thm _2Fintegral 2EDIVISION__MONO__LE
(TMHBfh7dwT9jN41eLMqsugS7TVZQI6uNAiGz)

October 26, 2020

Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c.2Earithmetic2E_2B : . be given. Assume the following.

c2Earithmetic2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(2)

Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € A.inj_o (x =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%)(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool _2E_TE to be (A\VOt € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 7 We define c_2Ebool _2E_2F _5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € :
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegaV-2Fnum-2Enum) (3)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following,.
¢ 2Enum 2ESUC__REP € (omega®™9%) (4)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.

c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (5)



Definition 8 We define c_22Enum_2ESUC to be AVOm € ty_2Enum_2Enum.(ap c2Enum 2EABS__num

Definition 9 We define c 2Emin_2E_40 to be NA.AP € 24.4f (3z € A.p (ap P 7)) then (the (\z.x € AAp
of type L1=-t.

Definition 10 We define c 2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 11 We define c 2Eprim__rec_2E_3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2FEnu
Definition 12 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 13 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty 2Enum_2Enum. AV 1n € ty 2Enum_2
Let ty_2Epair_2Eprod : t1=>t=>t be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(6)

Let c.2Epair 2EABS__prod : t=t=t be given. Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EABS__prod
A27a A27b € ((ty-2Epair 2Eprod A27a A727b)((2A727b)A,27a))
(7)

Definition 14 We define c_2Epair 2E_2C to be NA_27a : t. AA27b : 1. AV 0z € A27a.A\V1y € A27b.(ap (c-2

Let ty 2Erealax_2FEreal : ¢ be given. Assume the following.
nonempty ty_2FErealax_2Ereal (8)

Let c2Etransc2Edivision : ¢ be given. Assume the following.

c2Etransc 2Edivision € ((Q(ty,QErealax,QErealtysz"““"*zE”“m))(ty,2Epair,2Eprod ty_2Erealax_2Ereal ty_2Ereal

(9)
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (10)

Definition 15 We define c.2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).

Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2FEhreal (11)
Let c2Erealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2FErealax_2Ereal__REP__CLASS € ((2(ty,2E'pair,2Eprod ty_2FEhreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,QErealax
(12)

Definition 16 We define c 2Erealax_2Ereal __REP to be AV 0a € ty_2FErealax_2Ereal.(ap (c_2Emin_2E_40 (¢



Let c.2FErealax_2Etreal__It : « be given. Assume the following.

c2FErealax 2Etreal__lt € ((2(ty,2Epai7',2Ep7'od ty_2Ehreal_2Ehreal ty,QE'h'real,QEhTeul))(ty,QEpai7',2Ep7'od ty_2Ehi
(13)

Definition 17 We define c_2Erealax_2Ereal__It to be AVOT'1 € ty_2Erealax 2Ereal A\V1T2 € ty 2Erealax-
Definition 18 We define c_2Ereal_2Ereal__lte to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_ 2Erealax 2Er
Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
((ap (ap c2Earithmetic2E_2B c_2Enum_2EQ) VOm) = VOm)A(((ap (
ap c2Earithmetic2E_2B V0m) c_2Enum_2EQ) = VOm)A(((ap (ap c2Earithmetic2E 2B
(ap c.22Enum_2ESUC VOm)) V1in) = (ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B
VOom) V1in)A((ap (ap c.2Earithmetic2E 2B V0m) (ap c.22Enum_2ESUC
Vin)) = (ap c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOm) V1n))))))))
(14)
Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(p (ap (ap c_2Earithmetic_2E_3C_3D VOm) V1n))<(3V2p € ty 2Enum_2Enum.
(V1in = (ap (ap c2FEarithmetic2E_2B VOm) V2p))))))

(15)

Assume the following.
True (16)

Assume the following.
(VV0t1 € 2.(VV 12 € 2.(((p VOt)=(p V1t2))=(((p (17)

V1t2)=(p VOt1))=((p VOtl)&(p V12))))))
Assume the following.

(VVOt € 2.(((TrueA(p VOt))(p VO)A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (18)
(((p VOO)A(p VOL))=(p V01)))))))

Assume the following.

VA 27a.nonempty A 27a=(NVVO0x € A27a.(VV1y €

A27a.(VOx = Viy)e(Viy = V0x)))) (19)

Assume the following.

(YVOt € 2.(((True=(p VOt))(p VOO)A((((p VOt ) &True)<
(p VOO)A(((Falses(p VOt))=(—(p VOO)))A(((p VOt)=False)=(—=( (20)

p VO0i)))))))



Assume the following.

VA 27a.nonempty A 27a=(YVOP € (24-27%).(VV1Q €
2.(VW2z € A27a.((p (ap VOP V2z))=(p V1Q)))=((3V3z € (21)
A27a.(p (ap VOP V3z)))=(p V1Q)))))

Assume the following.

(VW0A € 2.(YW1B € 2.(((p VOA)=(p V1B))=((=(p VOA)V
(p V1B)))))

Assume the following.

(VVOtL € 2.(VV1t2 € 2.(vV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOtL)A(p V1t2))=(p V23))))))

Assume the following.

(VW0 € 2.(¥V12.27 € 2.(vV2y € 2.(¥V3y.27
2.((((p Voz)=(p V1iz27)A((p V1z27)=((p V2y)=(p V3y-27))))= (24)
(((p VOx)=(p V2y))&((p V12 27)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A27a=(VVOf € (24-27%).(VW1lv €
A27a.(VV2x € A27a.((V2x = V1v)=(p (ap VOf V2z))))=(p ( (25)
ap VOf V1v)))))

Assume the following.

(VV0d € (ty_2Erealax 2Erealty-2Enum-2Enum) (gy/1q ¢
ty2Erealax_2Ereal .(VV2b € ty 2Erealax_2Ereal.((p (ap

(ap c2Etransc2Edivision (ap (ap (c_2Epair2E_2C ty_2Erealax_2Ereal

ty_2FErealax_2Ereal) V1a) V2b)) V0d))=(VV3n € ty_2Enum_2Enum.

(p (ap (ap c_2Ereal_2Ereal__lte (ap VOd V3n)) (ap VOd (ap c22Enum_2ESUC
V3n)))))))))
(26)
Assume the following.

(VVOP € (2ty-2Enum-2Enum) (((p (ap VOP c_2Enum_2EQ))A
(VV1in € ty 2Enum_2Enum.((p (ap VOP V1n))=(p (ap VOP (ap c.2Enum_2ESUC
Vin))))))=(V2n € ty_2Enum_2Enum.(p (ap VOP V2n)))))

(27)
Assume the following.
(VVO0z € ty_2Erealax_2Ereal.(p (ap (ap c_2Ereal 2Ereal__lte (28)
V0z) VOzx)))
Assume the following.
(VVO0x € ty_2Erealax_2Ereal.(VV 1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealaz 2Ereal .(((p (ap (ap c_2Ereal_2Ereal__lte (29)

V0x) V1y))A(p (ap (ap c2Ereal 2Ereal__Ite V1y) V22)))=(p (ap (
ap c_2Ereal_2Ereal__lte V0x) V22))))))



Theorem 1

(YV0d € (ty_2Erealax_2ErealtV-2Enum-2Enum) (yy/1q ¢
ty-2Erealax_2Ereal . (VV2b € ty_2Erealax_2Ereal.((p (ap
(ap c2Etransc2Edivision (ap (ap (c-2Epair-2E_2C ty_2Erealaz_2Ereal
ty_2Erealar_2Ereal) V1a) V2b)) VOd))=(VV3m € ty_2Enum_2Enum.
(VVin € ty 2Enum_2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
V3m) Vdn))=(p (ap (ap c_2Ereal 2Ereal__Ite (ap V0d V3m)) (ap V0d

Van)))))))))



