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Definition 1 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 2 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =y)
of type t=>t.

Definition 3 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 4 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 5 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 6 We define c.2Emin_2E_40 to be NAAP € 24.4f (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 7 We define c_2Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E 40 2
Definition 8 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (1)
Let ty 2Epair 2Eprod : t=-1=- be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)

(2)
Let ty_ 2Finteger 2Eint : v be given. Assume the following.
nonempty ty_2FEinteger 2Eint (3)
Let c2FEinteger 2Eint__REP__CLASS : ¢ be given. Assume the following.

C,QEinteger,2Eint,,REP,,C’LASS c ((Q(ty,ZEpair,QEprod ty_2Enum_2Enum ty_2Enum_2Enum) )ty,ZEinteger,Q

(4)



Definition 9 We define c_2Einteger 2Eint__REP to be \V0a € ty_2Einteger_2FEint.(ap (c.2Emin_2E_40 (ty.
Let c2FEinteger 2Etint_neg : ¢ be given. Assume the following.

c2FEinteger 2Etint__neg € ((ty-2Epair_2Eprod ty_2Enum_2Enum
ty,2ETLum,2E’I’LUm)(ty’QEpair’2EpT0d ty_2Enum_2Enum ty,ZEnum,ZEnum)) (5)

Let c2FEinteger 2Etint__eq : ¢ be given. Assume the following.

c 2Eintege7° 2Etint eq € ((Q(ty,QEpair,ZEp'r'od ty_2Enum_2Enum ty,QEnum,QEnum))(ty,2Epa’i'r,2Ep’rod ty_2Enum

(6)
Let c.2FEinteger 2Eint__ABS__CLASS : . be given. Assume the following.

o(ty-2Bpair_2Eprod ty_2Bnum_2BEnum ty_2Enum_2Enum)

(7)
Definition 10 We define c_2Einteger 2Eint__ABS to be A\VOr € (ty-2Epair_2Eprod ty-2Enum_2Enum ty-

c2Einteger 2Fint__ABS__CLASS € (ty 2Einteger 2FEint(

Definition 11 We define c_2Einteger_2Eint__neg to be A\VOT'1 € ty_2Finteger_2Eint.(ap c_2Einteger_2Eint.
Let c.2FEinteger 2FEint__of__num : ¢ be given. Assume the following.
c2Finteger 2Eint__of _num € (ty_2Einteger 2Eintt¥-2Enum-2Enumy gy

Definition 12 We define c 2Einteger 2ENum to be A\V 0i € ty_2Finteger 2Eint.(ap (c 2Emin_2E_40 ty 2F;

Let c.2FEinteger 2Etint__It : « be given. Assume the following.

c 2Ei7’lt€g€7’ oFtint_ It € ((2(ty,2Epair,2E‘m“od ty_2Enum_2Enum ty,?Enum,?Enum))(ty,QEpair,QEprod ty_2Enum.

(9)
Definition 13 We define c_2Einteger _2Eint__It to be A\VOT'1 € ty_2Finteger 2Eint. \V1T2 € ty_2FEinteger

Definition 14 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €
Definition 15 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
Let ty 2Erealax_2Ereal : 1 be given. Assume the following.
nonempty ty_2FErealax_2Ereal (10)
Let c2Ereal 2Ereal__of __num : ¢ be given. Assume the following.
c2Freal 2Ereal _of_num € (ty_2Erealax_2EreqltV-2Erum-2Enumy - (q1)
Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.
nonempty ty_2Ehreal 2Ehreal (12)
Let c2Frealax 2Ereal _REP__CLASS : . be given. Assume the following.

c2FErealax 2Ereal__REP__CLASS € ((Z(ty,2E'pai'r,2Eprod ty_2FEhreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,QEreala:r
(13)



Definition 16 We define c_2Erealax_2Ereal__REP to be A\V0a € ty_2Erealax_2Ereal.(ap (c22Emin_2E_40 (¢
Let c.2Erealax_2Etreal__neg : ¢ be given. Assume the following.

c2Erealax_2FEtreal_neg € ((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,2EhT€CLl,2EhT€CLl) (ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )

(14)
Let c.2Erealax_2Etreal__eq : 1 be given. Assume the following.

c2Erealax_2Etreal eq € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,QEpair,2EpTod ty_2Eh

(15)
Let c.2Erealax 2Ereal __ABS__CLASS : . be given. Assume the following.

o(ty-2Bpair_2Eprod ty-2Ehreal_2Ehreal ty_2Ehreal 2Ehy
(16)
Definition 17 We define c 2Erealax_2Ereal __ABS to be \VOr € (ty_2Epair 2Eprod ty_2Ehreal 2Ehreal ty

c2Erealax 2Ereal__ABS_CLASS € (ty 2Erealax_2Ereal'

Definition 18 We define c_2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2FEreal.(ap c_2Erealax_2Ereal
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (17)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum’™9%) (18)
Definition 19 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 20 We define c_2Eintreal 2Ereal__of __int to be AV 0i € ty_2FEinteger 2Eint.(ap (ap (ap (c-2Eboc
Definition 21 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Let c2Enum_2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omega'V-2Enum-2Enum) (19)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC_REP € (omega®™9%) (20)
Definition 22 We define c_2Enum_2ESUC to be A\VOm € ty_2Enum_2Enum.(ap c2Enum_2EABS__num
Definition 23 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2FEnu

Assume the following.
True (21)

Assume the following.

(VVO0t1 € 2.(9V1t2 € 2.(((p VOr1)=(p V1£2)=(((p

V1E2)=(p VOEL))=((p VOrL ) (p V1)) (22)



Assume the following.
(VVOt € 2.(False=(p VOt))) (23)
Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO)A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)AN((((p VOt)AFalse)<False)A  (24)

t)
(((p VOO)A(p VOt))=(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue)AN((((p VOt)VTrue)=True)A
(((FalseV(p VOt))(p VOO)A((((p VOt)VFalse)=(p VO)A(((p VOt)V

(p VOI))&=(p V01)))))))

(25)

Assume the following.
(WVVOt € 2.((=(=(p VOr))=(p VOO)))A(((-True)=False) A (26)

((mFalse)=True)))

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(V0z = V0z)& (27)
True))

Assume the following.

VA 27a.nonempty A27a=(VVO0x € A27a.(VV1y € (28)
A27a.(VOzr = V1y)e(V1y = VOx))))

Assume the following.

(VY01 € 2.(YV1£2 € 2.(YV2t3 € 2.(((p VOt1)= (29)

((p V1t2)=(p V2t3)))=(((p VOtL)A(p V1t2))=(p V2t3))))))
Assume the following.

VA_27a.nonempty A_27a=(VYVOP € 2.(VV1Q € 2.

(VV2x € A27a.(VV3x 27T € A27a.(VV4y € A 27a.
(WV5y-27 € A27a.((((p VOP)=(p VIQ)A(((p V1Q)=(V2z = V3z_27))A
((=(p V1Q))=(V4y = V5y_27))))=((ap (ap (ap (c-2Ebool_2ECOND A_27a)
VOP) V2z) Vdy) = (ap (ap (ap (c-2Ebool 2ECOND A_27a) V1Q) V3z_27)

V5y-27)))))))))
(30)
Assume the following.

VA 27a.nonempty A27a=((VVO0tl € A27a.(VV1t2 €
A27a.((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt AV 2tL € A27a.(VV3t2 € A27a.((ap
(ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF) V2t1) V3t2) = V3t2))))
(31)



Assume the following.

(YV 0z € ty_2Finteger 2Eint.((ap c_2Einteger_2Eint__neg (32)
(ap c2Einteger_2Eint__neg V0z)) = V0x))

Assume the following.

(VVO0x € ty_2Einteger 2Eint.((p (ap (ap c_2Einteger 2Eint__It
(ap c-2Einteger_2Eint__neg VO0z)) (ap c2Finteger 2Fint__of__num
c2Enum_2E0)))<(p (ap (ap c-2Einteger_2Eint__It (ap c-2Einteger 2Eint__of__num
c_2Enum_2E0)) V0z))))
(33)
Assume the following.

(VVO0z € ty_2Einteger 2Eint.((p (ap (ap c_2Einteger 2Eint__It
(ap c2Finteger 2Eint_of__num c_2Enum_2E0)) (ap c_2Einteger_2Eint_neg
V0z)))<=(p (ap (ap c-2Einteger_2Eint__It V0z) (ap c_2Einteger 2Eint_of_num
c_2Enum_2E0)))))
(34)
Assume the following.

((ap c_2Einteger_2Eint__neg (ap c_2Finteger 2Eint_of __num (35)
c_2Enum_2E0)) = (ap c2PBinteger 2Eint_of_num c2Enum_2EQ))

Assume the following.

(YVOm € ty2Enum_2Enum.(VYV1n € ty 2Enum_2Enum.(
((ap c-2Finteger 2Eint_of -_num VOm) = (ap c2Einteger 2FEint__of __num
Vin))<(VOom = Vin))))
(36)
Assume the following.

(VVOn € ty2Enum_2Enum.(YV1m € ty_2Enum_2Enum.(

((p (ap (ap c2Einteger 2Eint__t (ap c2Finteger 2Eint_of__num
VOon)) (ap c2Binteger 2Eint_of __num V1m)))<(p (ap (ap c_2Eprim__rec 2E_3C
Von) V1im)))A(((p (ap (ap c2Einteger_2Eint__It (ap c_2Einteger_2Eint__neg
(ap c2Finteger 2FEint__of__num VO0n))) (ap c_2Einteger_2Eint__neg
(ap c2Einteger 2Eint__of __num V1m))))<(p (ap (ap c2Eprim__rec_2E_3C
V1im) VOon)))A(((p (ap (ap c2Einteger 2Eint_It (ap c_2Einteger 2Eint__neg
(ap c2Finteger 2Eint_of__num VO0n))) (ap c2FEinteger 2Eint__of__num
V1im)))=((=(VOon = c22Enum_2E0))V(—=(V1m = c_2Enum_2E0))))A((p
(ap (ap c-2Einteger_2Eint__It (ap c_2Finteger 2Eint_of __num
VOn)) (ap c_2Einteger_2Eint__neg (ap c2Einteger 2Eint_of_num
Vim))))& False))))))

(37)



Assume the following.

(YV0p € ty2Finteger 2Eint.((3V1n € ty_2Enum_2Enum.
((VOp = (ap c2Einteger 2Eint__of__num V1n))A(=(V1n = c22Enum_2E0))))V
((FV2n € ty2Enum_2Enum.((VOp = (ap c_2Einteger_2Eint__neg
(ap c2FEinteger 2Eint__of__num V2n)))A(=(V2n = c_2Enum_2EQ))))V
(VOp = (ap c2Einteger 2Eint_of __num c_2Enum_2E0)))))
(38)
Assume the following.

(YVOn € ty 2Enum_2Enum.((ap c_2Einteger 2ENum (ap c_2Einteger 2Eint_of__num
VOn)) = Von))
(39)
Assume the following.

((VVOm € ty 2Enum_2Enum.(YV1n € ty 2Enum_2Enum.
(((ap c2Einteger 2Eint__of _num VO0m) = (ap c2Einteger 2Eint__of __num
Vin))e(VOom = Vin)))A((VV2x € ty2Einteger 2Eint.(VV3y €
ty_2Finteger 2Eint.(((ap c-2Einteger_2Eint__neg V2z) = (ap c_2Einteger_2Eint__neg
V3y))e(V2x = V3y)))A(VV4n € ty 2Enum_2Enum.(VVm €
ty2Enum_2Enum.((((ap c2Einteger 2Eint__of__num Vin) = (ap
c_2Einteger_2Eint__neg (ap c_2Einteger 2Eint_of__num V5m)))&
((V4n = c.2Enum_2E0)A(V'5m = c_2Enum_2E0)))A(((ap c-2Einteger_2Eint__neg
(ap c2FEinteger 2Eint__of__num V4n)) = (ap c2Finteger 2Eint__of __num
Vom))<((Van = c2Enum_2E0)A(V5m = c_2Enum_2E0))))))))
(40)
Assume the following.

(VV0i € ty_2Finteger 2Eint.((ap c_2Eintreal 2Ereal__of _int
V0i) = (ap (ap (ap (c.22Ebool 2ECOND ty_2Erealax_2Ereal) (ap (ap
c_2Einteger_2Eint__It V0i) (ap c2Finteger 2Eint__of__num c_2Enum_2EQ)))
(ap c-2Erealax_2Ereal__neg (ap c-2Ereal 2Ereal_of __num (ap
c_2Einteger 2ENum (ap c_2Einteger_2Eint__neg V0i))))) (ap c2Ereal 2Ereal__of __num
(ap c_2Einteger 2ENum V0i)))))

(41)
Assume the following.
(VVOn € ty-2Enum_2Enum.(—(p (ap (ap c-2Eprim__rec_2E_3C (42)
VO0n) c.2Enum_2E0))))
Assume the following.
(VVO0x € ty_2Erealax_2Ereal.((ap c2Erealax_2Ereal__neg (43)

(ap c_2Erealax_2Ereal__neg VO0z)) = V0z))
Assume the following.

((ap c_2Erealax_2Ereal__neg (ap ¢ 2Ereal 2Ereal__of _num c_2Enum_2EQ)) =
(ap c2Ereal 2Ereal __of __num c_2Enum_2E0))
(44)



Assume the following.

(YVOn € ty 2Enum_2Enum.(VV1m € ty 2Enum_2Enum.(

(((ap c2Ereal 2Ereal__of _num VOn) = (ap c.2Ereal 2Ereal__of __num
Vim))=(Von = V1im))A((((ap c2Erealax_2Ereal__neg (ap c-2Ereal 2Ereal __of __num
Von)) = (ap c2Ereal 2Ereal__of __num V1m))<((VOn = c_2Enum_2E0)A
(V1im = c.2Enum_2E0)))A((((ap c-2Ereal 2Ereal__of __num V0n) =
(ap c_2Erealax_2Ereal_neg (ap c.2Ereal 2Ereal__of __num V1m)))<
((VOn = c.2Enum_2E0)A(V1m = c_2Enum_2E0)))A(((ap c_2Erealax_2Ereal__neg
(ap c2Ereal 2Ereal__of —_num VOn)) = (ap c_2Erealax_2Ereal__neg
(ap c2Ereal 2Ereal__of —_num V1m)))<(V0n =V1im)))))))

(45)

Theorem 1

(VVOm € ty_2Einteger 2Eint.((ap c-2Eintreal _2Ereal__of __int
(ap c_2Einteger_2Eint__neg VOm)) = (ap c_2Erealax_2Ereal__neg
(ap c_2Eintreal 2Ereal__of __int VOm))))



