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Definition 1 We define c 2Emin_2E_3D to be A\A.\x € A y € A.inj_o (x = vy)
of type t=>t.

Definition 2 We define c 2Ecombin_2EK to be AA_27a : t. N\A27b : 1. (AV0x € A 27a.(A\V1y € A27b.V0x))

Definition 3 We define c_2Ecombin_2ES to be AA_27a : 1. AA27b : 1. AA27c : 1. (AVOf € ((A,27CA*27b)A7270

Definition 4 We define c_2Ecombin_2EI to be AA_27a : t.(ap (ap (c_2Ecombin_2ES A_27a (A_27a*-2"") A_

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\VO0z € 2.V0z)) (\V1z € 2.V
Definition 7 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%)(ap (ap (c_2Emin_2E_3D (24-27
Definition 8 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Definition 9 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 10 We define c_2Eiterate_2Eneutral to be AA_27a : t.AV0op € ((A,27aA*27“)A727a).(ap (c_2Emin

Definition 11 We define c_22Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV 0t € 2.V 0t)).

Definition 12 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 13 We define c_2Ebool 2EIN to be AA27a : 1. (A\V0z € A27a.(A\V1f € (24-27%).(ap V1f VOx)
Let ty 2Epair 2Eprod : t=-1=-1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)

(1)



Let c2Epair 2EABS__prod : t=t=-t be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A27a A27b € ((ty-2Epair 2Eprod A27a A_27b)

Definition 14

((2A727b)A—27G)

)
(2)

We define c_2Epair 2E_2C to be A\A27a : L. AA27b : 1. AVO0x € A2Ta. AV 1y € A_27b.(ap (c-2

Let c.2Epred__set 2EGSPEC : t1=1= be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A927a A27b € ((2147270,)((ty,2EpaiT,2Eprod A_27a 2)A*27b))

Definition 15

Definition 16

Definition 17

Definition 18

Definition 19

Definition 20

Definition 21

Definition 22

Definition 23
Definition 24
Definition 25
Definition 26
Definition 27
Definition 28

Definition 29

(3)

We define c_2Eiterate_2Esupport to be A\A_27a : 1t.AXA27b : 1.AV0op € ((A,Z?bA*Wb)A*Q?b

) A
We define c_2Ebool_2ECOND to be AA_27a : t.(AV Ot € 2.(AV1tl € A27a.(A\V2t2 € A 27a.(
We define c_2Ebool 2E_5C_2F to be (AV0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €
We define c 2Epred__set 2EINSERT to be AA_27a : t.A\V 0z € A27a.\V1s € (24-27).(ap (c-

We define c_2Epred__set 2EEMPTY to be AA_27a : 1.(AVOx € A_27a.c_2Ebool 2EF).

We define c 2Epred__set 2EFINITE to be AA_27a : 1. AV 0s € (24-27%) (ap (c_2Ebool 2E_21 (2

AT AV

A,27b).)\V

We define c_2Eiterate 2EITSET to be N\A_27a : t.AA27b : LAVOSf € ((A27a”-2")

We define c_2Eiterate_2Eiterate to be NA_27a : t.AA27b : 1. AV 0op € ((A2764-2™)

A_27a -
).(ap (ap c_2

We define c_2Eiterate_2Emonoidal to be AA_27a : t.AVOop € ((A_27a-27%)
We define c_2Ebool 2E_3F to be NA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
We define c 2Epred__set 2EINTER to be AA_27a : 1t.AV0s € (24-2T9) A\V'1t € (24-27%) (ap (c.
We define c_2Epred__set 2EUNION to be AA_27a : 1.AV0s € (24-27) \V 1t € (24-27%).(ap (c
We define c_2Epred__set 2EDISJOINT to be AA_27a : t.AV0s € (24-27) AV 1t € (24-27).(ap
We define c_2Epred__set 2EDIFF to be AA_27a : t.AV0s € (24-27) AV 1t € (24-27) (ap (c_2.

We define c 2Epred__set 2ESUBSET to be AA_27a : 1.AV0s € (24-274) AV 1t € (24-27%) (ap (

Assume the following.

True

(4)

Assume the following.

(VVO0t1 € 2.(9V1t2 € 2.(((p VOr1)=(p V1£2)=(((p

V162)=(p VO1)=((p VOt ) (p V1t2))))) (5)



Assume the following.
(VVOt € 2.(False=(p VOt))) (6)

Assume the following.
(VVot € 2.((p VOr)V(=(p VOL)))) (7)

Assume the following.

VA 27a.nonempty A27a=(VYVO0t € 2.((VV1x €

A 27a.(p VO£ (p VOR))) (8)

Assume the following.
(VY0 € 2.(((p VO£)= False)=(~(p VOL))) )

Assume the following.
(VV0t € 2.((~(p VOL)=((p VOE)=False))) (10)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)AN((((p VOt)AFalse)<False)A  (11)

t)
(((p VOO)A(p VO))&(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue) A(((p VOt)VTrue)=True) A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)<(p VO)A(((p VO)V

(p VO1))=(p V01)))))))
(12)
Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=>True)&s
True)A(((False=(p VOt))=True) AN((((p VOt)=(p VOt))=True)A((  (13)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((—True)<False) A

((-False)=True))) (14)
Assume the following.
VA 27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True)) (15)
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(VV1y € (16)

A27a.(V0x = Viy)e(Viy = V0x))))

3



Assume the following.

(YVOt € 2.(((True=(p VOt))(p VOO))A((((p VOt ) =True)=
(P VOOIN(Falscely VOR)(lp VOD)Ap V0N False)(o( 17

0t))))))

Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%) ((=(VV1x €

A27a.(p (ap VOP V1z)))e(3V2z € A 27a.(~(p (ap VOP V22)))))) O

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-27a) ((IV2z € A27a.((p VOP)A(p (ap V1Q V2x))))<=((p (19)
VOP)A(TV3z € A27a.(p (ap V1Q V3zx)))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € 2.(vV1Q € (
24-27a) ((VV2z € A 27a.((p VOP)V(p (ap V1Q V2x))))<=((p (20)
VOP)V(VV3zx € A27a.(p (ap V1Q V3x)))))))

Assume the following.

(VV0A € 2.(WVV1B € 2.(W¥V2C € 2.(((p VOA)V(

(0 VIBIV(p V20)=((p VOANV(p VIB)V(p V2O)) 2V
Assume the following.
(VV0A € 2.(vW1B € 2.(((p VOA)V(p V1B))=((p VIB)V (22)
(p V0A4)))))
Assume the following.
(VV0A € 2.(WW1B € 2.(((p VOA)V(p V1B))=((p VIB)V (23)

(p V0A)))))

Assume the following,.

(VV0A € 2.(WV1B € 2.(((=((p VOA)A(p V1B)))<=((—(

p VOA)V(=(p V1B))))A(=((p VOA)V(p V1B)))=((=(p VOA)A(=(p Vl(BB)))))
2
Assume the following.

(VVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOI)A(p V112))=(p V213))))))

Assume the following.

(25)

(VVO0z € 2.(¥V 1227 € 2.(¥V2y € 2.(VV3y.2T €
2.((((p VOoz)=(p V1x27)A((p V1z27)=((p V2y)=(p V3y-27))))= (26)
(((p VOz)=(p V2y))&((p V1z27)=(p V3y-27))))))))

4



Assume the following.

VA 27a.nonempty A 27a=(VVOP € (24-27%).(VV1a €
A27a.((3V2z € A27a.((V2x = V1a)A(p (ap VOP V2z))))<(p ( (27)
ap VOP V1a)))))

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.((ap (c_2Ecombin_2El

A27a) VOz) = V0z)) (28)

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYV 0op € ((A27a#-274)A-270) ((p (ap (c_2Eiterate_2Emonoidal
A27a) VOop))=(VV1f € (A27a-2").(VV2s € (24-27").
(YV3t € (24-27%).(((p (ap (c2Epred__set 2EFINITE A_27b)
V2s))A((p (ap (c-2Epred__set 2EFINITE A_27b) V3t))A(p (ap (ap
(c-2Epred__set 2EDISJOINT A_27b) V2s) V3t))))=((ap (ap (ap (c_2Eiterate_2Eiterate
A27b A 27a) V0op) (ap (ap (c_2Epred__set 2EUNION A_27b) V2s) V3t))
V1f) = (ap (ap VOop (ap (ap (ap (c_2Eiterate 2Eiterate A_27b A_27a)
VOop) V2s) V1f)) (ap (ap (ap (c2Eiterate_2Eiterate A_27b A_27a)
Voop) V3t) V1))
(29)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

VV0z € A27a.(¥V1y € A27b.(VV2a € A_27a.(¥V3b €
A27b.(((ap (ap (c2Epair2E2C A_27a A_27b) VOzx) V1y) = (ap (ap
(c-2Epair2E_2C A_27a A_27b) V2a) V3b))<=((V0x = V2a)A(V1y = V3D)))))))
(30)

Assume the following.
VA 27a.nonempty A27a=(VV0s € (24-272).(VV1t €
(24-279) ((V0s = V1t)=(VV2x € A 27a.((p (ap (ap (c_2Ebool 2EIN
A27a) V2z) V0s))<(p (ap (ap (c.2Ebool 2EIN A_27a) V2z) V'1t)))))))
(31)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=>(
VYVOf € ((ty-2Epair 2Eprod A27a 2)4-2™).(VV1v €
A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V1v) (ap (c2Epred__set 2EGSPEC
A27a A27b) VOf)))e(IV2e € A27b.((ap (ap (c_2Epair 2E_2C
A_27a 2) V1v) c_2Ebool 2ET) = (ap VOf V2z))))))
(32)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(—(p (ap (ap

(c_2Ebool 2EIN A 27a) V0z) (c 2Epred_set 2EEMPTY A 27a))))) O



Assume the following.

VA 27a.nonempty A_27a=(YV0s € (24-279) (VV1t €
(24-279) ((p (ap (c_2Epred__set 2EFINITE A_27a) (ap (ap (c_2Epred_set 2EUNION
A 27a) V0s) V1t)))<((p (ap (c2Epred__set 2EFINITE A_27a) V0s))A
(p (ap (c2Epred__set_2EFINITE A_27a) V'1t))))))
(34)
Assume the following.

VA_27a.nonempty A27a=(VV0s € (24-27%).((p (ap
(c_2Epred_set 2EFINITE A_27a) V0s))=(VV 1t € (24~ 27’1)
((p (ap (ap (c2Epred_set 2ESUBSET A_27a) V1t) V0s))=-(p (ap (c2Epred_set 2EFINITE
A.27a) V11))))))
(35)
Assume the following,.

VA_27a.nonempty A27a=(YV0sl € (24-27).(VV1s2 €
(24-27a) (VV2s3 € (24-27%).((p (ap (ap (c2Epred__set 2ESUBSET
A_27a) V0sl) (ap (ap (c-2Epred__set 2EDIFF A_27a) V1s2) V2s3)))<  (36)
((p (ap (ap (c-2Epred__set 2ESUBSET A_27a) V0s1) V1s2))A(p (ap
(ap (c_2Epred__set 2EDISJOINT A_27a) V0s1) V2s3)))))))

Assume the following.
(VVOt € 2.((=(=(p VOt)))=(p VOL))) (37)

Assume the following.
(VVO0A € 2.((p VOA)=((—(p VOA))=False))) (38)

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)=

((p VOA)=False)=((—(p V1B))=False))))) (39)
Assume the following.
(W04 € 2(W1B € 2((-((=(p VOA)V(p VIB))=False)es 10

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (41)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r €
(p Vig)e(p V2r)))<(((p Vop)v((p qu)v
p V2r)V(=(p V1g) )A(((p V1V ((=(p V2r

((=(p V1g))v(=(p VOp))

Do
)
<
o
S
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Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOop)V((=(p V1g)V(=(p V2r))A((p V1g)V
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) )

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1ig)Vv(p V2r)))=(((p VOop)V(=(p V1g))A((p VOp)V(=(p V2r)))A
((p V1ig)V((p V2r)V(=(p VO0p)))))))))) )
Assume the following.
(VVOp € 2.(vV1g € 2.(vV2r € 2.(((p VOp)
(p Vig)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(VVOp € 2.(VW1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

< (
(=(p V2r))A(( (45)

(b V1g)A(=(p V1g)V(=(p VOP))))) (46)
Assume the following.
(YVOp € 2.(¥V1g € 2.((—((p VOp)=(p V1q)))=(p VOp)))) (47)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (48)

Assume the following.

(VVOp € 2.(VV1g € 2.((=((p VOp)V(p V1q)))=(=(p V0p))))) (49)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)V(p V1q)))=(—(p V1g))))) (50)

Assume the following.

(VVOp € 2.((—=(=(p VOp)))=(p VOp))) (51)
Theorem 1

VA_27a.nonempty A 27a=YA_27b.nonempty A_27b=(

YV 0op € ((A27a4-27%)A-272) ((p (ap (c_2Eiterate_2Emonoidal
A27a) V0op))=(VV1f € (A27a4-27).(VV2s € (24-27).
(VV3t € (24-2).(((p (ap (c_2Epred__set 2EFINITE A_27b)

V2s))A(p (ap (ap (c2Epred__set 2ESUBSET A_27b) V3t) V2s)))=(
(ap (ap VOop (ap (ap (ap (c_2Eiterate 2Eiterate A_27b A_27a) VOop)
(ap (ap (c2Epred__set_2EDIFF A_27b) V2s) V3t)) V1f)) (ap (ap (ap
(c_2Eiterate_2Eiterate A_27b A_27a) VOop) V3t) V1f)) = (ap (ap (
ap (c_2Eiterate_2Eiterate A_27b A_27a) VOop) V2s) V1f))))))))



