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Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c.2Earithmetic2E_2B : ¢ be given. Assume the following.
c2Earithmetic 2E 2B € ((ty_2Enum_2EnumtY-2Enum-2Enum)ty-2Enum-_2Enum)
Let ty_2FEpair_2Eprod : t1=>t=>t be given. Assume the following. )

YV AO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(3)

Let c_2FEinteger 2Etint__add : ¢+ be given. Assume the following.

c2FEinteger 2Etint__add € (((ty-2Epair_2Eprod ty_2Enum_2Enum
)(ty,2Epair,2Eprod ty_2Enum_2Enum ty,QEnum,QEnum))(ty,2Epair,2Eprod ty_2Enum_2Enum ty

(4)

Definition 5 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type ¢.

ty2Enum_2Enum

Definition 6 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢



Let c2Epair 2ESN D : t=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Ep7‘od A_27a A,27b))
(5)

Let c2Epair 2EF ST : 1=-1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEpair 2EFST
A927a A27b € (A727a(ty,2Epai7;2Ep7'od A_27a A,27b))

(6)

Let c2Epair 2EABS__prod : t=1=-1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
27b N A_27a
A27a A27b € ((ty-2Epair 2Eprod A-27a A276)(* ™)™
(7)

Definition 7 We define c_2Epair 2E_2C to be A\A_27a : t.NA27b : 1. AV 0z € A27a.\V1y € A_27b.(ap (c2F

Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.((ap (ap c.2Earithmetic.2E_2B V0m)
(ap (ap c2Earithmetic2E 2B V1n) V2p)) = (ap (ap c.2Earithmetic2E 2B
(ap (ap c2Earithmetic2E 2B VOm) V1n)) V2p)))))
(8)
Assume the following.
True 9)

Assume the following.

(VVOt € 2.(((TrueA(p VOt))(p VOO)A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (10)

t)
(((p VO)A(p VOI))&=(p VO1)))))))

Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)& (11)
True))

Assume the following.

(YVO0zl € ty 2Enum_2Enum.(VV 1yl € ty 2Enum_2Enum.
(VV222 € ty_2Enum_2Enum.(VV3y2 € ty_2Enum_2Enum.

((ap (ap c-2Finteger 2Etint__add (ap (ap (c-2Epair_2E_2C ty_ 2Enum_2Enum
ty 2Enum_2Enum) V0x1) V1yl)) (ap (ap (c_2Epair2E_2C ty_2Enum_2Enum
ty 2Enum_2Enum) V2x2) V3y2)) = (ap (ap (c_2Epair2E_2C ty_2Enum_2Enum
ty 2Enum_2Enum) (ap (ap c2Earithmetic 2E 2B VO0x1) V2x2)) (ap
(ap c2Earithmetic2E 2B V1yl) V3y2)))))))

(12)



Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YV0x € A27a.(VV1y € A27b.(VV2a € A27a.(VV3b €
A27b.(((ap (ap (c2Epair2E2C A_27a A_27b) VOz) V1y) = (ap (ap
(c-2Epair2E_.2C A_27a A_27b) V2a) V3b))=((VOx = V2a)A(V1y = V3D)))))))
(13)

Assume the following.

VA_27a.nonempty A_27a=NA_27b.nonempty A_27b=(
YV O0x € (ty-2Epair 2Eprod A-27a A27b).((ap (ap (c-2Epair2E_2C
A27a A27D) (ap (c2Epair 2EFST A27a A_27b) VOx)) (ap (c2Epair 2ESND
A27a A27b) VOx)) = VO0x))
(14)

Theorem 1

(VV Oz € (ty-2Epair_2Eprod ty_2Enum_2Enum ty_2Enum_2Enum).
(VV1y € (ty-2Epair 2Eprod ty_2Enum_2Enum ty_ 2Enum_2Enum).
(VV2z € (ty2Epair_2Eprod ty_2Enum_2Enum ty_2Enum_2Enum).
((ap (ap c2FEinteger_ 2Etint__add VO0z) (ap (ap c2Einteger 2Etint__add
V1y) V2z)) = (ap (ap c2Einteger 2Etint__add (ap (ap c2Einteger 2Etint__add
Vox) Vly)) V22)))))



