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Definition 1 We define c 2Emin_2E_3D to be A\A.\x € A y € A.inj_o (x = y)
of type t=-t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (A\V1z € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 5 We define c 2Emin_2E_3D_3D_3E to be AP € 2.)\Q € 2.inj_o (p P=p Q)
of type t.

Definition 6 We define c.2Ebool 2E_5C_2F to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Definition 7 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Definition 8 We define c 2Emin_2E_40 to be AA.AP € 24.4f (32 € Ap (ap P 7)) then (the (\z.x € AAp
of type L1=-t.

Definition 9 We define c_2Ebool 2E_3F to be AA_27a : t.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E 40 -
Definition 10 We define c 2Ebool 2E_3F 21 to be AA_27a : 1. (AVOP € (24-27) (ap (ap c_2Ebool 2E_2F 5C
Definition 11 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)

Let ty_2Find_type 2Erecspace : 1= be given. Assume the following.

VAO.nonempty A0=nonempty (ty_2FEind_type 2Erecspace A0) (2)
Let c.2Eind__type 2Edest__rec : t=-1 be given. Assume the following.

VA 27a.nonempty A 27a=-c 2Eind__type 2FEdest_rec A27a €
(((2A,27a)ty,2Enum,2Enum) (ty-2Eind__type_2Erecspace A_27a) ) (3)



Let c2FEind_type 2ENUMSND : . be given. Assume the following.
c2Bind_type 2ENUMSND € (ty 2Enum_2Enum-2Enum-2Enum) 4
Let c2Eind_type 2ENU M FST : 1 be given. Assume the following,.

c2Find_type 2ENUMFST € (ty 2 Enum_2Enum!v-2Emum-2Enum) (5

ty-2Enu

Definition 12 We define c_2Eind__type 2EINJF to be AA_2Ta : LAVOS € (((24-27a)/V-2Fnum-2Enum,
Definition 13 We define c 2Eind__type 2EINJA to be AA_27a : t.AV0a € A 27a.(A\V 1n € ty 2Enum_2Enu
Let c2Eind_type 2ENUMRIGHT : ¢ be given. Assume the following.
c2Bind_type 2ENUMRIGHT € (ty-2Enum_2Enum!V-2Erum-2Enumy - g)
Let c2Eind_type 2ENUMLEFT : ¢ be given. Assume the following.
¢ 2Find_type 2ENUMLEFT ¢ (2ty-2Enum-2Enum) (7)

Definition 14 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(

Definition 15 We define c_2Eind__type 2EINJP to be NA_27a : LAVOS1 € ((24-2Ta)t-2Enum-2Enumy \y- ¢
Let c.2Enum_2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (8)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™9%) 9)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (10)
Definition 16 We define c_2Enum_2ESUC to be A\VOm € ty_2Enum_2Enum.(ap c2Enum_2EABS__num

Definition 17 We define c2Eind__type_2EINJN to be N\A_27a : 1. AV Om € ty_2Enum_2Enum.(AV1n € ty_~

Definition 18 We define c 2Eind__type 2EZCONSTR to be NA_27a : 1. AV Oc € ty 2Enum _2Enum.A\V1i € .
Let c2Eind_type 2Emk__rec : 1=>1 be given. Assume the following.

VA 2Ta.nonempty A27a=-c2Eind_type 2Emk_rec A27a € (1)
((ty-2Eind__type_2Erecspace A,27a)((2A727a)ty72Ewm72Emm)

Definition 19 We define c_2Eind__type 2ECONSTR to be AA27a : t.AV0c € ty_2Enum 2Enum. AV1i € A



Let c2Enum 2EZERO__REP : . be given. Assume the following.
c2Enum 2EZERO__REP € omega (12)

Definition 20 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).

Definition 21 We define c 2Eind__type 2EZBOT to be AA_27a : ¢.(ap (ap (c-2Eind__type_2EINJP A_27a) (a
Definition 22 We define c 2Eind__type 2EBOTTOM to be AA_27a : v.(ap (c2Eind__type 2Emk_rec A_27

Assume the following.
True (13)

Assume the following.

(VV0tl € 2.(VV1#2 € 2.(((p VOt)=(p V1t2))=(((p

V12)=(p VOLL)=((p VOr) < (p V1t2))))) (14)
Assume the following.
(VVOt € 2.(False=(p V0t))) (15)
Assume the following.
VA,Q?a.noze;npty A27a=(VVOt € 2.(VV1z € (16)
27a.(p VOt))=(p VO1)))
Assume the following.
VA,Q?a.no;Llempty A27a=(VVOt € 2.((IV1z € (17)
27a.(p VOt))=(p VO1)))
Assume the following,.
(VVO0t1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)A a8)

((p V1E2)A(p V2t3)))=(((p VOIL)A(p V1£2))A(p V2t3))))))
Assume the following.

(VV Ot € 2.(((Truen(p VOt))=(p VO)A((((p VO ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (19)
(((p VO)A(p VOt))=(p VO01)))))))

Assume the following.

(VVOt € 2.(((TrueVv(p VOt))eTrue) AN((((p VOt)VTrue)=True)A
(((FalseV(p VOt))=(p VOO)A((((p VOt)VFalse)=(p VO)A(((p VOE)V

(p VOI))&=(p V01)))))))
(20)



Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VO)A((((p VOt)=True)<
True)A((False=(p VOt))oTrue) A((((p VOt)=(p VOt))=True)A((
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA 27a.nonempty A27a=(VYV0x € A27a.(V0z = VOz)&
True))

Assume the following.

VA_27a.nonempty A27a=NVV0zx € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-27%) (VV1g € (A27b4-27%) (VO f =
Vig)e(VV2zx € A27a.((ap VOf V2z) = (ap V1g V2z))))))

Assume the following.

(YVOt € 2.(((True=(p VOt))<=(p VO
(p VOO)A(((False=(p VOt))<=(—(p VOt

p VO01)))))))

INA((((p VOt)=True)=
INA(((p VOt)& False)<(—(

Assume the following.

VA 27a.nonempty A 27a=(VVOP € (24-279) (VV1Q €
(24-270) ((VV2z € A27a.((p (ap VOP V2z))A(p (ap V1Q V2z))))=
(VV3z € A27a.(p (ap VOP V3z)))A(VV4x € A27a.(p (
ap V1Q V4x)))))))

Assume the following.

(VVOLl € 2.(VV 112 € 2.(vV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOIL)A(p V112))=(p V2t3))))))

Assume the following.

VA_27a.nonempty A_27a=(VVOP € (24-27).((p (ap
(c2Ebool 2E 3F 21 A 27a) (A\V1x € A 27a.(ap VOP V1z))))<((
V2 € A27a.(p (ap VOP V2x)))A(VV3z € A27a.(VV4y €
A27a.(((p (ap VOP V3z))A(p (ap VOP V4y)))=(V3xz = V4y)))))))

Assume the following.

(VVO0z € 2.(¥V1z.27 € 2.(¥V2y € 2.(VV3y.2T €
2.((p VOoz)=(p V1x27))A((p V1x2T)=((p V2y)=(p V3y27))))=
(((p VOz)=(p V2y))&((p V1z27)=(p V3y-27))))))))

4

(22)

(23)

(24)

(25)

(26)

(27)



Assume the following.

(VVOx € 2.(VV1y € 2.(VV2z € 2.(VV3w €
2.((((p VOz)=(p V1y))A((p V2z)=(p V3w)))=(((p VOz)A(p V2z))=
((p V1y)Alp V3w))))))))
(30)
Assume the following.

(VVoz € 2.(VV1y € 2.(VV2z € 2.(VV3w €
2.((((p VOz)=(p V1y))A((p V2z)=(p V3w)))=(((p VOx)V(p V2z))=
((p V1g)V(p V3w))))))))
(31)
Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-27%).(VV1Q €
(24-270) (VV2z € A27a.((p (ap VOP V2z))=(p (ap V1Q V2x))))=
((VV3zx € A27a.(p (ap VOP V3z)))=(VVdx € A27a.(p (
ap V1Q Viz)))))))

(32)

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
(24-27) (VV2z € A27a.((p (ap VOP V2z))=(p (ap V1Q V2z))))=
((3V3z € A27a.(p (ap VOP V3z)))=(IV4x € A27a.(p (

ap V1Q Viz)))))))

(33)

Assume the following.

VA 27a.nonempty A27a=(VV0a € A27a.(IV1x € (34)
A27a.(V1z =V0a)))

Assume the following.

VA 27a.nonempty A_27a=(VV0a € A27a.(p (ap (c_2Ebool 2E_3F_21
A27a) (A\V1lx € A27a.(ap (ap (c22Emin 2E_3D A_27a) V1z) V0a)))))
(35)
Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-27%).(VV1a €
A27a.((3V2x € A27a.((V22 = V1a)A(p (ap VOP V2z))))<=(p ( (36)
ap VOP V1a)))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOP € ((24-270)A-2T9) ((VW1z € A27a.(IV2y €
A27b.(p (ap (ap VOP Vix) V2y))))=(3V3f € (A27p4-27) (
VWVax € A27a.(p (ap (ap VOP Vdz) (ap V3f V4zx)))))))

(37)



Assume the following.

VA _27a.nonempty A 27a=(VVOP € (24-27%).(YV 1t €
A27a.(VV2zx € A27a.(V2x = V1t)=(p (ap VOP V2z))))=(p ( (38)
ap (c2Ebool_2E_3F A_27a) VOP)))))

Assume the following.

VA 27a.nonempty A27a=(VV0c € ty 2Enum_2Enum.(
YV1ie A27a.(VV2r € ((ty-2Eind__type_2Erecspace
A 27q)ty-2Enum-2Enumy (—((qp (ap (ap (c2Eind__type 2ECONSTR
A_27a) VOc) V1i) V2r) = (c_2Eind__type 2EBOTTOM A_27a))))))

(39)

Assume the following.

VA 27a.nonempty A_27a=(VV0cl € ty_2Enum_2Enum.
(VV1il € A27a.(VV2rl € ((ty-2Eind__type_2Erecspace
A_27q)ty-2Enum2Enumy (y\/3c9 ¢ ty 2Enum_2Enum.(YV4i2 €
A 27a.(VV5r2 € ((ty_2Eind_type 2Erecspace A_27a)ty-2Enum-2Enum)
(((ap (ap (ap (c-2Eind__type.2ECONSTR A_27a) VO0cl) V1il) V2rl) =
(ap (ap (ap (c-2Eind__type2ECONSTR A_27a) V3c2) V4i2) V5r2))<
((VOcl = V3e2)A((V1il = V4i2)A(V2rl = V512))))))))))
(40)
Assume the following.

VA 27a.nonempty A27a=(VVOP ¢ (2(ty-2Bind_type 2Erecspace A27a)y,
(((p (ap VOP (c2Eind__type_2EBOTTOM A_27a)))A(VV 1c € ty_2Enum_2Enum.
(VV2i € A27a.(VV3r € ((ty-2Eind__type_2Erecspace
A 27q)ty-2Enum-2Bnumy ((¢V4n € ty 2Enum_2Enum.(p (ap
VOP (ap V3r V4n))))=(p (ap VOP (ap (ap (ap (c_2Eind__type_.2ECONSTR
A27a) V1e) V2i) V3r))))))))=(VVbz € (ty_2Eind__type_2Erecspace
A 27a).(p (ap VOP Vbz)))))
(41)

Theorem 1

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=(
VYVOFn € ((((A727b(A,27btyiE’”””*QE’““") )((ty,2Eind,,type,2Erecspace A_27q)ty-2Enum-2Enum,) )A,27a)ty,2Enum,2l

(E'Vlf c (A727b(ty,QEind,,type,QErecspace A,27a)).(vv26 c
ty 2Enum_2Enum.(YV3i € A27a.(VV4r € ((ty2Eind__type_2Erecspace
A 27q)ty-2Enum-2Enum) ((qp V1f (ap (ap (ap (c_2Eind__type 2ECONSTR
A27a) V2c) V3i) Vdar)) = (ap (ap (ap (ap VOFn V2c) V3i) V4r) (A\Vbn €
ty2Enum_2Enum.(ap V1f (ap V4r V5n))))))))))



