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Definition 1 We define c 2Emin_2E_3D to be AA.\x € A y € Ainj_o (x =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (A\V0x € 2.V0z)) (\V1z € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%) (ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 0t)).

Definition 5 We define c 2Emin_2E_3D_3D_3E to be AP € 2.)\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF

Definition 7 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P )) then (the (\z.x € AAp
of type t=>t.

Definition 8 We define c_2Ebool 2E_3F to be A\A_27a : 1.(A\VOP € (24-27%).(ap VOP (ap (c2Emin_2E_40
Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.

nonempty ty_2Erealax_2FEreal (1)
Let ty_2FEpair 2Eprod : t1=>1=>t be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(2)

Let c.2Fintegral 2FEintegral : v be given. Assume the following.

c2Eintegral 2Eintegral € ((ty,ZErealax,QEreal(tyiET’ealamiEreal‘yﬂreal“”*w"e“l))(tyiEpairiEpmd ty 2!

(3)

Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2Ehreal (4)
Let c2FErealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2FErealax 2Ereal__REP__CLASS € ((2(ty,2E'pai'r,2Eprod ty_-2Ehreal_2FEhreal ty,2Eh7‘eal,2Ehreal))ty,ZE'reala:r

(5)



Definition 9 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2Erealax_2Ereal.(ap (c2Emin_2E_40 (ty

Let c.2FErealax_2Etreal__add : . be given. Assume the following.

c2Erealax_2FEtreal__add € (((ty_2Epair 2Eprod ty 2Ehreal 2Ehreal
ty,QEhreal,QEhreal) (ty_2FEpair_2Eprod ty_2Ehreal _2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Eh:

(6)

Let c.2Erealax_2Etreal__eq : ¢ be given. Assume the following.

c2Erealaxr.2Etreal eq € ((Z(ty,ZEpair,2Eprod ty_2Ehreal_2Ehreal ty,ZEhreal,2Ehreal))(ty,2Epair,2Eprod ty_2Eh

(7)
Let c2Erealax 2Ereal__ABS__CLASS : ¢ be given. Assume the following.

(2(ty,2Epai7‘,2Ep7‘od ty-2Ehreal_2Ehreal ty_-2Ehreal _2Ehn

(8)
Definition 10 We define c 2Erealax_2Ereal __ABS to be \VOr € (ty_2Epair 2Eprod ty_2FEhreal_2Ehreal ty

c2Erealax_2Ereal__ABS__CLASS € (ty-2Erealax_2Ereal

Definition 11 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty_2FEreala

Let c.2FEintegral_2FEintegrable : ¢ be given. Assume the following.

((2(ty,QErealaz,QErealtysz"‘eal‘“”*2E’"e‘”))(ty,2Epair,2Eprod ty_2Erealax_2Ereal ty_2
(9)
Definition 12 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

c2Fintegral 2Fintegrable €

Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 2T7a.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS__prod

A27a A27b € ((tyszpaiﬂQEprod A 27a A727b)((2A727b)A727a))
(10)

Definition 13 We define c2Epair 2E_2C to be N\A27a : t.AA27b : 1. AVO0x € A27a AV1y € A27b.(ap (c-2
Let c.2Etransc.2EDint : ¢ be given. Assume the following.

c2Etransc 2EDint € (((Qty,ZETealar,ZEreal)(ty,QErealax,QErealtyiEwala”*zEra“l ) ) (ty_2Epair_2Eprod ty_-2Ereala:
(11)
Let c.2FErealax_2Etreal__It : « be given. Assume the following.

c2Erealax 2Etreal__lt € ((2(ty,2EpaiT,2Eprod ty_2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,QEpair,2Eprod ty_2Eh;
(12)

Definition 14 We define c_2Erealax_2Ereal__It to be AVOT'1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax-

Definition 15 We define c_2Ereal 2Ereal__lte to be A\VOx € ty 2Erealax 2Ereal AV 1y € ty 2Erealax 2Er



Assume the following.
True (13)

Assume the following.

VA_27a.nonempty A27a=(NVV0zx € A27a.(VV1y €
A27a.(VOz = V1y)e(Viy = VOx))))

Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p VOO))A(((p VOt)eTrue)<
(p VOOIA(((Falses(p VOt))<(—(p VOO)))A(((p VOt)=False)=(—=(  (15)

pV01))))))

Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).(VV1Q €
(24-27a) ((3V2x € A27a.(p (ap VOP V2z)))A(VV 3z €
A27a.((p (ap VOP V3z))=(p (ap V1Q V3x)))))=(p (ap V1Q (ap (c-2Emin_2E_40
4.27a) VOP))))))
(16)
Assume the following.

(VWOt1 € 2.(VV 112 € 2.(VV2t3 € 2.(((p VOt1)=

(0 V12)=(p V2B3))(((p VO)AG VIE2)=(p V23))) LD

Assume the following.

(VV0zx € 2.(VV1x 27 € 2.(VV2y € 2.(VV3y 27 €
2.(((p VOz)=(p V1x27))A((p V1z2T)=((p V2y)=(p V3y27))))= (18)
(((p VOx)=(p V2y))&((p V1z27)=(p V3y-27))))))))

Assume the following.

(VV0a € ty_2Erealaz_2Ereal.(VV1b € ty 2Erealaz_2Ereal.
(VV2f € (ty2Erealar_2Erealtv-2Frealaz-2Brealy ((4, (

ap (ap c2Fintegral_2FEintegrable (ap (ap (c_2Epair_2E_2C ty 2Erealax_2Ereal

ty_2Erealar_2Ereal) V0a) V1b)) V2f))<(3V3i € ty_2Erealar_2Ereal.
(p (ap (ap (ap c2Etransc2EDint (ap (ap (c2Epair_2E_2C ty_2FErealaxr_2Ereal

ty_2Frealax_2Ereal) V0a) V1b)) V2f) V3i)))))))
(19)
Assume the following.

(VV0a € ty2Erealax_2Ereal . (VV1b € ty_2Erealax_2Ereal.
(VV2f € (ty2Erealax_2ErealtV-2Frealaz-2Erealy ((qy,

(ap c2Fintegral 2Eintegral (ap (ap (c_2Epair-2E_2C ty_2FErealax_2Ereal
ty_2FErealax_2Ereal) V0a) V1b)) V2f) = (ap (c.2Emin_2E_40 ty_2Erealax_2Ereal)
(A\V3i € ty_2Erealax_2Ereal.(ap (ap (ap c2Etransc2EDint (
ap (ap (c2Epair2E_2C ty_2Erealax_2Ereal ty_ 2Erealax_2Ereal)

Vo) V1)) V2f) V30)))) o
20



Assume the following.

(YVOf € (ty-2Erealax_2Erealtv-2Erealaz-2Erealy (yy/1q ¢
ty_2Frealax_2Ereal.(VV2b € ty 2FErealax_2Ereal .(VV3c €
ty 2Erealax_2Ereal.(NV4i € ty 2Erealax_2Ereal.(NV5j €
ty 2Erealaz_2Ereal.(((p (ap (ap c_2Ereal 2Ereal__lte V'1a) V2b))A
((p (ap (ap c_2Ereal_2Ereal__Ite V2b) V3c))A((p (ap (ap (ap c2Etransc2EDint
(ap (ap (c-2Epair-2E_2C ty_2Erealaz_2Ereal ty-2Erealax_2Ereal)
V1a) V2b)) VOf) V4i))A(p (ap (ap (ap c2Etransc.2EDint (ap (ap (c2Epair_2E_2C
ty 2Frealax_2Ereal ty_2Erealax_2Ereal) V2b) V3c)) VOf) V55)))))=
(p (ap (ap (ap c2Etransc2EDint (ap (ap (c2Epair 2E_2C ty_2Erealax_2FEreal
ty_2Erealar 2Ereal) V1a) V3c)) VOf) (ap (ap c2Erealax_2Ereal__add
Vi) V5i))))
(21)
Assume the following.

(VVOf € (ty 2Erealax_2ErealtV-2Erealaz-2Ereal) (gy/1q ¢
ty_2Erealar_2Ereal.(VV2b € ty_2Erealar_2Ereal .(VV3c €
ty-2Erealax_2Ereal .(VV4d € ty_2Erealax_2Ereal.(((p (
ap (ap c-2Ereal 2Ereal__Ite V1a) V3¢))A((p (ap (ap c2Ereal 2Ereal__lte
V3c) V4d))A((p (ap (ap c2Ereal 2Ereal__Ite V4d) V2b))A(p (ap (
ap c2Eintegral 2Fintegrable (ap (ap (c2Epair 2E_2C ty 2Erealax_2Ereal
ty_2Erealar_2Ereal) V1a) V2b)) VOf)))))=(p (ap (ap c.2Eintegral 2Eintegrable
(ap (ap (c_2Epair2E_2C ty_2FErealax 2Ereal ty-2Erealax_2FEreal)

V3c) V4d)) V0£))))))))

(22)
Assume the following.
(VVO0x € ty 2Erealax_2Ereal.(p (ap (ap c_2Ereal 2Ereal__lte (23)
V0z) VOz)))
Assume the following.
(YV 0z € ty_2Erealax 2Ereal.(VV 1y € ty 2Erealax_2Ereal.
(VV2z € ty 2Erealaxr 2Ereal.(((p (ap (ap c_2Ereal 2Ereal__Ite (24)

VO0z) V1y))A(p (ap (ap c-2Ereal 2Ereal__lte V1y) V22)))=(p (ap (
ap c_2Ereal_2Ereal__lte V0x) V22))))))

Assume the following.

(VV0a € ty2FErealax_2Ereal .(VV1b € ty_2Erealax_2Ereal.
(VV2f € (ty_2Erealax_2Erealtv-2Frealaz-2Erealy (g\/3k1 ¢
ty_2Erealar_2Ereal.(VV4k2 € ty_ 2Erealax_2Ereal .(((p
(ap (ap c_2Ereal_2Ereal__lte V0a) V1b))A((p (ap (ap (ap c2Etransc2E Dint
(ap (ap (c_2Epair2E_2C ty_2Erealax 2Ereal ty-2Erealax_2Ereal)
V0a) V1b)) V2f) V3E1))A(p (ap (ap (ap c2Etransc2EDint (ap (ap (
c_2Epair 2E 2C ty_2FErealax 2Ereal ty_2Erealax 2Ereal) V0a)
V1b)) V2f) V4k2))))=(V3kl = V4k2)))))))
(25)



Theorem 1

(YVOf € (ty_2Erealax_2Erealty-2Erealaz-2Ereal) (y\/1q ¢
ty 2Erealax_2Ereal.(VV2b € ty 2Erealax_2Ereal.(NV3c €
ty 2Erealar_2Ereal .(((p (ap (ap c_2Ereal 2Ereal__lte V1a) V2b))A
((p (ap (ap c-2Ereal 2Ereal__lte V2b) V3c))A(p (ap (ap c-2FEintegral 2Eintegrable
(ap (ap (c2Epair2E_2C ty_2FErealax_2Ereal ty_2Erealax_2Ereal)
Vla) V3c)) VOf))))=((ap (ap c2Eintegral 2Eintegral (ap (ap (c-2Epair_2E_2C
ty_2Frealax_2Ereal ty_2Erealax_2Ereal) V1a) V3c)) VOf) = (ap (
ap c_2Erealax_2Ereal__add (ap (ap c2Fintegral 2Eintegral (ap
(ap (c2Epair 2E_ 2C ty_2Erealax_2Ereal ty 2Erealax_2Ereal)
Vla) V2b)) VOf)) (ap (ap c2Eintegral_2Eintegral (ap (ap (c_2Epair2E_2C
ty-2Erealax_2Ereal ty_2Erealax_2Ereal) V2b) V3c)) V0f))))))))



