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Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be NA_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 0t)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type t.

Definition 6 We define c.2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (1)
Let ty_2FEpair 2Eprod : t1=-1= be given. Assume the following.

VAO.nonempty A0=YAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(2)

Let c2Einteger 2Etint__eq : ¢ be given. Assume the following.

c 2Ei’ﬂt€g€7" 2Etint eq € ((2(ty,2Epair,2Eprod ty_2Enum_2Enum ty,2Enum,2Enum))(ty,QEpair,ZEprod ty_2Enum

(3)
Let c2Enum 2EZERO__REP : ¢ be given. Assume the following.

c2Enum 2EZERO__REP € omega (4)
Let c.2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum’™%) (5)

Definition 7 We define c2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO_REP).



Definition 8 We define c_2Earithmetic_2EZERO to be c_2Enum_2EOQ.
Let c.2Enum_2EREP__num : 1 be given. Assume the following.
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (6)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™%) (7)
Definition 9 We define c 2Enum_2ESUC to be AVOm € ty_2Enum_2Enum.(ap c2Enum 2EABS __num |

Let c.2Earithmetic2E_2B : « be given. Assume the following.

c.2Earithmetic2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(8)
Definition 10 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c_2Earithmetic
Definition 11 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Definition 12 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c 2Epair 2EABS__prod
A27a A27b € ((ty-2Epair 2Eprod A27a A,27b)((2A727b)A727a))
(9)
Definition 13 We define c_2Epair 2E_2C to be NA_27a : t. AA27b : 1. AV 0z € A27a.\V1y € A27b.(ap (c-2

Definition 14 We define c_2Einteger_2Etint__0 to be (ap (ap (c-2Epair-2E_2C ty_2Enum_2Enum ty_2Enuw
Let c.2FEinteger 2Etint__mul : ¢ be given. Assume the following.

c2Einteger 2Etint__mul € (((ty-2Epair 2Eprod ty-2Enum_2Enum
)(ty,2Epair,2EpT0d ty_2Enum_2Enum ty,QEnum,2Enum))(ty,2Epair,2Eprod ty_2Enum_2Enum ty

(10)

ty_ 2Enum_2Enum

Let ty 2FEinteger 2Eint : v be given. Assume the following.
nonempty ty_2FEinteger 2Eint (11)
Let c2FEinteger 2Fint__ABS__CLASS : i be given. Assume the following.

t(z(ty,zEpairngmd ty—2Enum_2Enum ty—2Enum_2Enum)

(12)

c2FEinteger 2Eint__ABS__CLASS € (ty_2FEinteger 2Ein

Definition 15 We define c 2Einteger 2Eint__ABS to be A\VOr € (ty_2Epair 2Eprod ty_2Enum_2Enum ty_
Let c.2FEinteger 2Fint__ REP__CLASS : . be given. Assume the following.

C,QEinteger,2Eint,,REP,,C’LASS c ((Q(ty,QEpair,QEprod ty_2Enum_2Enum ty_2Enum_2Enum) )ty,ZEinteger,Q
(13)



Definition 16
of type 1=-t.

Definition 17

We define c 2Emin_2E_40 to be NAAP € 24.4f (3z € Ap (ap P x)) then (the (\z.x € AN

We define c_2Einteger_2Eint__REP to be AV 0a € ty_2Finteger_2Eint.(ap (c.2Emin_2E_40 (¢

Let c_2FEinteger 2FEtint__t : ¢ be given. Assume the following.

c 2Einteger 2Ftint_lt € ((2(ty,2Epair,2Ep'rod ty-2Enum_2Enum ty,2Enum,2Enum))(ty,QEpair,ZEprod ty-2Enum.

Definition 18

(14)
We define c 2Einteger 2Eint__0 to be (ap c_2Einteger_2Eint__ABS c_2Einteger_2Etint_0).

Let c_2Einteger 2Eint__of__num : ¢ be given. Assume the following.

c2Einteger 2Fint__of_num € (ty_2Finteger 2 Eint'v-2Enum-2Enum)

Definition 19

Definition 20

Definition 21

Definition 22

Definition 23

Definition 24

Definition 25

Definition 26

Definition 27

Definition 28

Definition 29

Definition 30

Definition 31

Definition 32

Definition 33

(15)

We define c_2Einteger 2Eint__mul to be A\VOT'1 € ty_2FEinteger 2Eint. \V1T2 € ty_2Finteg
We define c_2Einteger 2Eint__It to be A\VOT'1 € ty 2Finteger 2Eint. \V1T2 € ty_2FEinteger
We define c_2Ebool 2E_5C_2F to be (A\VO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2t €
We define c 2Einteger 2Eint__le to be A\V 0z € ty_2Einteger 2Eint \V 1y € ty_2FEinteger 2

We define c 2Ecombin_2EK to be AA_27a : t. \A27b : 1.(AV0x € A 2Ta.(AV1y € A27b.V0x

We define c_2Ecombin_2ES to be NA_27a : t.NA_27b : 1.AA27c : 1. (AVOf € ((A,27CA*27b)A72V

We define c_2Ecombin_2EI to be AA_27a, : 1.(ap (ap (c.2Ecombin_2ES A_27a (A_27a”-27") A
We define c _2Equotient 2E_2D_2D _3E to be AA_27a : t. AA27b : t.ANA27c : L. ANA27d : 1.AV 0]

We define c_2Equotient_2E_3D_3D_3D_3E to be A\A_27a : t.\XA_27b : L AVORL € ((24-270)"~

A,27a).)

We define c_2Equotient 2EQUOTIENT to be AA 27a : t.AA27b: L. \VOR € ((24-279)

AT (AW 1a

We define c2Ecombin 2EW to be NA_27a : 1.AA27b : 1. AVOf € ((A2767-2T7)
We define c_2Equotient_2Erespects to be AA_27a : t. N\A_27b : t.(c.22Ecombin 2EW A_27a A2
We define c_2Ebool 2EIN to be N\A_27a : 1.(A\V0z € A27a.(A\V1f € (24-27%).(ap V1f VOx)

We define c_2Ebool 2ERES__FORALL to be AA_27a : 1.(AVOp € (24-279).(AV1m € (24-27)

We define c_2Equotient 2EEQUIV to be AA_27a : t.AVOE € ((24-27¢)"*"") (ap (c_2Ebool 28



Assume the following.
True (16)

Assume the following.

(YVOtL € 2.(¥V 12 € 2.(((p VOtL)=(p V1£2))=(((p

V112)=(p VOI)=((p VOIL )& (p V112)))) (a7)

Assume the following.
(YVOt € 2.(False=(p VOL))) (18)

Assume the following.
(VVOt € 2.((p VOt)V(=(p VOt)))) (19)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (20)

t)
(((p VOO)A(p VOt))=(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))=True) AN(((p VOt)VTrue)<True) A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)=(p VO)A(((p VOE)V

(p VO1))=(p V01)))))))
(21)
Assume the following.

(VVOt € 2.((True=(p VOt))=(p VO) ) A(((p VOt)=True)=
True)A(((False=(p VOt))=True) A((((p VOt)=(p VOt))=True) AN(( (22)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VO0z = VOz)&
True))

Assume the following.

VA 2Ta.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOO)A((((p VOt ) &True)<
(p VOO)A(((Falses(p VOt)) ( (p VOO)A(((p VOt)&False)=(=( (25)

Vo))



Assume the following.

(VVOtL € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

26

(0 V122)=(p V23) (0 VOA V1) = (p Va)))) O
Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.((ap (c_2Ecombin_2El (27)

A27a) VOz) = V0zx))
Assume the following.

(VVOp € (ty-2Epair_2Eprod ty_2Enum_2Enum ty_2Enum_2Enum).
(VV1g € (ty_2Epair 2Eprod ty 2Enum_2Enum ty_2Enum_2Enum).
((p (ap (ap c2Finteger 2Etint__eq VOp) V1q))<((ap c.2Einteger 2Etint__eq
VOp) = (ap c2Einteger 2Etint__eq V1q)))))

(28)
Assume the following.
(VVO0x € (ty-2Epair_2Eprod ty_2Enum_2Enum ty_2Enum_2Enum,).
(VV1y € (ty2Epair 2Eprod ty_ 2Enum_2Enum ty_2Enum_2Enum).
(((p (ap (ap c2Einteger 2Etint__It c_2Einteger 2Etint__0) V0z))A (29)

(p (ap (ap c2Einteger 2Etint_lt c_2Einteger_2Etint__0) V1y)))=
(p (ap (ap c2Finteger 2Etint_It c_2Einteger_2Etint_0) (ap
(ap c2FEinteger 2Etint_mul V0x) V1y))))))

Assume the following.

(VVO0zl € (ty-2Epair 2Eprod ty-2Enum_2Enum ty_2Enum_2Enum).
(VV1x2 € (ty-2Epair 2Eprod ty-2Enum_2Enum ty_2Enum_2Enum)
(VV2yl € (ty-2Epair 2Eprod ty_2Enum_2Enum ty_2Enum_2FEnum).
(VV3y2 € (ty-2Epair 2Eprod ty_ 2Enum_2Enum ty_2Enum_2Enum).

(((p (ap (ap c2Finteger 2Etint__eq VO0x1) V1x2))A(p (ap (ap c2Einteger 2Etint__eq

V2yl) V3y2)))=(p (ap (ap c2Einteger 2Etint_eq (ap (ap c2Einteger 2Etint__mul
VO0zl) V2yl)) (ap (ap c2Einteger 2Etint__mul V1x2) V3y2))))))))

(30)
Assume the following.

(VVO0zxl € (ty_2Epair 2Eprod ty 2Enum_2Enum ty 2Enum_2Enum).
(VV1x2 € (ty-2Epair 2Eprod ty-2Enum_2Enum ty_2Enum_2Enum).
(VV2yl € (ty-2Epair 2Eprod ty 2Enum_2Enum ty-2Enum_2Enum).
(VV3y2 € (ty-2Epair 2Eprod ty 2Enum_2Enum ty_2Enum_2FEnum).
(((p (ap (ap c2Einteger 2Etint__eq VO0x1) V122))A(p (ap (ap c2Einteger 2Etint__eq
V2yl) V3y2)))=((p (ap (ap c2Einteger 2Etint_It V0x1) V2yl))&
(p (ap (ap c2Finteger 2Etint_It V1x2) V3y2))))))))
(31)
Assume the following.

(p (ap (ap (ap (c_2Equotient 2EQUOTIENT (ty_2Epair 2Eprod ty_2Enum_2Enum
ty 2Enum_2Enum) ty_2Finteger 2Eint) c_2Einteger 2Etint__eq)
c_2Einteger_2Eint__ABS) c_2Einteger_2Eint__REP))

(32)



Assume the following.
(c_2Einteger_2Eint__0 = (ap c_2Einteger 2Fint_of__num c2Enum_2EQ)) (33)
Assume the following.

(VVO0zx € ty-2Einteger 2Eint.((ap (ap c-2Einteger 2Eint__mul
(ap c2FEinteger 2Eint__of__num c_2Enum_2EQ)) V0x) = (ap c-2Einteger 2Eint__of__num
c_2Enum_2EQ)))
(34)
Assume the following.

(VVO0x € ty_2FEinteger 2Eint.((ap (ap c_2Einteger 2Eint__mul
VO0x) (ap c2Einteger 2Eint__of__num c_2Enum_2EQ)) = (ap c_2FEinteger 2Eint_of__num
c_2Enum_2EQ)))
(35)
Assume the following.

(VV Oz € ty2Einteger 2Eint.(VV 1y € ty_2Finteger 2Eint.
((p (ap (ap c2Einteger 2Eint__le V0x) V1y))<((p (ap (ap c_2Einteger 2Eint__It
Vow) Vig)v(Voz = Vi)
(36)
Assume the following.

YA_27a.nonempty A-27a=(p (ap (ap (ap (c-2Equotient_2EQUOTIENT
A27a A27a) (c2Emin_2E_3D A_27a)) (c2Ecombin_2El A_27a)) (
c_2Ecombin_2El A_27a)))

(37)
Assume the following.

VA 27a.nonempty A27a=(YVOR € ((24-274)A-2Ta),
(VW1 € A27a.(VV2y € A27a.((p (ap (ap VOR V1z) V2y))e
((ap VOR V1z) = (ap VOR V2y)))))=((VV3x € A27a.(p (ap (ap VOR
V3x) V3z)))A((VVix € A27a.(VV5y € A27a.((p (ap (
ap VOR V4dz) V5y))=(p (ap (ap VOR V5y) V4x)))))A(VV6x € A 27a.
(VWiy € A27a.(WV8z € A27a.(((p (ap (ap VOR V6z) VTy))A
(p (ap (ap VOR VTy) V8z)))=(p (ap (ap VOR V6z) V82)))))))))) 58)
38



Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=V A 27c.
nonempty A_27c¢=YA_27d.nonempty A_27d=(VVOR1 € (
(24-27a)A-27a) (YT 1absl € (A27¢A-27).(YV 2repl €
(A27a-27°).((p (ap (ap (ap (c2Equotient 2EQUOTIENT A_27a A_27c)
VOR1) Vlabsl) V2repl))=(VV3R2 € ((24-27)A4-270) (VV4abs2 €
(A27d4-27) . (YV5rep2 € (A2764-27) ((p (ap (ap (ap (c_2Equotient 2EQUOTIENT
A27b A27d) V3R2) V4abs2) V5rep2))=(p (ap (ap (ap (c_2Equotient 2EQUOTIENT
(A2764-270) (A_27d4-%7¢)) (ap (ap (c_2Equotient 2E_3D_3D_3D_3E
A_27a A27b) VOR1) V3R2)) (ap (ap (c_2Equotient 2E_2D_2D_3E A_27c
A27b A27a A27d) V2repl) V4abs2)) (ap (ap (c-2Equotient_2E_2D_2D_3E
A27a A27d A27c A27b) V1absl) Virep2)))))))))))
(39)
Assume the following.

VA 27a.nonempty A27a=VA_27b.nonempty A_27b=V A 27c.
nonempty A_27¢=VYA_27d.nonempty A_27d=(VVOR1 € (
(24-270)A-27a) (YW 1abs] € (A_27c¢A-270).(VV 2repl €

(A27a"-27¢).((p (ap (ap (ap (c2Equotient 2EQUOTIENT A_27a A 27c)

VOR1) Vlabsl) V2repl))=(VV3R2 € ((24-270)4-270) (VV4abs2 €

(A27d4-2T) . (YV5rep2 € (A2764-271).((p (ap (ap (ap (c_2Equotient 2EQUOTIENT

A27b A27d) V3R2) Vdabs2) Virep2))=(VV6f € (A_27dA-27¢).
(A\V7x e A27c.(ap V6f V7x)) = (ap (ap (ap (c_2Equotient 2E_2D 2D _3E
A27¢c A27h A27a A27d) V2repl) V4abs2) (\V8x € A 27a.(ap V5rep2

(ap V6] (ap Viabs1 V82)))))
(40)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VVOREL € ((24-27%)4-27) (YV 1abs € (A27bA-272).
(VV2rep € (A27a*-2").((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27a A27b) VOREL) Vl1abs) V2rep))=(VV3zl € A27a.(VV4x2 €
A27a.((p (ap (ap VOREL V3x1) V422))=(p (ap (ap VOREL V3x1) (ap V2rep
(ap Vlabs V422)))))))))))
(41)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOR € ((24-270)A-279) (YV 1abs € (A27b4-27%).
(VV2rep € (A27a*-2").((p (ap (ap (ap (c_2Equotient 2EQUOTIENT
A27a A27b) VOR) V1abs) V2rep))=(VV3f € (24-27).((p (
ap (c_2Ebool 2E_21 A_27b) V3f))<=(p (ap (ap (c-2Ebool 2ERES__FORALL
A_27a) (ap (c_2Equotient_2Erespects A_27a 2) VOR)) (ap (ap (ap
(c_2Equotient_2E_2D_2D_3E A_27a 2 A_27b 2) V1abs) (c-2Ecombin_2El

2)) V3NN
(42)



Assume the following.

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YVOR € ((24-279)A-27a) (YV 1abs € (A27b4-272).
(VV2rep € (A27a-2").((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27a A27b) VOR) Viabs) V2rep))=(VV3f € (24-27%).(VV4g €
(24-279) ((p (ap (ap (ap (ap (c_2Equotient 2E_3D_3D_3D_3E A 27a
2) VOR) (c2Emin2E_3D 2)) V3f) V4g))=((p (ap (ap (c-2Ebool_2ERES__FORALL
A_27a) (ap (c-2Equotient_2Erespects A_27a 2) VOR)) V3f))<(p (
ap (ap (c_2Ebool 2ERES__FORALL A_27a) (ap (c-2Equotient_2Erespects
4270 2) VOR)) V4g))))
(43)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=YA_27c.
nonempty A27c¢=YA_27d.nonempty A-27d=(VVOR1 € (
(24-2Ta)A-2Ta) (WY 1absl € (A27cA-272).(VV 2repl €
(A27a-27¢).((p (ap (ap (ap (c-2Equotient 2EQUOTIENT A_27a A_27c)
VORL) V1absl) V2repl))=(VV3R2 € ((24-27)A-270) (VV 4abs2 €
(A_27d4-2T) (VV5rep2 € (A2764-271).((p (ap (ap (ap (c2Equotient 2EQUOTIENT
A27b A27d) V3R2) Vdabs2) V5rep2))=(VV6f € (A27b4-272),
(VV7g € (A2764-279) (VV8x € A 27a.(YV 9y €
A27a.(((p (ap (ap (ap (ap (c2Equotient 2E_3D_3D_3D_3E A_27a
A27b) VORL) V3R2) V6f) V7g))A(p (ap (ap VORL V8x) VIy)))=(p (ap (
ap V3R2 (ap V6f V8z)) (ap V79 V9y))))))))))))))))
(44)
Assume the following.

VA 27a.nonempty A27a=(VVOE € ((24-274)A-2Ta),
(YV1P € (24-27%) ((p (ap (c2Equotient 2EEQUIV A _27a)
VOE))=((p (ap (ap (c-2Ebool 2ERES__FORALL A_27a) (ap (c_2Equotient_2Erespects
A27a 2) VOE)) V1P))<(p (ap (c2Ebool 2E_21 A 27a) V1P))))))
(45)

Theorem 1

(VV 0z € ty_2Finteger 2Eint.(VV 1y € ty 2FEinteger 2FEint.

(((p (ap (ap c-2Einteger_2Eint__le (ap c-2FEinteger 2Eint_of __num
c_2Enum_2E0)) V0x))A(p (ap (ap c_2Einteger_2Eint__le (ap c_2Finteger 2Eint__of__num
c2Enum_2E0)) V1y)))=(p (ap (ap c2Einteger 2Eint__le (ap c_2Finteger_2Eint__of__num

c_2Enum_2EQ)) (ap (ap c_2Einteger 2Eint__mul V0z) V1y))))))



