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Definition 1 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 2 We define c.22Emin_2E_3D to be AA.\x € A \y € A.inj_o (z =vy)
of type t=>t.

Definition 3 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0z € 2.V0z)) (A\V1z € 2.V
Definition 4 We define c_2Ebool 2E_21 to be A\A_27a : t.(A\VOP € (24-27%) (ap (ap (c.2Emin_2E_3D (24-27
Definition 5 We define c.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).
Let ty_2Flist 2Elist : 1=t be given. Assume the following.

YV AO0.nonempty A0=nonempty (ty_2Elist 2Elist A0) (1)
Let c2EindexedLists 2F fupdLast : 1=t be given. Assume the following.

VA 27a.nonempty A 27a=c_2FinderedLists 2F fupdLast A 27a €
(((ty,QElzstjElzst A727a)(ty,2Elist,2Elist A,27a))(A,27aA*27a))

Definition 6 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

(2)

Definition 7 We define c 2Emin_2E_40 to be AA.AP € 24.if (32 € Ap (ap P 7)) then (the (\z.x € AAp
of type t=>t.

Definition 8 We define c 2Ebool 2E 3F to be A\A_27a : 1.(AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 9 We define c.2Ebool 2E_5C_2F to be (AV 01 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let ¢2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2ECONS A 27a € (((ty_2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(3)



Let ¢ 2Flist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c 2Elist 2ENIL A 27a € (ty 2Elist 2Elist
A_27a)

(4)
Definition 10 We define c_2Ebool 2E_TE to be (A\VOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E

Assume the following.
True (5)

Assume the following.

(V011 € 2.(WV1£2 € 2.(((p VOrL)=(p V12))=(((p ;
V1t2)=(p VOr1))=((p VOt )& (p V1E2))))) (6)

Assume the following.
(VVOt € 2.(False=(p V0t))) (7

Assume the following.

(YVOt € 2.(((Truen(p VOt))=(p VOO)A((((p VOt)ATTrue)=
(p VOO)A(((Falsen(p VOt))<False)AN((((p VOt)AFalse)< False)A  (8)

(((p VOO)A(p VOt))&=(p V01)))))))

Assume the following.

(VVOt € 2.((—(=(p VOt)))=(p VO)A(((—~True)<=False) A )
((mFalse)=True)))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VOzx = VOz)&
True))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOO)A((((p VOt)&True)e
(p VOO)A(((False=(p VOr))=(—(p VOO)))A(((p VOt)&False)=(—(  (12)

p V01)))))))



Assume the following.

VA_27a.nonempty A27a=((YVOf € (A27a"-27%).((
ap (ap (c2FEindexedLists 2E fupdLast A27a) VOf) (c2Elist 2ENIL
A27a)) = (c2Elist 2ENIL A27a)))A((VV1h € A27a.(VV2f €
(A27a4-27) ((ap (ap (c2EindexedLists 2E fupdLast A_27a) V2f)
(ap (ap (c-2Elist 2ECONS A_27a) V1h) (c2Elist 2ENIL A_27a))) =
(ap (ap (c-2Elist 2ECONS A27a) (ap V2f V1h)) (c-2Elist 2ENIL A_27a)))))A
(VV305 € (ty-2Elist 2Elist A_27a).(YV4vd € A 27a.

(YV5h € A27a.(VV6f € (A27a*-27).((ap (ap (c.2EindexedLists2E fupdLast
A27a) V6f) (ap (ap (c-2Elist 2ECONS A_27a) V5h) (ap (ap (c2Elist 2ECONS
A 27a) V4vd) V305))) = (ap (ap (c2Elist 2ECONS A27a) V5h) (ap (
ap (c2FindexedLists 2F fupdLast A27a) V6f) (ap (ap (c2Elist 2ECONS
4.27a) Vaud) V3u5)))))

(13)
Assume the following.
VA 27a.nonempty A 27a=(VV Ol € (ty_2Elist 2Elist
A_27a).(VOl = (c2Elist 2ENIL A27a))V(3IV1h € A27a.( (14)

V2t € (ty-2Elist_2Elist A27a).(VOl = (ap (ap (c-2Elist 2ECONS
A_27a) V1h) V2t))))))

Assume the following.

VA 27a.nonempty A_27a=(VV0al € (ty-2FElist_2Elist
A27a).(VV1a0 € A27a.(—((c2Elist 2ENIL A 27a) = (ap ( (15)
ap (c2Elist 2ECON S A_27a) V1a0) V0al)))))

Theorem 1

VYA_27a.nonempty A27a=(VVOf € (A27a4-27%).(VV1x €
(ty2Elist_2Elist A27a).((((ap (ap (c2EindexedLists2E fupdLast
A27a) VOf) Vlz) = (c2Elist 2ENIL A 27a))e(V1z = (c2Elist 2ENIL
A27a)))AN(((c2Elist 2ENIL A_27a) = (ap (ap (c-2EindexedLists 2E fupdLast
A27a) VOf) Viz))e(Vie = (c2Elist 2ENIL A27a))))))



