) V7y))
c2EternaryComparisons 2ELESS) (ap (ap (ap (c2EternaryComparisons 2Elist__compare
A27a A27b) V1lemp) V10I1) V9I2)) c 2EternaryComparisons 2EGREATER))))))))))

(2)
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Assume the following.

VA 27a.nonempty A 27a=((VVO0I1 € (ty_2FElist 2Elist
A27a).(VV1a_it € ((24-279)A-279) ((ap (ap (ap (c2EternaryComparisons 2Elist_merge
A27a) Vla_it) VOIL) (c2Elist 2ENIL A27a)) = VOI1)))A((YV 205 €
(ty2Elist 2Elist A_27a).(VV3vd € A27a.(VV4a_lt €
((24-27a)A-27a) ((ap (ap (ap (c2EternaryComparisons_2Elist_merge
A 27a) Vda_lt) (c2Elist 2ENIL A_27a)) (ap (ap (c2Elist 2ECONS
A_27a) V3v4) V205)) = (ap (ap (c2Elist 2ECONS A 27a) V3vd) V205)))))A
(VVby € A27a.(WVbx € A27a.(VVT7I2 € (ty2Elist_2Elist
A_27a).(VV8I1 € (ty-2Elist 2Elist A27a).(VV9a_t €
((24-272)A-27) ((ap (ap (ap (c-2EternaryComparisons_2Elist_merge
A27a) V9a_lt) (ap (ap (c2Elist 2ECONS A_27a) V6x) V8I1)) (ap
(ap (c2Elist 2ECONS A_27a) V5y) V7i2)) = (ap (ap (ap (c-2Ebool 2ECOND
(ty2Elist 2Elist A27a)) (ap (ap V9a_lt V6x) V5y)) (ap (ap (c2Elist 2ECON S
A_27a) V6zx) (ap (ap (ap (c2EternaryComparisons_2Elist__merge
A_27a) V9a_lt) V8I1) (ap (ap (c2Elist 2ECONS A_27a) Vby) V7i2))))

(ap (ap (c-2Elist 2ECONS A_27a) V5y) (ap (ap (ap (c-2EternaryComparisons_2Elist_merge
A27a) V9a_lt) (ap (ap (c2Elist 2ECONS A_27a) V6x) V8I1)) V7i2)))))))))))

(83)

Theorem 1

(VVO0a € ty 2E frac 2E frac.(NV1b € ty 2F frac2E frac.
((ap (ap c2Efrac_2Efrac__add V0a) V1b) = (ap (ap c-2Efrac_2Efrac__add
V1b) V0a))))
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