thm_2Eind__type 2ECONSTR__INJ
(TMRSMqF6X3J6RyWlrberU6NZjve3BRVB4Dr)

October 26, 2020

Definition 1 We define c 2Emin_2E_3D to be A\A.\x € A y € A.inj_o (z =y)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 0t)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_7E to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c2Eind_type 2ENUMSND : 1 be given. Assume the following.
c2Find_type 2ENUMSND € (ty_2Enum_2Enum/v-2Enum-2Enumy 9y
Let c2Eind_type 2ENUMFST : 1 be given. Assume the following.
c2Eind_type 2ENUMFST € (ty_2Enum_2Enum'v-2Frum-2Enumy (g)

ty_2Enum

Definition 7 We define c_2Eind__type_2EINJF to be NA_27a : L AVOf € (((24-27a)y-2Fmum-2Enum,
Definition 8 We define c_2Eind__type_2EINJA to be AA_27a : 1. AV0a € A_27a.(AV1n € ty_2Enum_2Enum
Definition 9 We define c_2Eind__type_2EINJN to be AA_27a : ¢ AVOm € ty_2Enum_2Enum.(AV1n € ty_21
Let c2Eind_type 2ENUMRIGHT : ¢ be given. Assume the following.
c2Eind_type 2ENUMRIGHT € (ty-2Enum_2Enum!V-2Enum-2Enumy - (4)
Let c2Eind_type 2ENUMLEFT : . be given. Assume the following.
¢ 2Find_type 2ENUMLEFT ¢ (2t¥-2Enum-2Enum) (5)



Definition 10 We define c_2Ebool 2E_2F_5C to be (AVO0t1 € 2.(A\V1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2¢ €

Definition 11 We define c 2Emin_2E_40 to be \A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type t=>t.

Definition 12 We define c 2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(A\V1tl € A 27a.(A\V2t2 € A 27a.(

Definition 13 We define c_2Eind__type_2EINJP to be NA_27a : tLAVOf1 € ((24-27a)-2Fmum-2Enumy sy ¢
Definition 14 We define c_2Ebool 2E_3F to be AA 27a : 1.(AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (6)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS_num € (ty-2Enum_2Enum°™") (7)

Definition 15 We define c22Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).

Definition 16 We define c_2Eind__type 2EZBOT to be AA_27a : v.(ap (ap (c_2Eind__type 2EINJP A_27a) (a
Definition 17 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegaty-2Fnum-2Enum) (8)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™9%) 9)

Definition 18 We define c.2Enum_2ESUC to be A\VOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num

Definition 19 We define c_2Eind__type 2EZCONSTR to be AA_27a : 1. AV Oc € ty 2Enum _2Enum.A\V1i € .
Let ty 2Find__type 2Erecspace : 1= be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2Find_type_2Erecspace A0) (10)

Let c2Eind__type 2Edest__rec : t=-1 be given. Assume the following.

VA 27a.nonempty A 27a=c 2Find_type 2Edest_rec A 27a €
(( (2A,27a)ty,2Enum,2Enum) (ty_2Eind__type_2Erecspace A_27a) ) (1 1)

Let c2Eind__type 2Emk__rec : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c2Find_type 2Emk_rec A 27a € (12)
arty_2Enum_2Enum
((ty_2Eind__type 2Erecspace A,27CL)((2A727 ) )



Definition 20 We define c_2Eind__type 2ECONSTR to be AA_27a : 1.AV0c € ty_2Enum_2Enum. AV1i € A

Definition 21 We define c_2Eind__type 2EZRECSPACE to be AA_27a : 1.(AV0a0 € ((24-2Ta)tv-2Fnum-2Enur

Assume the following.
True (13)

Assume the following.

(VVOt1 € 2.(VV1#2 € 2.(((p VOt1)=(p V1t2))=(((p

V1t2)=(p VOI1)=((p VOt s (p V1i2))))) (14)
Assume the following.
VA_27a.nonempty A27a=(VVO0t € 2.((VV1x € (15)

A27a.(p VOt))=(p VOL)))
Assume the following.

(VVOt € 2.(((TrueA(p VOt))(p VO)A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (16)

(((p VOO)A(p VOI)) &= (p VO01)))))))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p Vo)) A(((p VOt)=>True)s
True)A((False=(p VOt))True) A((((p VOt)=(p VOt))=True)A((  (17)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA 27a.nonempty A27a=(YV0x € A27a.(VOz = VOz)&

True)) (18)

Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
VVOf € (A2764-27%) (YV1g € (A27bA-279).((VOf = (19)
V1g)e(VV2x € A27a.((ap VOf V2x) = (ap V1g V212))))))

Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOO))A((((p VOt)=True)<
(p VO)A(Falses(p VOt))<(=(p VOL)))A(((p VOt) & False)s(=( - (20)

pV01))))))

Assume the following.

(VVOz € 2.(VV1y € 2.(VV2z € 2.(VV3w €
2.((((p Voz)=(p V1y))A((p V22)=(p V3w)))=(((p VOz)A(p V2z))=

((p Viy)A(p V3w))))))))
(21)



Assume the following.

(VVOx € 2.(VV1y € 2.(VV2z € 2.(VV3w €
2.((((p VOz)=(p V1y))A((p V2z)=(p V3w)))=(((p VOz)V(p V2z))=
((p V1iy)V(p V3w))))))))
(22)
Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
(24-270) (VV2z € A27a.((p (ap VOP V2z))=(p (ap V1Q V2z))))=
((VV3x € A27a.(p (ap VOP V3zx)))=(VV4x € A27a.(p (
ap V1Q V4x)))))))

(23)

Assume the following.

VA 27a.nonempty A_27a=(YVOP € (24-272).(VV1Q €
(24-272) ((YV2z € A27a.((p (ap VOP V2z))=(p (ap V1Q V2z))))=
((3V3z € A27a.(p (ap VOP V3z)))=(IV4x € A27a.(p (

ap V1Q V4x)))))))

(24)

Assume the following.

VA_27a.nonempty A27a=(VVO0nl € ty_2Enum_2Enum.
(VV1n2 € ty_2Enum_2Enum.(((ap (c-2Eind__type_2EINJN A_27a)
V0Onl) = (ap (c-2Eind__type 2EINJN A_27a) V1n2))<(VOonl = V1n2))))
(25)
Assume the following.

VA 27a.nonempty A 27a=(VV0al € A27a.(VV1a2 €
A27a.(((ap (c-2Eind__type_2EINJA A_27a) V0al) = (ap (c_2Eind__type_2EINJA
A27a) V1a2))<(V0al = V1a2))))
(26)
Assume the following.

VA,27a.n0nempty A,27a:>(VVOf1 c (((2A,27a)ty,2Enum,2Enum)ty,2Enum,2Enum)'
(\v/VlfQ c (((2A,27a)ty,2Enum,2Enum)ty,QEnum,ZEnum).
(((ap (c-2Eind__type2EINJF A_27a) VOf1) = (ap (c-2Eind__type_2EINJF
A27a) V1f2))a(VOfl = V1f2))))
(27)
Assume the following.

VA 27a.nonempty A 27a=(VVO0f1 € ((24-272)ty-2Enum-2Enum)
(VVlfl,Q’? c ((2A727a)ty,2Enum,2Enum).(VVQJCQ c
((2A,27a)ty,2Enum,2Enum).(Vv3f2727 c ((2A,27a)ty,2Enum,2Enum).
(((ap (ap (c2Eind__type_2EINJP A_27a) VOf1) V2f2) = (ap (ap (c2Eind__type 2EINJP
A27a) V1£1.27) V3£2.27))((VOf1 = V1f12T)A(V2f2 = V3£2.27)))))))
(28)



Assume the following.

VA 27a.nonempty A27a=((VV0a € (ty_2Find__type_2Erecspace
A27a).((ap (c2EBind_type 2Emk_rec A27a) (ap (c2Eind__type 2Edest__rec
A27a) V0a)) = V0a))A(VV 1r € ((24-27a)ty-2Enum-2Enum)
((p (ap (c2Eind__type_2EZRECSPACE A_27a) V1r))&((ap (c2Eind_type_2Edest__rec
A27a) (ap (c2Bind_type_2Emk_rec A-27a) V1r)) = V1r))))
(29)
Assume the following.

VA_27a.nonempty A 27a=(VV0z € ((24-272)ty-2Enum-2Enum),
(YV1y € ((24-27)ty-2Enum-2Enum) (((qp (c_2Eind__type 2Emk_rec
A_27a) VOz) = (ap (c2Eind_type 2Emk__rec A27a) V1y))=(((p (
ap (c-2Eind__type 2EZRECSPACE A_27a) VO0x))A(p (ap (c-2Eind__type 2EZRECSPACE
A27a) V1y)))=(V0z = V1y)))))
(30)
Assume the following.

VA 27a.nonempty A27a=(YV0x € (ty-2Eind_type_2Erecspace
A 27a).(VV1y € (ty2Eind__type_2Erecspace A27a).(((
ap (c2Eind_type 2Edest__rec A27a) VO0z) = (ap (c2Find-_type 2Edest__rec
A27a) V1y))=(Voz = Vy))))
(31)
Assume the following.

(YVOm € ty_2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
((ap c.22Enum_2ESUC VOm) = (ap c.2Enum_2ESUC V1n))<(VOm = Vin))))
(32)

Theorem 1

VA_27a.nonempty A27a=(YVO0cl € ty_2Enum_2Enum.
(VV1il € A27a.(VV2rl € ((ty-2Pind__type_2Erecspace
A_27q)ty-2Enum-=2Enum) (7 3¢2 € ty 2Enum_2Enum.(VV4i2 €
A 27a.(VV5r2 € ((ty2Eind__type 2Erecspace A_27a)ty-2Enum-2Enum)
(((ap (ap (ap (c2Eind__type_2ECONSTR A_27a) VOcl) V1il) V2rl) =
(ap (ap (ap (c2Eind__type 2ECONSTR A_27a) V3c2) V4i2) V5r2))<
((VOcl = V3e2)A((V1il = V4i2)A(V2rl = V512))))))))))



