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Let ty_2Enum_2Enum : . be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c.2Earithmetic2EMOD : ¢ be given. Assume the following.

c.2Earithmetic2EMOD € ((ty_2Enum_2Enum!y-2Erum-2Enum )ty 2Enum_2Enum)

(2)

Let c.2Earithmetic2E_2B : « be given. Assume the following.

c2Earithmetic 2E 2B € ((ty_2Enum _2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(3)
Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =y)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E 3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%)(ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 7 We define c_2Ebool _2E_2F _5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € :
Let c2Enum 2EREP__num : 1 be given. Assume the following.
c2Enum 2EREP__num € (omega'y-2Fnum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®"%) (5)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (6)



Definition 8 We define c_22Enum_2ESUC to be AVOm € ty_2Enum_2Enum.(ap c2Enum 2EABS__num

Definition 9 We define c 2Emin_2E_40 to be AAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 10 We define c 2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40
Definition 11 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
Definition 12 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_ 21 2) (AV2t €
Definition 13 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty 2Enum_2Enum. AV 1n € ty 2Enum_2
Let ty_2FEpair_2Eprod : t1=>t= be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)

(7)

Let ty 2FEinteger 2Eint : « be given. Assume the following.
nonempty ty_2Finteger_2FEint (8)
Let c2FEinteger 2Eint__REP__CLASS :  be given. Assume the following.

c2Einteger 2Eint__REP_CLASS € ((2(tv-2Fpair-2Eprod ty_2Enum 2Enum ty-2Enum._2Enum) )ty 2Einteger-2
(9)
Definition 14 We define c_2Einteger 2Eint__REP to be AV 0a € ty_2Finteger_2FEint.(ap (c.2Emin_2E_40 (¢
Let c.2Finteger 2Etint_t : v be given. Assume the following.
c2Einteger 2Etint_It € ((2(tv-2Fpair2Eprod ty 2Bnum 2Enum ty2Enum-2Enum))(ty-2Epair 2Eprod ty_2Bnum
(10)
Definition 15 We define c_2Einteger 2Eint__It to be A\VOT'1 € ty_2Finteger 2Eint. \V1T?2 € ty_2FEinteger.
Definition 16 We define c_2Einteger_2Eint__le to be AV 0z € ty_2FEinteger 2Eint.\V 1y € ty_ 2FEinteger 2F
Let c2FEarithmetic2E 2A : ¢« be given. Assume the following.

c2Earithmetic 2E_2A € ((ty_2Enum_2Enum!Y-2Enum-2Enum)ty 2Enum_2Enum)
(11)
Let c_2Einteger_2FEtint__mul : ¢ be given. Assume the following.

c2FEinteger 2Etint__mul € (((ty-2Epair_2Eprod ty_2Enum_2Enum
(ty_2Epair_2Eprod ty_2Enum_2Enum ty,QEnum,QEnum))(ty,2Epair,2Eprod ty_2Enum_2Enum ty

(12)

ty_2Enum_2Enum)

Let c_2FEinteger 2Etint__eq : ¢ be given. Assume the following.

c 2Ei7’lt€g€7’ 2Etint eq € ((2(ty,2Epair,2Eprod ty_2Enum_2Enum ty,2E'num,2Enum))(ty,QEpair,QEprod ty_2Enumn

(13)
Let c2Einteger 2FEint__ABS__CLASS : . be given. Assume the following.

o(ty—2Bpair_2Eprod ty_2Bnum_2BEnum ty_2Enum_2Enum)

(14)

c2Einteger 2Fint__ABS__CLASS € (ty 2Einteger 2FEint(



Definition 17 We define c_2Einteger 2Eint__ABS to be A\VOr € (ty-2Epair 2Eprod ty_2Enum_2Enum ty-
Definition 18 We define c_2Einteger 2Eint__mul to be A\VOT'1 € ty_2Finteger 2Eint. \V1T2 € ty_2FEinteg
Let c_2Finteger 2Etint_neg : ¢ be given. Assume the following.

c2Einteger 2Etint_neg € ((ty_2Epair 2Eprod ty_2Enum_2Enum
ty,QEnum,QEnum) (ty-2Epair_2Eprod ty_2Enum_2Enum ty,2Enum,2Enum))

(15)
Definition 19 We define c 2Einteger 2Eint__neg to be A\VOT'1 € ty_2Finteger_2Eint.(ap c_2Einteger 2Eint.
Let c2Enum 2EZFERO__REP : ¢ be given. Assume the following.

c2Enum 2EZERO__REP € omega (16)

Definition 20 We define c.2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).
Let c.2Finteger 2Eint__of _num : ¢ be given. Assume the following.

c2Finteger 2Fint__of _num € (ty 2Einteger 2Eint™-2Enum-2Enumy 17
Definition 21 We define c_2Ebool 2ECOND to be NA_27a : 1.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Definition 22 We define c_2Einteger 2EABS to be A\V0n € ty_2Finteger 2Eint.(ap (ap (ap (c-2Ebool 2EC
Let c.2FEarithmetic2EDIV : 1 be given. Assume the following.

c2Earithmetic2EDIV € ((ty-2Enum_2Enumty-2Erum-2Enum)ty-2Enum-2Enum)

Let c.2Finteger 2Eint__quot : ¢ be given. Assume the following. "

c2Finteger 2Fint__quot € ((ty_2Finteger 2 Eintty-2EFinteger 2Eint )ty 2Binteger 2Bint)

(19)
Assume the following.
(VVOn € ty-2Enum_2Enum.((=(VOn = c.22Enum_2E0))<(p (ap ( (20)
ap c_2Eprim__rec_2E_3C c_2Enum_2EQ) V0n))))
Assume the following.
(VVOn € ty 2Enum 2Enum.((p (ap (ap c_2Earithmetic 2E_3C_3D (21)

VOn) c.2Enum_2E0))<(V0n = c2Enum_2EQ)))
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(ap (ap c2FEarithmetic2E_ 2A VOm) V1n) = (ap (ap c2Earithmetic 2E 2A
Vin) VOm))))
(22)



Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(p (ap (ap c-2Earithmetic 2E_3C_3D VOm) V1n))<(3V2p € ty_2Enum_2Enum.
(V1in = (ap (ap c2Earithmetic2E 2B VOm) V2p))))))
(23)
Assume the following,.

(VVOm € ty_2Enum_2Enum.(YV1n € ty 2Enum_2Enum.(
((ap (ap c2Earithmetic2E 2A VOm) V1n) = c2Enum_2E0)<((VOm =
c_2Enum_2E0)V(V1n = c.2Enum_2EQ)))))
(24)
Assume the following.

(VVOn € ty-2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
c2Enum_2EQ) VOn))=(VV1k € ty_2Enum_2Enum.((V1k = (ap (
ap c2Earithmetic 2E 2B (ap (ap c.2Earithmetic2E 2A (ap (ap c2Earithmetic 2EDIV
V1k) VOn)) VOon)) (ap (ap c.2Earithmetic2EMOD V1k) VOn)))A(p (ap
(ap c2Eprim__rec_2E_3C (ap (ap c2Earithmetic2EMOD V1k) VOn))
Von))))))
(25)
Assume the following.

(VVOn € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
c_2Enum_2E0) VOn))=((ap (ap c-2Earithmetic22EDIV c_2Enum_2EQ)
VOn) = c_2Enum_2E0)))

(26)

Assume the following.
True (27)

Assume the following.
(VVO0t1 € 2.(9V1t2 € 2.(((p VOr1)=(p V1£2)=(((p (28)

V1t2)=(p V0tl))=((p VOtl)=(p V1t2))))))

Assume the following.
(VVOt € 2.(False=(p VOt))) (29)

Assume the following.
(VVOt € 2.(((p VOt)=False)=(—(p V0t)))) (30)

Assume the following.
(VVot € 2.((—(p VOt))=((p VOt)=False))) (31)

Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue) AN((((p VOt)VTrue)eTrue)A
(((FalseV(p VOt))(p VOO)A((((p VOt)VFalse)=(p VO)A(((p VO)V

(p VOI))&=(p V01)))))))
(32)



Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=>True)&s
True)AN((False=(p VOt))=True) A(((p VOt)=(p VOL))=True)A((
(p VOt)=False)=(=(p V01))))))))

Assume the following.

(VVOt € 2.((—(—(p VOL)))=(p VO)A(((—-True)<=False) A
((-False)=True)))

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(V0x = VO0z)&
True))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.((V0z = V1y)e(V1y = VOx))))

Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p VO)A((((p VOt)=True)<
(p VOO (Falseolp VD)~ VO Vo) Fulsc)

V0t))))))

Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%) ((-(3V 1z €
A27a.(p (ap VOP V1z))))=(VV2 € A27a.(=(p (ap VOP V21))))))

Assume the following.

VA 27a.nonempty A_27a=(YVOP € (24-272).(VV1Q €
(24-270) ((VV2z € A27a.((p (ap VOP V2z))A(p (ap V1Q V22))))=
(VV3z € A27a.(p (ap VOP V3z)))A(VV4x € A27a.(p (

ap V1Q V4x)))))))

Assume the following.

VA 27a.nonempty A 27a=(VVOP € (24-279) (VV1Q €
2.((VV2z € A27a.(p (ap VOP V2z)))A(p V1Q))=(VV3zx €
A27a.((p (ap VOP V3z))A(p V1Q))))))

Assume the following.

VA 27a.nonempty A_27a=(YVOP € 2.(WV1Q € (
24-27a) (((p VOP)V(3V2z € A27a.(p (ap V1Q V22))))<(3V3z €
A27a.((p VOP)V(p (ap V1Q V3x)))))))

5

(40)



Assume the following.

VA 27a.nonempty A 27a=(VYVOP € 2.(WV1Q € (
24-27a) (3V2z € A2Ta.((p VOP)A(p (ap V1Q V21))))=((p
VOP)A(FV3z € A27a.(p (ap V1Q V32)))))))

Assume the following.

VA_27a.nonempty A 27a=(VVOP € 2.(WV1Q € (
24-27a) ((YV2z € A 27a.((p VOP)V(p (ap V1Q V2x))))<=((p
VOP)V(VV3z € A27a.(p (ap V1Q V3x)))))))

Assume the following.

(VV0A € 2.(¥V1B € 2.(((p VOA)V(p V1B))&((p VIB)V
(p V0A)))))

Assume the following.

(VVOL1 € 2.(VV1t2 € 2.(vV2t3 € 2.(((p VOtl)=
((p V12)=(p V2t3)))=(((p VOIL)A(p V112))=(p V2t3))))))

Assume the following.

(VV 0z € 2.(VV 1227 € 2.(¥V2y € 2.(VV3y.27 €

2.((((p VOoz)e(p V1z27))A((p V1z27)=((p V2y)&(p V3y-27))))=

(((p VOz)=(p V2y))=((p V1z2T)=(p V3y-27))))))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOP € ((24-270)A4-2T9) ((VW1x € A27a.(3V2y €
A27b.(p (ap (ap VOP Vix) V2y))))=(3V3f € (A27p4-27) (
VWax € A27a.(p (ap (ap VOP Vdz) (ap V3f V4zx)))))))

Assume the following.

(VVO0zx € ty_2Einteger 2Eint.(VV 1y € ty_2Finteger 2Eint.
((ap c-2Einteger_2Eint__neg (ap (ap c-2Einteger_2Eint__mul V0z)
V1y)) = (ap (ap c2Einteger_2Eint__mul (ap c_2Einteger_2Eint__neg
Voz)) V1y))))

Assume the following.

(VVO0x € ty_2Einteger 2Eint.(VV 1y € ty_2FEinteger 2FEint.
((ap c2Einteger_2Eint__neg (ap (ap c_2Einteger_ 2Eint__mul V0z)

V1y)) = (ap (ap c2Einteger 2Eint_mul VO0x) (ap c_2Einteger 2Eint_neg

V1y)))))

(42)

(43)

(44)

(46)

(49)



Assume the following.

(VVO0z € ty_2Einteger 2Eint.(((ap c_2Einteger 2Eint__neg
VO0z) = (ap c2Einteger 2FEint__of_num c2Enum_2E0))<(VO0z = (ap
c2FEinteger 2Eint_of__num c2Enum_2EQ))))
(50)
Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty_ 2Enum_2Enum.(
(p (ap (ap c2Einteger 2Eint__le (ap c2Finteger 2Fint__of__num
VOm)) (ap c.2Einteger 2Eint_of_num V1n)))<(p (ap (ap c2Earithmetic_2E_3C_3D
VOom) V1in)))))
(51)
Assume the following.

(YVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
((ap c2Finteger 2Eint_of _num VOm) = (ap c2Einteger 2Fint__of__num
Vin))e(VOom = Vin))))
(52)
Assume the following.

(YVO0m € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(ap (ap c_2Einteger_2Eint__mul (ap c_2Finteger 2Eint__of __num
VOm)) (ap c2Finteger 2Eint_of _num V1n)) = (ap c_2Einteger 2Eint_of__num
(ap (ap c2Earithmetic2E 2A VOm) V1n)))))
(53)
Assume the following.

(VVO0p € ty_2Finteger 2Eint.((3V1n € ty_2Enum_2Enum.
((VOp = (ap c2Einteger 2Eint_of__num V1n))A(=(V1n = c22Enum_2E0))))V
((3V2n € ty2Enum_2Enum.((VO0p = (ap c_2Einteger_2Eint__neg
(ap c2Einteger 2Eint__of __num V2n)))A(=(V2n = c_2Enum_2EQ))))V
(VOp = (ap c2Einteger 2Eint__of __num c_2Enum_2E0)))))
(54)
Assume the following.

(VVOn € ty_2Enum_2Enum.((ap c_2Einteger 2EABS (ap c_2Einteger 2Eint_of __num
VOn)) = (ap c2Finteger 2Eint_of _num VOn)))
(55)
Assume the following.

(VVOp € ty-2Finteger 2Eint.((ap c-2Einteger 2EABS (ap

c_2Einteger_2Eint__neg VO0p)) = (ap c_2Einteger 2EABS V0p))) (56)

Assume the following.

(VVOp € ty_2Enum_2Enum.(VV1q € ty_2Enum_2Enum.(
(=(V1g = c.22Enum_2E0))=-((ap (ap c2Einteger_2Eint__quot (ap c2FEinteger 2Eint__of __num
VOp)) (ap c.2FEinteger 2Eint_of __num V1q)) = (ap c2Einteger 2Fint__of__num
(ap (ap c2Earithmetic 2EDIV V0p) V1q))))))
(57)



Assume the following.

(VVOp € ty 2Finteger 2Eint.(VV1q € ty_2Finteger 2Eint.
(=(V1q = (ap c-2Einteger 2Eint__of__num c2Enum_2E0)))=(((
p (ap c2Finteger 2Eint__quot (ap c-2Einteger_2Eint__neg VOp))
1q) = (ap c_2Einteger_2Eint__neg (ap (ap c2Finteger 2FEint__quot
V0p) qu))) ((ap (ap c2Einteger 2FEint__quot VOp) (ap c_2Einteger 2Eint__neg
V1q)) = (ap c2Einteger_2Eint__neg (ap (ap c_2FEinteger 2Eint__quot

Vop) V1g)))))))

(

(58)

Assume the following.
(YV0t € 2.((~(~(p V08))=(p VO1))) (59)

Assume the following.
(YV0A € 2.((p VOA)=((~(p VOA))= False))) (60)

Assume the following.

(VV0A € 2.(vV1B € 2.(((=((p VOAV(p V1B)))=False)s

(((p VOA)= False)=((~(p V1B))=False))))) (61)

Assume the following.
(W0A € 2(W1B € 2((-((=(p VOA)V(p VIB))=False)e (oo

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (63)

Assume the following.

(VVOp € 2.(VV1q € 2.(VV2r € 2.(
(p Vig)e(p Var))e(((p Vop)V(lp V1g)V(p V2r)))A
p V2r))V(=(p V1g) )A(((p V1g)V((=(p V2r))
(=(p V1g))V(=(p VOp)))))

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)&(

(p V1g)A(p V2r)))=(((p VOp)V((—(p V1g))V(~(
(=(p VOp)))A((p V2r)V(=(p VOp)
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Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A
((p V1ig)V((p V2r)V(=(p VO0p))))))))))



Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V(=(p V2r)))A((  (67)
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(» V1g)A((p V1)V (~(p VOp)))))) (68)

Theorem 1

(VVO0p € ty_2Finteger 2Eint.(VV 1q € ty_2FEinteger _2FEint.
((=(V1q = (ap c2FEinteger 2Eint__of __num c_2Enum_2E0)))=(p (
ap (ap c_2Einteger 2Eint__le (ap c_2Einteger 2EABS (ap (ap c_2Einteger 2Eint__mul
(ap (ap c2FEinteger 2FEint__quot VOp) V1q)) V1q))) (ap c_2Einteger 2EABS

Vop))))))



