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Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 5 We define c.2Ecombin_2EK to be A\A_27a : 1. NA27b : 1.(AVO0z € A27a.(A\V1y € A27b.V0x))

Definition 6 We define cC2Ecombin_2ES to be AA_27a : 0. AA27b : L. XA 27c: 1. (AVOf € ((A,27CA*27Z’)A7276

Definition 7 We define c.2Ecombin_2El to be AA_27a : v.(ap (ap (c_2Ecombin_2ES A_27a (A_27a”-27) A_
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (1)
Let ty 2Epair 2Eprod : t=-1=t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)

(2)

Let ty 2FEinteger 2Eint : v be given. Assume the following.
nonempty ty_2FEinteger 2Eint (3)
Let c2FEinteger 2Eint__REP__CLASS : ¢ be given. Assume the following.

C,2E’L"/Lt€g€7",QEiTLt,,REP,,CLASS c ((2(ty,2Epair,2Eprod ty_2Enum_2Enum ty_2Enum_2Enum) )ty,ZEinteger,Q
(4)

Definition 8 We define c 2Emin_2E_40 to be \AAP € 24.if (32 € A.p (ap P x)) then (the (\z.x € AAp
of type t=-t.



Definition 9 We define c_2Einteger 2Eint__REP to be \V0a € ty_2Einteger_2FEint.(ap (c.2Emin_2E_40 (ty.
Let c_2FEinteger 2Etint__add : ¢ be given. Assume the following.

c2Einteger 2Etint__add € (((ty-2Epair_2Eprod ty_2Enum_2Enum
ty72Enum72Enum)(ty,2Epair,2Epr0d ty_2Enum_2Enum ty,2Enum,2Enum))(ty,ZEpair,QEprod ty_2Enum_2Enum t1

(5)

Let c2FEinteger 2Etint__eq : ¢ be given. Assume the following.

c,ZEintegerjEtint,,eq c ((2(ty,2Epair,2Eprod ty_2Enum_2Enum ty,QEnum,ZEnum))(ty,2Epair,2Ep7*od ty_2Enun
(6)
Let c.2Finteger 2Eint__ABS__CLASS : . be given. Assume the following.
o(ty—2Bpair_2Bprod ty_2Bnum_2Bnum ty_2Enum_2BEnum)
(7)
Definition 10 We define c_2Einteger 2Eint__ABS to be A\VOr € (ty-2Epair 2Eprod ty-2Enum_2Enum ty-

c2Einteger 2Fint_ABS_CLASS € (ty 2Einteger 2Eint(

Definition 11 We define c_2Einteger 2Eint__add to be \VOT'1 € ty_2Finteger 2Eint A\V1T2 € ty_2Einteg
Let ty 2F fep 2F finite__image : 1=t be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty2E fcp-2F finite__image A0) (8)
Let ty_2FEbool 2Fitsel f : 1= be given. Assume the following.
YV AO0.nonempty A0=nonempty (ty_2Ebool 2FEitsel f A0) (9)
Let ¢_2Ebool 2FEthe__value : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Ebool 2Ethe_value A27a € (

ty_2Ebool 2FEitsel f A 27a) (10)
Let ¢ 2F fep 2Edimindex : 1=t be given. Assume the following.

VA_27a.nonempty A_27a=c2E fep 2Edimindex A 27a € (ty_2Enum_2Enum(ty-2Ebool-2Eitself A-2Ta))
(11)

Definition 12 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type t.

Definition 13 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 14 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omega'V-2Fnum-2Enum) (12)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™®9%) (13)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (14)



Definition 15 We define c.2Enum_2ESUC to be AVOm € ty_ 2Enum_2Enum.(ap c2Enum_2EABS__num
Definition 16 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40
Definition 17 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2FEnu
Definition 18 We define c 2Ebool 2E_3F_21 to be A\A_27a : 1.(AVOP € (24-27%) (ap (ap c_2Ebool 2E_2F _5C
Definition 19 We define c 2Efcp 2Efinite__index to be N\A_27a : 1.(ap (c_2Emin 2E_40 (A_27q"V-2Emum-2Enu
Let ty 2F fcp 2Ecart : 1=>1=-1 be given. Assume the following.

YV AOQ.nonempty A0=VAl.nonempty Al=nonempty (ty_2E fcp 2Ecart
A0 A1)
(15)
Let c2E fep 2FEdest__cart : t=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2F fcp_ 2FEdest__cart
A27a A27h € ((A727a(ty,2Efcp,2Efinite,Jlmage A,27b))(ty,2Efcp,2Ecart A_27a A,27b))

(16)
Definition 20 We define c_2Efcp_2Efcp__index to be AA_27a : t.AXA_27b : 1L.AVOx € (ty_2E fep_2Ecart A27
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (17)
Definition 21 We define c.2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 22 We define c_2Earithmetic_2EZERO to be c_2Enum_2EO.
Let c2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic 2E 2B € ((ty_2Enum _2Enum!y-2Enum-2Enum)ty-2Enum 2Enum)
(18)

Definition 23 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty_2Enum_2Enum.(ap (ap c_2Earithmetic
Definition 24 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let c2Farithmetic2EEX P : 1 be given. Assume the following.

c2Earithmetic 2EEX P € ((ty_2Enum_2Enum!y-2Erum-2Enum)ty-2Enum-2Enum)
(19)

Definition 25 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
Definition 26 We define c 2Ebit 2ESBIT to be A\V0b € 2.\V1n € ty 2Enum_2Enum.(ap (ap (ap (c_2Eboc

Let c2Esum_num 2ESUM : . be given. Assume the following.

c2Esum_num2ESUM € ((ty,ZEnum,QEnum(tij"“m*ZE"“mty*ZEwmsz"um))tysz"“m*QE”“m)
(20)



Definition 27 We define c_2Ewords_2Ew2n to be AA_27a : 1. A\VOw € (ty_2E fep2Ecart 2 A27a).(ap (ap ¢
Let c.2FEinteger 2FEint__of__num : ¢ be given. Assume the following.

c2Einteger 2Eint__of__num € (ty_2Finteger 2EintV-2Enuvm-2Enum)  (97)
Let c.2FEwords_2Edimword : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c 2Ewords 2Edimword A 27a € (ty_2Enum_2FEnum(ty-2Fbool-2Eitself A-2Ta))
(22)
Let c2Farithmetic2E 2D : . be given. Assume the following.

c2Earithmetic2E_2D € ((ty-2Enum_ 2 EnumtY-2Enum-2Enum)ty 2Enum-_2Enum )
(23)

Definition 28 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Let c.2Earithmetic2EDIV : 1 be given. Assume the following.

c2Earithmetic2EDIV € ((ty-2Enum_2Enumty-2Enrum-2Enum)ty_2Enum-2Enum)
(24)

Definition 29 We define c_2Ebit_2EDIV_2EXP to be \V 0z € ty 2Enum_2Enum.A\V1n € ty_ 2Enum_2En
Let c.2FEarithmetic2EMOD : ¢ be given. Assume the following.

c2Earithmetic 2EMOD € ((ty_2Enum_2Enum!Y-2Erum-2Enum)ty_2Enum_2Enum)
(25)

Definition 30 We define c_2Ebit 2EMOD__2EXP to be A\V 0z € ty_2Enum _2Enum.A\V1n € ty 2Enum_2F
Definition 31 We define c_2Ebit_2EBITS to be A\VOh € ty 2Enum_2Enum. AV 1l € ty_2Enum_2Enum. AV
Definition 32 We define c_2Ebit_2EBIT to be AVOb € ty_2Enum_2Enum. AV 1n € ty_2Enum_2Enum.(ap
Definition 33 We define c 2Efcp 2EFCP to be AA_27a : t.AA27b : 1.(A\V0g € (A_27q"¥-2Emum-2Enum) (g,
Definition 34 We define c_22Ewords_2En2w to be N\A_27a : t. AV On € ty_2Enum_2Enum.(ap (c-2Efcp_2EFC
Definition 35 We define c_2Ewords_2Eword__2comp to be AA 27a : 1. \VOw € (ty_2E fecp 2Ecart 2 A 27a).
Let c_2FEinteger 2Etint_neg : ¢ be given. Assume the following.

c2Einteger 2Etint__neg € ((ty_2Epair 2Eprod ty_2Enum_2Enum
ty,QEnum,ZEnum) (ty_2Epair_2Eprod ty_2Enum_2Enum ty,2Enum,2Enum))

(26)
Definition 36 We define c 2Einteger 2Eint__neg to be A\VOT'1 € ty_2Finteger_2Eint.(ap c_2Einteger 2Eint.
Definition 37 We define c_2Ewords_2Eword__msb to be AA_27a : t. A\VOw € (ty-2E fecp2Ecart 2 A_27a).(q

Definition 38 We define c 2Einteger__word_2Ew2i to be AA_27a : 1. A\VOw € (ty 2E fep 2Ecart 2 A_27a).(a



Let c2Epair 2ESN D : t=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A27a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(27)

Definition 39 We define c_2Ewords_2Eword__add to be AA_27a : 0. AVOv € (ty-2E fecp2Ecart 2 A_27a).\V
Definition 40 We define c 2Ebool 2ELET to be AMA 27a : t.AA27b : t.(AVOf € (A276*-27") (A\V1z € A 27
Let ¢ 2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2Epair 2EABS__prod

A 27a A27b € ((ty-2Epair 2Eprod A 27a A727b)((2A727b)A727a))
(28)

Definition 41 We define c 2Epair 2E_ 2C to be A\A27a : t. AA27b : 1. AV O0x € A2Ta AV 1y € A 27b.(ap (c2
Let c2Ewords_2FEadd__with__carry : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2Fwords_2Fadd__with__carry

A27a € ((ty2Epair 2Eprod (ty 2E fecp 2Ecart 2 A_27a) (ty_2Epair_2Eprod
2 2))(ty,2Epair,2Eprod (ty_2E fep_2Ecart 2 A_27a) (ty_2Epair_2Eprod (ty-2E fcp_2Ecart 2 A_27a) 2)))

(29)
Assume the following.
(VVOm € ty_2Enum_2Enum.((ap (ap c2Earithmetic.2E 2B V0m) (30)
c_2Enum_2E0) = VOm))
Assume the following.
True (31)

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
YVOf € (A2764-27%) (VW 1z € A27a.((ap (ap (c2Ebool 2ELET (32)
A27a A27b) VOf) Viz) = (ap VOf Vx))))

Assume the following.

VA 27a.nonempty A_27a=(VVO0t € 2.((VV1x €

A 27a.(p VO (p VOL)) (33)
Assume the following.
VA_27a.nonempty A27a=(VV0zx € A27a.(V0x = V0z)& (34)
True))
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (35)

A27a.(V0x = Viy)e(Viy = V0x))))



Assume the following.

VA 27a.nonempty A27a=((VVO0tl € A27a.(VV1t2 €
A27a.((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt))A(YV2tL € A27a.(VV3t2 € A-27a.((ap
(ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF) V2t1) V3t2) = V3t2))))

Assume the following.

VA 27a.nonempty A27a=(VYV0x € A27a.((ap (c_2Ecombin_2E|
A27a) VOz) = VO0x))

Assume the following.

VA 27a.nonempty A_27a=(VVO0x € (ty 2E fcp_2Ecart
2 A27a).(VV1y € (ty2E fep2Ecart 2 A27a).((—=((ap (c-2Einteger__word_2Ew?2i
A27a) (ap (ap (c-2Ewords_2Eword__add A_27a) V0x) V1y)) = (ap (ap
c_2Einteger_2Eint__add (ap (c_2Einteger__word_2Ew2i A_27a)
V0z)) (ap (c2Einteger__word 2Ew2i A_27a) V1y))))<(((p (ap (c-2Ewords_2Eword__msb
A_27a) VOz))<=(p (ap (c2Ewords_2Eword__msb A_27a) V1y)))A(—(
(p (ap (c_2Ewords_2Eword__msb A_27a) V0z))<(p (ap (c_2Ewords_2Eword__msb
A27a) (ap (ap (c-2Ewords_2Eword__add A_27a) VOx) V1y)))))))))
(38)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV0x € A27a.(WV1y € A27b.((ap (c2Epair 2ESND A_27a (39)
A27b) (ap (ap (c_2Epair 2E 2C A 27a A_27b) V0z) V1y)) = Vy)))



Assume the following.

VA 27a.nonempty A_27a=(VVO0x € (ty 2E fecp_2Ecart
2 A27a).(VV1y € (ty2E fep2Ecart 2 A27a).(YV 2carry__in €
2.((ap (c22Bwords_2Eadd_with__carry A27a) (ap (ap (c_2Epair2E_2C
(ty2E fecp2Ecart 2 A 27a) (ty-2Epair 2Eprod (ty-2E fep2Ecart
2 A27a) 2)) VOx) (ap (ap (c2Epair2E_2C (ty-2E fep-2Ecart 2
A27a) 2) V1y) V2carry_in))) = (ap (ap (c.2Ebool 2ELET ty_2Enum_2Enum
(ty-2Epair 2Eprod (ty 2E fep 2Ecart 2 A_27a) (ty_2Epair 2Eprod
2 2))) (A\V3unsigned-_sum € ty_2Enum_-2Enum.(ap (ap (c-2Ebool 2ELET
(ty2E fecp2Ecart 2 A27a) (ty-2Epair 2Eprod (ty-2F fep2Ecart
2 A27a) (ty-2Epair_2Eprod 2 2))) (A\V4result € (ty-2E fep-2Ecart
2 A27a).(ap (ap (c_2Ebool 2ELET 2 (ty_2Epair 2Eprod (ty-2E fcp2Ecart
2 A27a) (ty-2Epair_2Eprod 2 2))) (ap (ap (c_2Ebool 2ELET 2
((ty2Epair 2Eprod (ty 2E fcp 2Ecart 2 A 27a) (ty_2Epair_2Eprod
2 2))?)) (\V5carry__out € 2.(AV6over flow € 2.(ap (ap
(c-2Epair 2E_2C (ty_2E fep2Ecart 2 A27a) (ty-2Epair_2Eprod
2 2)) Vdresult) (ap (ap (c-2Epair_2E_2C 2 2) V5carry--out) V6over flow)))))
(ap c2Ebool 2E_TE (ap (ap (c_2Emin_2E_3D ty_2Enum_2Enum) (ap
(c_2Ewords_2Ew2n A_27a) Vdresult)) V3unsigned__sum)))) (ap (
ap c2Ebool_2E_2F_5C (ap (ap (c-2Emin_2E_3D 2) (ap (c_2Ewords_2Eword__msb
A27a) VOz)) (ap (c-2Ewords_2Eword__msb A_27a) V1y))) (ap c_2Ebool 2E_TE
(ap (ap (c-2Emin_2E_3D 2) (ap (c_2Ewords_2Eword__msb A_27a) V0z))
(ap (c2Ewords_2Eword__msb A_27a) V4dresult))))))) (ap (c_2Ewords_2En2w
A_27a) V3unsigned__sum)))) (ap (ap c.2Earithmetic2E 2B (ap (
ap c2Earithmetic2E_2B (ap (c.2Ewords_2Ew2n A_27a) VO0z)) (ap
(c-2Ewords_2Ew2n A_27a) V1y))) (ap (ap (ap (c2Ebool_2ECOND ty_2Enum_2Enum)
V2carry__in) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic2EZERO))) c_2Enum_2E0)))))))
(40)

Theorem 1

VA 27a.nonempty A 27a=(VV 0z € (ty_2E fecp 2Ecart
2 A27a).(VV1y € (ty2E fep2Ecart 2 A27a).((—((ap (c-2Einteger__word _2Ew?i
A_27a) (ap (ap (c_2Ewords_2Eword__add A_27a) VO0zx) V1y)) = (ap (ap
c_2Einteger_2Eint__add (ap (c_2Einteger__word_2Ew2i A_27a)

V0x)) (ap (c_2Einteger__word 2Ew2i A_27a) V1y))))<=(p (ap (c2Epair 2ESND
2 2) (ap (c2Epair 2ESND (ty 2E fep 2Ecart 2 A 27a) (ty_2Epair_2Eprod
2 2)) (ap (c2EBwords2Eadd_with__carry A-27a) (ap (ap (c-2Epair 2E_2C
(ty2E fep2Ecart 2 A27a) (ty-2Epair 2Eprod (ty-2E fcp2Ecart
2 A27a) 2)) VOx) (ap (ap (c-2Epair-2E_2C (ty_2E fep-2Ecart 2
A_27a) 2) V1y) c_2Ebool 2EF)))))))))



