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Definition 1 We define c 2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%) (ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_7E to be (A\V Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 7 We define c_2Ebool _2E_2F _5C to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € ¢
Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c2Enum 2EREP__num : 1 be given. Assume the following.
c2Enum 2EREP_num € (omegaty-2Fnum-2Enum) (2)
Let ¢ 2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™9%) (3)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS_num € (ty2Enum_2Enum®™9") 4)
Definition 8 We define c.22Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num

Definition 9 We define c 2Emin_2E_40 to be \A.AP € 24.if (3x € A.p (ap P x)) then (the (\z.xz € ANp
of type t=-t.



Definition 10
Definition 11
Definition 12
Definition 13
Definition 14
Definition 15

We define c_2Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27%).(ap VOP (ap (c2Emin_2E_40
We define c_2Eprim__rec_2E_3C to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
We define c_2Ebool 2ECOND to be AA_27a : .. (AV Ot € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
We define c 2Earithmetic 2EMIN to be \VOm € ty 2 Enum_2Enum. AV 1n € ty_2Enum_2Er
We define c_2Ebool _2E_5C_2F to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2t €
We define c_2Ecombin_2Eo to be AA_27a : t. NA_2Tb : L. AA27c : L. AV Of € (A,27bA*27C).)\V13

Let ty 2FElist_2FElist : 1= be given. Assume the following.

VA0.nonempty A0=nonempty (ty_2FElist 2Elist A0) (5)

Let c.2FEindexedLists 2EM AP2i : t=-1=>1=>1 be given. Assume the following.

(((ty,QElZSt,ZEllSt A727a) (ty_2Elist_2Elist A_27c) ) (ty_2FElist_2Elist A_27b) )(((A,27a

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=V A 27c.
nonempty A 27c=c2FindexedLists 2EM AP2i A 27a A27b A 27c € (

A,27C)A,27b)ty72Enum,2Enum)

(6)

Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.
VA 27a.nonempty A27a=c2FElist 2ECONS A27a € (((ty-2Elist 2Elist

A727a) (ty_2FElist_2Elist A_27a) )A,27a)

(7)

Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2FElist 2ENIL A 27a € (ty_2FElist_2Elist

A_27a) .
8

Let c2Elist 2ELENGTH : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Elist 2ELENGTH A_27a € (ty_2Enum_2Enum/ (tv-2Elist-2Elist A-27a))

(9)

Let c2Enum 2EZFERO__REP : ¢ be given. Assume the following.

Definition 16

c2Enum 2EZERO__REP € omega (10)
We define c2Enum_2EO to be (ap c2Enum 2EABS__num c2Enum_2EZERO__REP).

Assume the following.

(VVOn € ty2Enum_2Enum.((—=(p (ap (ap c_2Eprim__rec2E_3C
c_2Enum_2EQ) VOn)))<(VOn = c2Enum_2E0)))

(11)

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(p (ap (ap c2Eprim__rec 2E_3C (ap c_2Enum 2ESUC VO0m)) (ap c.2Enum_2ESUC
Vin)))<(p (ap (ap c2Eprim__rec.2E_3C VOm) V1n)))))

(12)



Assume the following.
True (13)

Assume the following.

(YVOtL € 2.(¥V 12 € 2.(((p VOtL)=(p V1£2))=(((p

V112)=(p VOI)=((p VOIL )& (p V112)))) (14)

Assume the following.
(VVO0t € 2.(False=(p VOt))) (15)

Assume the following.
(VVOt € 2.((p VOt)V(=(p VOt)))) (16)

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOEO)A((((p V
True)A(((False=(p VOt))=True) AN((((p VOt)=(p
(p VOt)=False)=(=(p V01))))))))

0t)=True)<
Vov)eTrue)A(( (17)

Assume the following.

VA 27a.nonempty A27a=(VV0zx € A27a.((V0z = V0izx)&
True))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOO)A((((p VOt ) &True)<
(p VO)A(Falses(p VOt))<(=(p VOL)))A(((p VOt) < False)e(=( (20)

p V01)))))))

Assume the following.

VA 27a.nonempty A 27a=(VV0tl € A27a.(VV1t2 €
A-27a.(((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2ET) VOt1)
V1t2) = VOtl) ((ap (ap (ap (c.2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1t2) = V1t2))))
(21)
Assume the following.

VA_27a.nonempty A 27a=(VV0b € 2.(VV1t € A 27a.

((ap (ap (ap (c.2Ebool 2ECOND A_27a) VOb) V1t) V1E) = vie))) (22



Assume the following.

(VVOt1 € 2.(YV 112 € 2.(VV2t3 € 2.(((p VOt1)= (23)
((p V1t2)=(p V2t3)))=(((p VOLA(p V1t2))=(p V2t3))))))

Assume the following.

(VV0z € 2.(¥V1z.27 € 2.(¥V2y € 2.(YV3y.27 €
2.(((p VOz)=(p V1x27)A((p V1z27)=((p V2y)=(p V3y27))))= (24)
(((p VOz)=(p V2y))&((p V1z27)=(p V3y-27))))))))

Assume the following.

YA_27a.nonempty A27a=(VVOP € 2.(VV1Q € 2.

(VV2z € A27a.(WVV32.27 € A27a.(VV4y € A 27a.
(VVby 27 € A27a.((((p VOP)=(p V1Q)A(((p V1Q)=(V2z = V3z27))A
((=(p V1Q))=(V4y = V5y.27))))=((ap (ap (ap (c_2Ebool 2ECOND A _27a)
VOP) V2z) V4y) = (ap (ap (ap (c-2Ebool 2ECOND A_27a) V1Q) V3z_27)

Vy2)))
(25)
Assume the following.

VA 27a.nonempty A27a=((VV0tl € A27a.(VV1t2 €
A27a.((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)))A(VV 21l € A 27a.(VV3t2 € A 27a.((ap
(ap (ap (c-2Ebool_2ECOND A_27a) c_2Ebool_2EF) V2t1) V3t2) = V3t2))))
(26)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=V A 27c.
nonempty A_2Tc=(VVOP € (((2(tv-2Blist 2Blist A-27c))(ty-2Blist 2Blist A,27b))(((A,27aA727C)A*2”)““‘*ZE"“WQE"

(((VVlf c (((A727aA,27c)A,Q?b)ty,QEnum,QEnum).(VV2,U0 c
(ty2Elist 2Elist A27¢).(p (ap (ap (ap VOP V1f) (c2Elist 2ENIL
A,27b)) VQUO))))/\((VVSf c (((A727aA,27c)A,27b)ty,2Enum,2Enum)_
(VV4v5 € A27b.(VV5v6 € (ty_2Elist 2Elist A_27b).

(p (ap (ap (ap VOP V3f) (ap (ap (c2Elist 2ECONS A_27b) V4v5) V506))
(c2Elist 2ENITL A27¢))))ANYV6f € (((A27aA-27¢)A-2Tb)ty-2Enum _2Enum)
(YVThl € A-27b.(¥V8t1 € (ty2Elist 2Elist A_27b).

(VVOh2 € A 27¢.(VV10t2 € (ty-2Elist 2Elist A 27c).

((p (ap (ap (ap VOP (ap (ap (c_2Ecombin_2Eo ty_2Enum_2Enum ((A_27a4-27¢)A-27b)
ty 2Enum_2Enum) V6f) c.2Enum_2ESUC)) V8t1) V10t2))=(p (ap (ap
(ap VOP V6f) (ap (ap (c2Elist 2ECONS A_27b) V7hl) V8t1)) (ap (ap
(c:2Elist 2ECONS A_27c) VIh2) V10t2)))))))))))=(VV1lv €
(((A27qA-27¢)A-2Tb)ty2Enum-2Enum) ¢\ 1291 € (ty_2Elist 2Elist
A27b).(VV'130v2 € (ty-2Elist 2Elist A27¢).(p (ap (ap (ap
VOP V1lv) V12vl) V13v2)))))))

(27)



Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=YA 27c.
nonempty A27c=((YV0uv0 € (ty_2Elist 2Elist A27¢).(VV1f €
(((A_27aA-27¢)A-2Tb)ty2Enum 2Enum) ((qp (ap (ap (c2EindexedLists 2EM AP2i
A27a A2Tb A27¢) V1f) (c2Elist 2ENIL A-27b)) VOv0) = (c.2Elist 2ENTL
A27a))))A((VV206 € (ty-2Elist 2Elist A_27b).(YV3v5 €
A727b(vv4j‘ c (((A727aA,27c)A,27b)ty,2Enum,2E'num)'(
(ap (ap (ap (c2EindexedLists 2EM AP2i A 27a A27b A 27c) V4f) (
ap (ap (c2Elist 2ECONS A_27b) V3v5) V2v6)) (c-2Elist 2ENIL A_27c)) =
(c2Elist 2ENIL A-27a)))))A(YV5t2 € (ty 2Elist 2Elist
A27¢).(VV6tl € (ty 2FElist 2Elist A_27b).(VVTh2 €
A27c.(VV8h1 € A27b.(VVIf € (((A27aA-27¢)A-2Tb)ty-2Enum -2Enum)
((ap (ap (ap (c2FEindexedLists 2EM AP2i A 2Ta A27b A 27¢) VIf)
(ap (ap (c-2Elist 2ECONS A_27b) V8h1) V6tl)) (ap (ap (c2Elist 2ECONS
A_27¢) VTh2) V5t2)) = (ap (ap (c2Elist 2ECONS A_27a) (ap (ap (ap
V9f c.2Enum_2E0) V8h1) V7h2)) (ap (ap (ap (c2EindexedLists 2EM AP2
A27a A27b A27¢) (ap (ap (c.2Ecombin_2Eo ty_2Enum_2Enum ((A_27a4-27¢)A-27b)
ty2Enum_2Enum) V9f) c22Enum_2ESUC)) V6t1) V5¢2))))))))))
(28)
Assume the following.

VA 27a.nonempty A27a=(((ap (c2Elist 2ELENGTH A_27a)
(c.2Elist 2ENIL A_27a)) = c2Enum_2E0)A(YVOh € A_27a.(
VYV1t € (ty-2Elist 2Elist A27a).((ap (c2Elist 2ELENGTH
A27a) (ap (ap (c22Elist 2ECONS A_27a) VOh) V1t)) = (ap c22Enum_2ESUC
(ap (c2Flist 2ELENGTH A_27a) V1t))))))
(29)
Assume the following.

VA 27a.nonempty A27a=(VYVOIl € (ty_2Elist_2Elist
A27a).(((ap (c2Elist 2ELENGTH A_27a) VOI) = c_2Enum_2E0)<(
VOl = (c.2Elist 2ENIL A_27a))))

(30)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
((ap c.22Enum_2ESUC VOm) = (ap c.2Enum_2ESUC V1n))<(VOm = Vin))))
(31)
Assume the following.

(VVOn € ty2Enum_2Enum.(=(p (ap (ap c_2Eprim__rec 2E_3C

VOn) c.2Enum_2E0)))) (32)



Theorem 1

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=YA_27c.
nonempty A 27c=(VVOf € (((A27cA-270)A-2Tayty-2Enum _2Enum )
(VV1i1 € (ty 2Elist 2Elist A 27a).(VV2I2 € (ty_2Elist 2Elist
A_27b).((ap (c2Elist 2ELENGTH A_27c) (ap (ap (ap (c-2EindexedLists 2EM AP2i
A27c¢ A27a A_27b) VOf) V1i1) V2I2)) = (ap (ap c-2Earithmetic_2EMIN
(ap (c2Elist 2ELENGTH A_27a) V111)) (ap (c2Elist 2ELENGTH A_27b)
V212)))))



