thm_2Finteger 2EINT__DIVISION
(TMHT7esqwpidRPNAdbCasc2N2VWeo4FamrCo)

October 26, 2020

Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (1)
Let ty_2FEpair 2Eprod : t1=>1=>1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(2)

Let c2FEinteger 2FEtint__eq : + be given. Assume the following.

c 2Eintege7‘ 2Etint eq € ((z(ty,QEpair,ZEprod ty_2Enum_2Enum ty,QEnum,QEnum))(ty,QEpair,QEprod ty_2Enum

(3)

Let ty 2FEinteger 2Eint : v be given. Assume the following.
nonempty ty_2FEinteger_2FEint (4)
Let c.2FEinteger 2Fint_REP__CLASS : 1 be given. Assume the following.

c,2Einteger,ZEint,,REP,,C’LASS c ((Q(ty,2Epair,2Eprod ty_2Enum_2Enum ty_2Enum_2Enum) )ty,2Einteger,2

(5)

Definition 3 We define c 2Emin_2E_40 to be NA.AP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 4 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27

Definition 5 We define c_2Einteger 2Eint__REP to be \V0a € ty_2Einteger_2FEint.(ap (c.2Emin_2E_40 (ty.



Let c.2Finteger 2Etint__add : ¢+ be given. Assume the following.

c2Einteger 2Etint__add € (((ty-2Epair_2Eprod ty-2Enum_2Enum
)(ty,2Epair,2EpT0d ty_2Enum_2Enum ty,2Enum,2Enum))(ty,2Epair,2Eprod ty_2Enum_2Enum ty

(6)

ty_ 2Enum_2Enum

Let c_2FEinteger 2Fint__ABS__CLASS : i be given. Assume the following.

(2(ty,2Epa'i7*,2Ep7‘od ty_2Enum_2Enum ty_2Enum_2Enum)

(7)
Definition 6 We define c_2Einteger 2Eint__ABS to be \VOr € (ty_2Epair 2Eprod ty_ 2Enum_2Enum ty_2

c2Einteger 2FEint__ABS__CLASS € (ty_2Finteger_2FEint

Let c_2FEinteger 2Etint_neg : ¢ be given. Assume the following.

c2Einteger 2Etint__neg € ((ty_2Epair 2Eprod ty_2Enum_2Enum
ty,QEnum,QEnum) (ty_2Epair_2Eprod ty-2Enum_2Enum ty,QEnum,QEnum)) (8)

Definition 7 We define c_2Einteger 2Eint__neg to be A\VOT'1 € ty_2FEinteger 2Fint.(ap c_2Einteger 2Eint__
Definition 8 We define c_2Einteger 2Eint__add to be A\VO0T'1 € ty_2FEinteger 2Eint. \V1T2 € ty_2FEinteger
Let c_2FEinteger 2Eint__div : ¢ be given. Assume the following.

c2Einteger 2Eint_div € ((ty_2Finteger 2Eintty-2Einteger2Bint\ty_2Einteger 2Eint)

(9)

Let c.2Finteger 2Etint__mul : ¢ be given. Assume the following.

c2Einteger 2Etint__mul € (((ty-2Epair 2Eprod ty-2Enum_2Enum
(ty_2Epair_2Eprod ty_2Enum_2Enum ty,QEnu'm,QE'nu’m))(ty,QEpai'r,QEp’rod ty_2Enum_2Enum t1

(10)

ty_2Enum_2Enum)

Definition 9 We define c_2Einteger 2Eint_mul to be \VOT'1 € ty 2FEinteger 2Eint. A\V1T2 € ty_2FEintege;
Definition 10 We define c_2Einteger_2Eint__sub to be AV 0z € ty_2FEinteger 2Eint. AV 1y € ty_2FEinteger -

Let c2FEinteger 2Etint_It : 1 be given. Assume the following.

c 2Einteger 2Ftint_ It € ((Q(ty,QEpair,2Eprod ty-2Enum_2Enum ty,2Enum,2Enum))(ty,2Epair,2Eprod ty_2Enum.
(11)

Definition 11 We define c_2Einteger 2Eint__It to be A\VOT'1 € ty_2Finteger 2Eint. \V1T?2 € ty_2FEinteger.
Definition 12 We define c_22Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV 0t € 2.V 0t)).

Definition 13 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 14 We define c_2Ebool 2E_TE to be (A\VOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E

Definition 15 We define c_2Einteger 2Eint__le to be \V 0z € ty_2Finteger 2Eint. AV 1y € ty_2Finteger 2F



Let c.2Finteger 2Eint__mod : ¢ be given. Assume the following.

c2Einteger 2Eint_mod € ((ty_2Einteger 2 Eintty-2Finteger2Lint)ty-2Binteger 2Lint)

(12)

Definition 16 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €

Definition 17 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(

Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (13)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS__num € (ty-2Enum_2Enum®™") (14)

Definition 18

We define c.2Enum_2EQ to be (ap c2Enum_2EABS__num c2Enum 2EZERO__REP).

Let c.2Finteger 2Eint__of __num : ¢ be given. Assume the following.

c2Einteger 2Eint__of__num € (ty_2Einteger 2Eint'V-2Enum-2Enum)

Definition 19

Definition 20

Definition 21

Definition 22

Definition 23

Definition 24

Definition 25

Definition 26

Definition 27

Definition 28

Definition 29

Definition 30

(15)
We define c_2Ecombin_2EK to be AA_27a : t.ANA27b: 1. (AV0x € A27a.(A\V1y € A27b.V0x

We define c_2Ecombin_2ES to be NA_27a : t.NA_27b : L.AA2Tc : 1. (AVOf € ((A,27CA*27b)A72V

We define c_2Ecombin_2EI to be AA_27a : 1.(ap (ap (c2Ecombin_2ES A_27a (A_27a"-2"") A
We define c_2Equotient 2E_2D_2D _3E to be AA_27a : t. AA27b : t.ANA 2Tc : L. ANA27d : 1. AV 0]

We define c_2Equotient 2E_3D_3D_3D_3E to be AA_27a : t A\A_27b : LAVORL € ((24-27a)-

We define c_2Equotient 2EQUOTIENT to be AA_27a : t. AA27b : L. AVOR € ((2A*27“)A’27a

).
AT (AV1a

We define c_2Ecombin 2EW to be AA_27a : t.AA27b : .. (AVOSf € ((A27b4-27%)
We define c2Equotient_2Erespects to be AA_27a : t.AA_27b : 1.(c_2Ecombin 2EW A 27a A2
We define c_2Ebool 2EIN to be A\A_27a : 1.(AVO0z € A 27a.(A\V1f € (24-27%).(ap V1f VOx)

We define c_2Ebool 2ERES__FORALL to be AA_27a : 1.(AVOp € (24-27).(A\V1m € (24-272).

We define c_2Equotient 2EEQUIV to be AA_27a : t.AVOE € ((24-27¢)"*"") (ap (c_2Ebool 28

We define c_2Ebool 2E_5C_2F to be (\VO0t1 € 2.(AV1#2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €



Assume the following.
True (16)

Assume the following.

(YVOtL € 2.(¥V 12 € 2.(((p VOtL)=(p V1£2))=(((p

V1t2)=(p VOt1))=((p VO (p V1t2))))) (17)

Assume the following,
(VY0 € 2.(False=(p V01))) (18)

Assume the following,
(VYO0 € 2.((p VOR)V(=(p VOI)))) (19)

Assume the following.
(VVOt € 2.(((p VOt)=False)=(~(p VOL))) (20)

Assume the following,
(VYO0 € 2.((~(p VO£)=((p VOt)= False))) (21)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (22)

t)
(((p VOO)A(p VOt))&(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue)A((((p VOt)VTrue)=True)A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)=(p VO)A(((p VOE)V
(p VOt))=(p V01)))))))
(23)
Assume the following.

(VVO0t € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=>True)&s
True)A(((False=(p VOt))oTrue) AN((((p VOt)=(p VOt))=True)A((  (24)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((—True)<False) A (25)
((-False)=True)))
Assume the following.

VA_27a.nonempty A 27a=(V0x € A27a.(V0x = V0z)&

True)) (26)

4



Assume the following.

VA_27a.nonempty A27a=(VVO0zx € A27a.(VV1y €
A27a.(VOz = V1y)e(V1y = VOx))))

Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOO)A(((p VOt )&True)<
(p VOO)IA(((Falses(p VOt))<(—(p VOO)))A(((p VOt)=False)=(—-(  (28)

p V01)))))))

Assume the following.

VA 27a.nonempty A_27a=(YVOP € (24-272).(VV1Q €
(24-270) ((VV2z € A27a.((p (ap VOP V2z))A(p (ap V1Q V2z))))=

(VW32 € A27a.(p (ap VOP V32))AVV4z € A.27a.(p ( (29)
ap V1Q V4x)))))))
Assume the following.
(VW0A € 2.(VW1B € 2.(¥V2C € 2.(((p VOA)V( (30)
(p VIB)V(p V20)))=(((p VOA)V(p VIB))V(p V2C))))))
Assume the following.
(VV0A € 2.(WVV1B € 2.(((p VOA)V(p V1B))=((p V1B)V (31)

(p V0A)))))

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)A(p V1B)))<=((—(
p VOA)V(=(p V1B))))A(=((p VOA)V(p V1B)))=((=(p VOA)A(=(p V1<B);)))))
32
Assume the following.

(VVOt1 € 2.(VV1E2 € 2.(VV2t3 € 2.(((p VOt1)=

((p V12)=(p V23))((p VODA( V1E2)=(p V2UI))) )

Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
VVOf € (A27p4-279) (VV1b € 2.(VV2x € A 2T7a.
(VV3y € A27a.((ap VOf (ap (ap (ap (c-2Ebool 2ECOND A_27a)
V1b) V2x) V3y)) = (ap (ap (ap (c.2Ebool 2ECOND A_27b) V'1b) (ap VOf
V2r)) (ap VOS V3y)))))
(34)
Assume the following.

(VVO0b € 2.(VV1tl € 2.(VV2t2 € 2.((p (ap (ap
(ap (c-2Ebool 2ECOND 2) V0b) V1t1) V2t2))<(((—(p VOb))V(p V1t1))A

((p VOb)V(p V2i2)))))))
(35)



Assume the following.

VA 27a.nonempty A27a=(VYV0x € A_27a.((ap (c_2Ecombin_2El

A.27a) VOz) = VO0z)) (36)

Assume the following.

(VVOp € (ty_2Epair 2Eprod ty 2Enum_2Enum ty_2Enum_2Enum).
(VV1g € (ty-2Epair 2Eprod ty-2Enum_2Enum ty_2Enum_2Enum).
((p (ap (ap c2Einteger 2Etint__eq VOp) V1q))<((ap c2Einteger 2Etint__eq
VOp) = (ap c.2FEinteger 2Etint__eq V1q)))))
(37)
Assume the following.

(VVOp € (ty_2Epair 2Eprod ty_2Enum_2Enum ty_2Enum_2Enum).
(VV1q € (ty-2Epair 2Eprod ty 2Enum_2Enum ty_2Enum_2Enum). (38)
((VOop =V1g)=(p (ap (ap c2Einteger 2Etint__eq VOp) V1q)))))

Assume the following.

(VVO0z € (ty-2Epair 2Eprod ty_2Enum_2Enum ty-2Enum_2Enum).

(VV1y € (ty-2Epair_2Eprod ty 2Enum_2Enum ty_2Enum_2Enum).

(VV2z € (ty-2Epair 2Eprod ty_ 2Enum_2Enum ty_2Enum_2Enum).
((ap (ap c2Einteger 2Etint__add VO0z) (ap (ap c2Finteger 2Etint__add

V1y) V2z)) = (ap (ap c2Finteger 2Etint__add (ap (ap c2Finteger 2Etint__add
Vo) Viy)) V22))))
(39)
Assume the following.

(VVO0z1 € (ty-2Epair 2Eprod ty_2Enum_2Enum ty_2Enum_2Enum).
(VV1z2 € (ty-2Epair 2Eprod ty_2Enum_2Enum ty_2Enum_2Enum,).
(VV2yl € (ty2Epair 2Eprod ty_ 2Enum_2Enum ty_2Enum_2Enum).
(VV3y2 € (ty_2Epair 2Eprod ty 2Enum_2Enum ty_2Enum_2Enum).
(((p (ap (ap c2Einteger 2Etint__eq VO0x1) V1x2))A(p (ap (ap c2Einteger 2Etint__eq
V2yl) V3y2)))=(p (ap (ap c-2Einteger_2Etint__eq (ap (ap c.2Einteger 2Etint__add
VO0zl) V2yl)) (ap (ap c2Einteger 2Etint__add V1x2) V3y2))))))))
(10)
Assume the following.

(p (ap (ap (ap (c_2Equotient 2EQUOTIENT (ty_2FEpair 2Eprod ty_ 2Enum_2Enum
ty_ 2Enum_2Enum) ty_2Finteger 2Eint) c_2Einteger 2Etint__eq)
c_2Einteger_2Eint__ABS) c_2Einteger_2Eint__REP))
(41)
Assume the following.

(VVOy € ty_2Finteger 2Eint.(VV 1z € ty_2FEinteger 2FEint.
((ap (ap c_2Einteger 2Eint__add V1) V0y) = (ap (ap c_2Einteger 2Eint__add
Voy) Viz))))
(42)



Assume the following.

(VVO0x € ty_2FEinteger 2Eint.(NVV 1y € ty_2Finteger 2Eint.
(VV2z € ty_2Finteger 2Eint.((VOx = (ap (ap c-2Einteger_2Eint_sub  (43)
V1y) V2z))<((ap (ap c2Einteger 2Eint__add V0z) V2z) = V1y)))))

Assume the following.

(VV0i € ty2Einteger 2FEint.(VV1j € ty_2FEinteger 2FEint.
((=(V1j = (ap c2Finteger 2Eint__of __num c_2Enum_2E0)))=((ap
(ap c2Finteger 2Eint__mod V0i) V1j) = (ap (ap c_2Einteger_2Eint__sub
V0i) (ap (ap c2Einteger 2Eint__mul (ap (ap c-2Finteger_2Eint__div
Voi) V15)) V135))))))
(44)
Assume the following.

(VV0p € ty_2Finteger 2Eint.(VV1q € ty_2Finteger 2Eint.
((=(V1g = (ap c2FEinteger 2Fint_of__num c_2Enum_2E0)))=(p (
ap (ap (ap (c2Ebool_2ECOND 2) (ap (ap c-2Einteger_2Eint__It V1q)
(ap c2Finteger 2Eint__of__num c_2Enum_2EQ))) (ap (ap c_2Ebool 2E_2F 5C
(ap (ap c_2Einteger_2Eint__It V'1q) (ap (ap c2Finteger 2Eint__mod
VOp) V1q))) (ap (ap c_2Einteger 2Eint__le (ap (ap c2Finteger_2FEint__mod
VOp) V1g)) (ap c2Einteger 2Fint_of__num c_2Enum_2E0)))) (ap
(ap c-2Ebool 2E_2F_5C (ap (ap c_2Einteger 2Eint__le (ap c_2Finteger 2Eint__of__num
c_2Enum_2E0)) (ap (ap c2Einteger_2Eint__mod VOp) V1q))) (ap (
ap c_2Einteger 2Eint__It (ap (ap c2Einteger 2FEint__mod V0p)
Vig) Vig))
(45)
Assume the following.

VA_27a.nonempty A-27a=(p (ap (ap (ap (c-2Equotient_2EQUOTIENT
A27a A27a) (c2Emin_2E_3D A 27a)) (c-2Ecombin_2El A_27a)) (
c_2Ecombin_2El A_27a)))

(46)
Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=V A 27c.
nonempty A 27c¢=YA_27d.nonempty A27d=(VVOR1 € (
(24-27a)A-27a) (YV 1absl € (A27¢A-27).(VV 2repl €
(A27a-27¢).((p (ap (ap (ap (c2Equotient 2EQUOTIENT A_27a A_27c)
VOR1) V1absl) V2repl))=(VV3R2 € ((24-27)A-270) (VV 4abs2 €
(A27d4-27).(VV5rep2 € (A2764-271) ((p (ap (ap (ap (c-2Equotient 2EQUOTIENT
A27b A27d) V3R2) V4abs2) V5rep2))=(p (ap (ap (ap (c2Equotient 2EQUOTIENT
(A_27b4-270) (A_27d4-27¢)) (ap (ap (c_2Equotient_2E_3D_3D_3D_3E
A27a A27b) VOR1) V3R2)) (ap (ap (c-2Equotient 2E_2D_2D_3E A_27c
A27b A27a A27d) V2repl) V4abs2)) (ap (ap (c-2Equotient_2E_2D_2D_3E
A27a A27d A27c¢ A27b) V1absl) Vbrep2)))))))))))

(47)



Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YVOR € ((24-279)A4-27a) (VV 1abs € (A27b4-272).
(VV2rep € (A27a-2").((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27a A27b) VOR) V1abs) V2rep))=(VV3x € A27b.(VV4y €
A27b.(V3z = Vay)e(p (ap (ap VOR (ap V2rep V3x)) (ap V2rep V4y))))))))))
(43)
Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOR € ((2A-270)4-2T0) (W 1abs € (A_276A-27),
(VV2rep € (A27a”-2).((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27a A27b) VOR) V1abs) V2rep))=(VV3zxl € A27a.(VV422 €
A27a.(VVbyl € A27a.(WVV6y2 € A27a.(((p (ap (ap VOR
V3x1) V4x2))A(p (ap (ap VOR Vbyl) V6y2)))=((p (ap (ap VOR V3x1) V5yl))<
(v (ap (ap VOR V422) V6y2)))))))
(19)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=VA 27c.
nonempty A_27c¢=YA_27d.nonempty A_27d=(VYVOR1 € (
(24-270)A2T0) (Y 1abs] € (A27¢A-27%).(VV 2repl €

(A27a-27%).((p (ap (ap (ap (c_2Equotient 2EQUOTIENT A_27a A_27c)

VOR1) Vlabsl) V2repl))=(VV3R2 € ((24-270)4-27%) (VV4abs2 €

(A27d4-2T).(VV5rep2 € (A2764-271).((p (ap (ap (ap (c_2Equotient 2EQUOTIENT

A27b A27d) V3R2) Vdabs2) V5rep2))=(VV6[ € (A_27dA-27).
(A\WVTz e A27c.(ap V6f VTz)) = (ap (ap (ap (c2Equotient 2E_2D_2D _3E
A27c A27b A27a A_27d) V2repl) V4abs2) (\V8x € A_27a.(ap V5rep2

(ap V6 (ap Viabsl VE2))))))))
(50)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
VVOREL € ((24-279)A-274) (YV 1abs € (A27bA-27%),
(VV2rep € (A27a-27).((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27a A27b) VOREL) V1abs) V2rep))=(VV3xl € A 27a.(VV4x2 €
A27a.((p (ap (ap VOREL V3z1) V422))=(p (ap (ap VOREL V3zxl) (ap V2rep

(ap Vlabs V422)))))))))))
(51)



Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYVOR € ((24-270)4-279) (YV 1abs € (A27b4-27%).
(VV2rep € (A27a*-2™).((p (ap (ap (ap (c_2Equotient 2EQUOTIENT
A27a A27b) VOR) V1abs) V2rep))=(VV3f € (24-2™).((p (
ap (c_2Ebool 2E 21 A_27b) V3f))<(p (ap (ap (c_2Ebool 2ERES__FORALL
A_27a) (ap (c_2Equotient_2Erespects A_27a 2) VOR)) (ap (ap (ap
(c_2Equotient_2E_2D_2D_3E A_27a 2 A_27b 2) V1abs) (c_2Ecombin_2El
2)) V3NN
(52)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A27b=(
VYVOR € ((24-274)A4-27a) (YV 1abs € (A27b4-272).
(VV2rep € (A27a4-2").((p (ap (ap (ap (c_2Equotient 2EQUOTIENT
A27a A27b) VOR) V1abs) V2rep))=(VV3f € (24-27%).(VV4g €
(24-270) ((p (ap (ap (ap (ap (c2Equotient 2E_3D_3D_3D_3E A 27a
2) VOR) (c.2Emin_2E_3D 2)) V3§) Vi4g))=((p (ap (ap (c_2Ebool 2ERES__FORALL
A_27a) (ap (c_2Equotient_2Erespects A 27a 2) VOR)) V3f))<=(p (
ap (ap (c_2Ebool 2ERES__FORALL A_27a) (ap (c-2Equotient_2Erespects
A27a 2) VOR)) V4g)))))
(53)
Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=YA 27c.
nonempty A 27c¢c=YA_27d.nonempty A_27d=(VVOR1 € (
(24-2TayA-2Ta) (WY 1absl € (A27cA-277).(VV 2repl €

(A27a-27¢).((p (ap (ap (ap (c-2Equotient 2EQUOTIENT A_27a A_27c)

VORL) V1absl) V2repl))=(VV3R2 € ((24-27)A-270) (VV 4abs2 €

(A27d4-270) . (VVErep2 € (A2764-274) . ((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27b A27d) V3R2) Vdabs2) Vrep2))=(VV6f € (A27bA-2Ta).
(YV7g € (A2764-270) (VV 8z € A27a.(VV Iy €
A27a.(((p (ap (ap (ap (ap (c2Equotient 2E_3D_3D_3D_3E A_27a
A_27b) VOR1) V3R2) V6f) V7g))A(p (ap (ap VOR1 V8x) VIy)))=(p (ap (
ap V3R2 (ap V6f V8z)) (ap V79 V9y)))))))))))))))) o)
54
Assume the following.

VA 27a.nonempty A 27a=(YVOE € ((24-272)A-27a),
(YV1P € (24-27).((p (ap (c2Equotient 2EEQUIV A_27a)
VOE))=((p (ap (ap (c-2Ebool 2ERES__FORALL A_27a) (ap (c_2Equotient_2Erespects
A27a 2) VOE)) V1P))&(p (ap (c2Ebool 2E 21 A 27a) V1P))))))
(55)
Assume the following,.

(VVOt € 2.((=(—(p VOt)))=(p VOL))) (56)



Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (57)
Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)=

(((p VOA)=False)=((—(p V1B))=False))))) (58)
Assume the following.
(VV0A € 2.(VV1B € 2.(((—((—(p VOA))V(p V1B)))=False)&= (59)

((p VOA)=((—(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (60)

Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V2T)))@(((((p VOP)VE (
V

A~

p V1g)V(p V2r)))A(((p VOp)V((—(
p V2r)V(=(p V1) )A(((p VIV ((=(p V2r))V(=(p VOp))))A((p V2r)V
((=(p V1g))v(=(p VOp))))))))))

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOop)V((=(p VIQ))V(ﬂ)(p VQT)))))A(((p Vig)Vv

Assume the following.

(VVOp € 2.(VV1qg € 2.(VV2r € 2.(((p VOp)&=(
(p V1g)V(p V2r)))<(((p VOp)V(=(p V1g)))A(((p VOp
((p V1ig)V((p V2r)V(=(p V0p))))))))))

Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)<(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g)A(((p VOp)V(=(p V2r)))A((  (64)
—(p V1g))V((p V2r)V(=(p VOp))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)&(—(p V1g)))=(((p VOp)V

(0 V1g)A((p V1g)V(=(p VOp))))) (65)
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Theorem 1

(VV0q € ty_2Finteger 2Eint.((—~(V0q = (ap c2Einteger 2Eint_of__num
c_2Enum_2E0)))=(VV'1p € ty_2Finteger 2Eint.(V1p = (ap
(ap c2Einteger 2Eint__add (ap (ap c_2Einteger_2Eint__mul (ap
(ap c2Binteger 2Fint__div V1p) V0q)) V0q)) (ap (ap c2FEinteger 2Eint__mod
Vip) V0g))A(p (ap (ap (ap (c_2Ebool 2ECOND 2) (ap (ap c_2Einteger_2Eint__It
V0q) (ap c2Finteger 2Eint__of__num c_2Enum_2EQ))) (ap (ap c-2Ebool_2E_2F_5C
(ap (ap c_2Einteger 2Eint__It VOq) (ap (ap c_2Finteger_2Eint__mod
Vip) V0q))) (ap (ap c2Einteger_2Eint__le (ap (ap c-2Einteger_2Eint__mod
Vip) VOq)) (ap c2Einteger 2Eint__of__num c_2Enum_2E0)))) (ap
(ap c_2Ebool 2E_2F 5C (ap (ap c_2Einteger_2Eint__le (ap c_2Finteger 2FEint_of __num
c_2Enum_2EQ)) (ap (ap c2FEinteger 2Fint_mod V1p) V0q))) (ap (
ap c_2Einteger 2Eint_It (ap (ap c2Finteger 2Eint__mod V1p)

V0q)) V0g))))))))
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