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Let ty_2FEhreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2Ehreal (1)
Let ty_2FEpair_2Eprod : t1=>t= be given. Assume the following.

YV AO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)

Let ty_ 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2Ereal (3)
Let c.2FErealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2Frealax 2Ereal__ REP__CLASS € ((2(ty,2Epair,2Eprod ty_2Fhreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,QErealax
(4)

Definition 1 We define c_22Emin_2E_40 to be \A.XP € 24.if (3z € A.p (ap P x)) then (the (\z.x € ANp
of type t=-t.

Definition 2 We define c_2Emin_2E_3D to be A\A.\x € A y € Ainj_o (x = y)
of type t=-t.

Definition 3 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0z € 2.V0z)) (A\V1z € 2.V
Definition 4 We define c_22Ebool 2E_21 to be A\A_27a : t.(A\VOP € (24-27%) (ap (ap (c.2Emin_2E_3D (24-27
Definition 5 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2Erealax_2Ereal.(ap (c.2Emin_2E_40 (ty

Let c.2FErealax_2Etreal__It : « be given. Assume the following.
c2Brealaz_2Etreal It € ((2(tv-2Epair-2Eprod ty_2Bhreal 2Bhreal ty-2Ehreal 2Ehreal))(ty-2Epair 2Bprod ty-2Eh:
(5)
Definition 6 We define c_2Erealax_2Ereal__It to be A\VOT'1 € ty 2Erealar 2Ereal \V1T2 € ty 2Erealax_2



Definition 7 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 8 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 9 We define c_2Ebool 2E_7E to be (A\V Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 10 We define c_2Ereal_2Ereal__Ite to be \V0x € ty_2Erealax 2Ereal A\V1y € ty_2FErealax 2Er
Definition 11 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-%7%).(ap VOP (ap (c.2Emin_2E_40
Let ¢ 2FEintegral_2FEintegral : ¢ be given. Assume the following.

c2Eintegral 2Eintegral € ((ty,QErealax,ZEreal(tyiErealalerealty*zE"e“l”*w"e“l))(tyJEpairiEprod ty_2]

(6)

Let c_2FEintegral_2Fintegrable : ¢ be given. Assume the following.

((2(ty,2Erealax,2Erealt’y*zE"e“l‘””jE"e“l))(ty,QE’pai'r,ZEp'r'od ty_2Erealax_2Ereal ty_2

(7)

c2FEintegral 2FEintegrable €

Let c.2Erealax_2Etreal__add : . be given. Assume the following.

c2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,2Ehreal,2Ehreal)(ty*QEW"*QEp”’d ty_2Ehreal_2Ehreal ty,QEhreal,ZEhreal))(ty,2Epair,2Eprod ty_2Ehreal _2Ehi

(8)

Let c.2Erealax_2Etreal__eq : ¢ be given. Assume the following.

c 2Erealar_2Etreal eq € ((2(ty,2Epm'r,2E'prod ty_2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,QEpair,QEprod ty_2Eh

(9)
Let c2Erealar_2Ereal__ABS__CLASS : 1 be given. Assume the following.

2(ty,2Epai'r72Ep'rod ty-2Ehreal_2Ehreal ty-2FEhreal _2Ehn

(10)

c2FErealax 2Ereal__ABS_CLASS € (ty2Erealax_2Ereal

Definition 12 We define c_2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty_2Ehreal 2Ehreal ty
Definition 13 We define c_2Erealax_2Ereal__add to be \VOT'1 € ty_2FErealax 2Ereal \V1T2 € ty_2Ereala
Definition 14 We define c 2Ebool 2E_2F 5C to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Epair 2EABS__prod : t=t=t be given. Assume the following.

VA 2Ta.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A 27a A27b € ((ty-2Epair 2Eprod A 27a A727b)((2A—27b)A727Q))
(11)

Definition 15 We define c 2Epair 2E 2C to be A\A 27a : t. \A27b : 1. AVO0x € A2Ta AV 1y € A27b.(ap (c2



Let c.2FEtransc.2EDint : 1 be given. Assume the following.

c2Etransc2EDint € (((2ty,2Erealax,2Ereal)(ty,QErealam,QErealt’y*QETealaz*ZET“”))(ty,2Epair,2Eprod ty_2Ereala:
(12)
Assume the following.
True (13)

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOL))
(p VO)A(((Falses(p VOt))=(—(p V0t)))

p VO01)))))))

A(((p VOt)eTrue)=
A((p VOt)=False)s(—-( (14)

Assume the following.

(VV0a € ty_2Erealax_2Ereal.(VV1b € ty 2Erealar_2Ereal.
(YV2f € (ty 2Erealax_2ErealtV-2Prealaz-2Erealy ((4, (

ap (ap c2Eintegral 2Eintegrable (ap (ap (c-2Epair 2E_2C ty_2Erealax_2Ereal

ty 2Erealax_2Ereal) V0a) V1b)) V2f))<=(3V3i € ty 2Erealar_2Ereal.
(p (ap (ap (ap c2Etransc2EDint (ap (ap (c2Epair 2E 2C ty_2Erealax_2Ereal

ty_2Erealax_2Ereal) V0a) V1b)) V2f) V3i)))))))
(15)
Assume the following.

(YVOf € (ty-2Erealax 2Erealtv-2Erealaz-2Erealy (yy/1q ¢
ty_2Erealar_2FEreal.(VV2b € ty_2Erealar_2Ereal.((p (ap
(ap c2Fintegral 2Eintegrable (ap (ap (c_2Epair 2E_2C ty_2Erealax_2Ereal
ty 2Erealax_2Ereal) V1a) V2b)) VOf))=(p (ap (ap (ap c.2Etransc 2EDint
(ap (ap (c2Epair 2E_2C ty 2Erealax_2Ereal ty 2FErealax_2Ereal)
Vla) V2b)) VOf) (ap (ap c2Eintegral_2Eintegral (ap (ap (c-2Epair-2E_2C
ty_2Erealar_2Ereal ty-2Erealaxr_2Ereal) V1a) V2b)) V0f)))))))
(16)
Assume the following.

(YVOf € (ty-2Erealax_2Erealtv-2Erealaz-2Erealy (yy/ 14 ¢
(ty2Erealax 2 Erealty-2Erealaz-2Erealy (¢\/9q ¢ ty 2FErealax_2Ereal.
(VV3b € ty_2Erealar_2Ereal.(VV4i € ty_2Erealax_2Ereal.

(VV5j € ty_2Erealax 2Ereal.(((p (ap (ap (ap c.2Etransc.2E Dint
(ap (ap (c-2Epair2E_2C ty_2Erealax_2Ereal ty-2Erealax_2Ereal)

V2a) V3b)) VOf) V4i))A(p (ap (ap (ap c.2Etransc 2EDint (ap (ap (c_2Epair 2E_2C
ty 2Erealaxz_2Ereal ty_2Erealar_2Ereal) V2a) V3b)) V1g) V5j5)))=
(p (ap (ap (ap c2Etransc2EDint (ap (ap (c2Epair2E_2C ty_2Erealax_2Ereal
ty_2Erealaz_2Ereal) V2a) V3b)) (\V6x € ty_2Erealax_2Ereal.

(ap (ap c_2Erealax_2Ereal__add (ap VOf V6z)) (ap V1g V62)))) (ap
(ap c_2Erealax_2Ereal__add V'4i) V55))))))))))

(17)



Theorem 1

(YVOf € (ty_2Erealax_2Erealty-2Erealaz-2Ereal) (yy/1g ¢
(ty-2Erealar 2ErealtV-2Frealaz2Ereal) (g € ty 2Erealax_2Ereal.
(VV3b € ty_2Erealax_2Ereal .(((p (ap (ap c-2Ereal 2Ereal__lte
V2a) V3b)A((p (ap (ap c2Eintegral 2Eintegrable (ap (ap (c-2Epair 2E_2C
ty 2Erealax_2Ereal ty_ 2Erealax_2Ereal) V2a) V3b)) VOf))A(p (
ap (ap c2Fintegral 2Eintegrable (ap (ap (c_2Epair 2E_2C ty_2Erealax_2FEreal
ty_2Erealaz_2Ereal) V2a) V3b)) V1g))))=(p (ap (ap c2Eintegral 2Eintegrable
(ap (ap (c2Epair_2E_2C ty_2Erealax_2Ereal ty_2Erealar_2Ereal)
V2a) V3b)) (A\V4dzx € ty_2Erealax_2Ereal.(ap (ap c2Erealax_2Ereal__add

(ap VOf VAz)) (ap V1g V4x))))))))))



