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Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € A.inj_o (x = vy)
of type t=>t.

Definition 2 We define c_2Ebool 2EIN to be N\A_27a : 1.(A\VO0z € A27a.(A\V1f € (24-27%).(ap V1f V0x)))
Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2Ereal (1)
Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c.2Ereal 2Epow : ¢ be given. Assume the following.
c.2Ereal 2Epow € ((ty_2Erealax_2Erealty-2Enum-2Enum)ty-2Erealaz-2Ereal)
Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following. ©)
nonempty ty_2Ehreal 2Ehreal (4)
Let ty_2Epair_2Eprod : t1=>t=>t be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(5)

Let c2Erealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2Erealar 2Ereal__REP__CLASS € ((Q(ty,2Epair,2Eprod ty-2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))ty,2Ereala:1:

(6)

Definition 3 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.



Definition 4 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0z € 2.V0z)) (A\V1z € 2.V
Definition 5 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 6 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2Erealax_2Ereal.(ap (c.2Emin_2E_40 (ty

Let c2Erealar_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax 2Etreal__mul € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEhTeal,2EhT€aZ)(ty*2EpaiT*2EpTOd ty_2Ehreal_2Ehreal ty,QEhreal,2Ehreal))(ty,2Epair,2Eprod ty_2Ehreal _2Ehi

(7)

Let c.2FErealax_2Etreal__eq : ¢ be given. Assume the following.

c2Erealar.2Etreal eq € ((2(ty,2Epair,2Eprod ty_2FEhreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,2Epair,2E'prod ty_2Eh

(8)
Let c2Erealax 2Ereal__ABS__CLASS : 1 be given. Assume the following.

(Q(ty,ZEpai'r72Eprod ty-2FEhreal_2Ehreal ty_2Ehreal _2Ehn

(9)
Definition 7 We define c_2Erealax_2Ereal__ABS to be AVOr € (ty-2Epair 2Eprod ty_2Ehreal 2Ehreal ty-

c2Erealax 2Ereal__ABS__CLASS € (ty_2Erealax_2Ereal

Definition 8 We define c_2Erealax_2Ereal__mul to be AVOT'1 € ty_2Erealax 2Ereal \V1T?2 € ty 2FErealax
Definition 9 We define c_.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 10 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type t.

Definition 11 We define c_2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool _2E
Definition 12 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegaty-2Fnum-2Enum) (10)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™%) (11)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum_2EABS_num € (ty-2Enum_2Enum°™") (12)
Definition 13 We define c 2Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap ¢ 2Enum 2EABS__num
Definition 14 We define c_2Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27%).(ap VOP (ap (c.2Emin_2E_40

Definition 15 We define c_2Eprim__rec_2E_3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu



Definition 16 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(A\V1¢2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2¢ €
Definition 17 We define c_2Earithmetic_2E_3C_3D to be AVOm € ty_2Enum_2Enum. AV 1n € ty 2Enum_2
Let c2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A 27a A27b € ((ty-2Epair 2Eprod A 27a A,27b)((2A,z7b)A,27a))
(13)

Definition 18 We define c 2Epair 2E 2C to be A\A27a : t. \A27b : 1. AVO0x € A2TaAV1y € A 27b.(ap (c2
Let c2Epred__set 2EGSPEC : 1=-1=-. be given. Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=-c 2Epred__set 2EGSPEC
A27a A27b € ((2A727a)((ty,QEpair,QEprod A_27a 2)A*27b))

(14)
Definition 19 We define c_2Eiterate 2E_2E_2E to be A\VOm € ty_2Enum 2Enum. AV 1n € ty 2Enum_2En
Let c2Erealar_2Etreal__add : « be given. Assume the following.

c-2Erealax_2FEtreal__add € (((ty-2Epair_2Eprod ty_ 2Ehreal 2Ehreal
ty,QEhreal,QEhreal ) (ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Ehi

(15)
Definition 20 We define c_2Erealax_2Ereal__add to be \VOT'1 € ty_2Erealax 2Ereal \V1T?2 € ty_2Ereala

Definition 21 We define c_2Eiterate 2Eneutral to be AA_27a : t.AV 0op € ((A,Q?aAfwa)A*Z?a).(ap (c_2Emin

Definition 22 We define c_2Eiterate 2Esupport to be AA_27a : t. A\A_27b : LAV Oop € ((A-27A-27)2T) A1

Definition 23 We define c_2Ebool 2ECOND to be AA_27q : t.(AVOt € 2.(AV1tl € A 27a.(AV2t2 € A 27a.(
Definition 24 We define c 2Epred__set 2EINSERT to be AA_27a : 1t.A\VO0x € A27a.A\V1s € (24-27%) (ap (c_
Definition 25 We define c_2Epred__set 2EEMPTY to be AA_27a : 1. (A\VO0x € A-27a.c_2Ebool_2EF).

Definition 26 We define c 2Epred_set 2EFINITE to be AA_27a : 1.AV0s € (24-27%).(ap (c_2Ebool 2E_21 (2

Definition 27 We define c_2Eiterate 2EITSET to be NA_27a : t.AA27b : LAVOS € ((A-27a4-27)" ) v

Definition 28 We define c_2Eiterate_2Eiterate to be AA_27a : t.AA27b : tL.AVOop € ((A2764-270"") Ay

Definition 29 We define c_2Eiterate 2ESum to be AA_27a : v.(ap (c_2Eiterate_2Eiterate A_27a ty_2Erealax
Let c.2FErealax_2Etreal__neg : 1 be given. Assume the following.

c2Erealax_2Etreal_neg € ((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEhreal,QEhreal)(ty*QE”“"*QEpmd ty_2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))

(16)



Definition 30 We define c_2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal
Definition 31 We define c_2Ereal 2Ereal__sub to be A\V0x € ty_2FErealax 2Ereal A\V1y € ty_2Erealax 2E"
Let c2Earithmetic2EEV EN : 1t be given. Assume the following.
c2Barithmetic 2EEVEN ¢ (2ty-2Fnum-2Enum) (17)
Let c.2Earithmetic2EODD : ¢ be given. Assume the following.
c2Earithmetic 2EODD € (2t¥-2Enum-2Enum) (18)
Definition 32 We define c_2Earithmetic_2E_3E to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty 2Enum_2En
Definition 33 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum. AV 1n € ty_2Enum_2
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (19)
Definition 34 We define cC2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 35 We define c2Eprim__rec_ 2EPRE to be A\VOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2F
Let c.2Farithmetic2EEX P : 1 be given. Assume the following.
c2Earithmetic 2EEX P € ((ty_2Enum_2Enum!y-2Frum-2Enum)ty-2Enum-2Enum)
Let c.2Earithmetic2E 2D : ¢ be given. Assume the following. 2
c.2Earithmetic 2E 2D € ((ty_2Enum_2Enum!y-2Pnum-2Enum)yty 2Enum 2Enum)
Let c2Earithmetic2E 2A : ¢« be given. Assume the following. 2y

c2Earithmetic2E_2A € ((ty-2Enum_2 EnumtY-2Fnum-2Enum)ty_2Enum-_2Enum)
(22)

Definition 36 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Definition 37 We define c_2Enumeral 2EiiSUC to be A\VOn € ty_ 2Enum_2Enum.(ap c_2Enum 2ESUC (ap
Let c2FEarithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(23)

Definition 38 We define c_2Enumeral 2EiZ to be A\VO0x € ty_2Enum_2Enum.V0x.
Definition 39 We define c 2Earithmetic_2EBIT2 to be A\VOn € ty 2Enum_2Enum.(ap (ap c_2Earithmetic

Definition 40 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c_2Earithmetic



Definition 41 We define c_2Earithmetic 2EZERO to be c_2Enum _2EQ.
Assume the following.

(YVOm € ty-2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
((ap (ap c2Earithmetic2E_2B c_2Enum_2E0) VOm) = VOm)A(((ap (
ap c2Earithmetic 2E_2B VO0m) c_2Enum_2EQ) = VOm)A(((ap (ap c.2Earithmetic.2E_2B
(ap c.22Enum_2ESUC VOm)) V1n) = (ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B
VOom) V1in)A((ap (ap c.2Earithmetic2E 2B V0m) (ap c.22Enum_2ESUC
Vin)) = (ap c2Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOm) V1n))))))))
(24)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(ap (ap c2FEarithmetic2E 2B VOm) V1n) = (ap (ap c.2Earithmetic.2E 2B
Vin) VOm))))
(25)
Assume the following.

(YVOm € ty2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
YV 2p € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2B V0m)
(ap (ap c2Earithmetic2E 2B V1n) V2p)) = (ap (ap c.2Earithmetic2E 2B
(ap (ap c2Earithmetic2E 2B VOm) V1n)) V2p)))))
(26)
Assume the following.

(VVOn € ty_2Enum_2Enum.(p (ap (ap c2Earithmetic_2E_3C_3D

c_2Enum_2EQ) V0n))) (27)

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(

((ap (ap c2Earithmetic2E_2A c_2Enum_2EQ) VOm) = c_2Enum_2EQ)A
(((ap (ap c2Earithmetic2E_2A VOm) c.2Enum_2EQ) = c_2Enum_2E0)A
(((ap (ap c2Earithmetic2E _2A (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) VOm) = VOm)A
(((ap (ap c2Earithmetic.2E_2A VOm) (ap c2EarithmeticZ2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) = VOm)A(
((ap (ap c2Earithmetic.2E 2A (ap c_2Enum_2ESUC VOm)) V1n) = (ap
(ap c2Earithmetic2E_2B (ap (ap c2Earithmetic2E_2A VOm) Vin))
Vin))A((ap (ap c2Earithmetic2E 2A VOm) (ap c.2Enum 2ESUC V1n)) =
(ap (ap c2Earithmetic2E 2B VOm) (ap (ap c2Earithmetic.2E 2A

VOom) Vin))))))))))
(28)
Assume the following.
(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
VYV 2p € ty 2Enum_2Enum.(((p (ap (ap c2Earithmetic_2E_3C_3D (29)

VOom) V1n))A(p (ap (ap c-2Earithmetic2E_3C_3D V1n) V2p)))=(p (
ap (ap c_2Earithmetic 2E_3C_3D VOm) V2p))))))



Assume the following.

(VVOm € ty_2Enum_2Enum.(YV1n € ty 2Enum_2Enum.(
(VOm = Vin)<((p (ap (ap c-2Earithmetic 2E_3C_3D VOm) V1n))A(p (
ap (ap c-2Earithmetic2E_3C_3D V'1n) VO0m))))))
(30)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
YV 2p € ty 2Enum_2Enum.((p (ap (ap c_2Earithmetic 2E_3C_3D
(ap (ap c2FEarithmetic2E 2B VOm) V1n)) (ap (ap c.2Earithmetic2E 2B
Vom) V2p)))<(p (ap (ap c2Earithmetic 2E_3C_3D Vin) V2p))))))
(31)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(= (p (ap (ap c_2Earithmetic_2E_3C_3D VOm) V1n)))<(p (ap (ap c_2Earithmetic2E_3C_3D
(ap c2Enum_2ESUC V'1n)) VOm)))))
(32)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(

(=(VOom = V1in))e((p (ap (ap c2Earithmetic_2E_3C_3D (ap c.2Enum_2ESUC
VOom)) V1n))V(p (ap (ap c-2Earithmetic2E_3C_3D (ap c_2Enum_2ESUC
Vin)) VOm))))))

(33)
Assume the following.

(VVOn € ty_2Enum_2Enum.((ap c.2Enum_2ESUC VOn) = (ap (ap
c2Earithmetic2E_2B (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic_2EZERO))) V0n)))
(34)
Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2D (ap
(ap c2Earithmetic2E_2D VOm) V1n)) V2p) = (ap (ap c2Earithmetic2E_2D
VOom) (ap (ap c2Farithmetic2E_2B V1n) V2p))))))
(35)
Assume the following.

(YVOm € ty_2Enum_2Enum.(YV1n € ty_ 2Enum_2Enum.(
VYV 2p € ty 2Enum_2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
(ap (ap c2Earithmetic2E_2D VOm) V1n)) V2p))<(p (ap (ap c2Earithmetic_2E_3C_3D
VOm) (ap (ap c2Earithmetic2E_2B V1n) V2p)))))))
(36)



Assume the following.

(VVOP € (2ty-2Enum-2Enum) (¢V1q € ty_2Enum_2Enum.
(VV2b € ty2Enum_2Enum.((p (ap VOP (ap (ap c2Earithmetic2E_2D
Vla) V2b)))=(VV3d € ty-2Enum_2Enum.(((V2b = (ap (ap c2Earithmetic2E_2B
V1a) V3d))=(p (ap VOP c_2Enum_2E0)))A((V1a = (ap (ap c.2Earithmetic.2E 2B
V2b) V3d))=(p (ap VOP V3d)))))))))

(37)

Assume the following.
True (38)

Assume the following.
VA 27a.nonempty A27a=(YVO0t € 2.((VV1zx € (39)

A27a.(p VOt))=(p VOL)))

Assume the following.

(VVO0t1 € 2.(VV1t2 € 2.(YV2t3 € 2.(((p VOt1)A (40)

((p V1IE2)A(p V2t3)))=(((p VOLL)A(p V1E2))A(p V2t3))))))
Assume the following.

(VVOt € 2.((TrueA(p VOt))(p VO)A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (41)
(((p VOO)A(p VL)) (p V01)))))))

Assume the following.

(VVot € 2.(((Truev(p VOr))eTrue) AN((((p VOt)VTrue)=True)A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)<(p VO)A(((p VO)V

(p VOt))&=(p V01)))))))
(42)
Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO))A((((p VOt)=True)=
True)A(((False=(p VOt))oTrue)A((((p VOt)=(p VOi))=True)A((  (43)
(p VOt)=False)=(~(p V0t))))))))

Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((—True)<False) A

((=False)=True))) (44)
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(V0z = V0z)&
True)) (45)
Assume the following.
VA 27a.nonempty A 27a=(VVO0x € A27a.(VV1y € (46)

A27a.(V0x = Viy)e(Viy = V0x))))



Assume the following.

(YVOt € 2.(((Trues(p VOt))<(p VOr))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

((((p VOt)y&True)s

A
A(((p VOt)=False)<(—=( (47)

Assume the following.

(VV0A € 2.(vW1B € 2.(vV2C € 2.(((p VOA)V(

(0 VIB)V(p V2C)))s((p VOAN(p VIB)V(p V2O))) 48
Assume the following.

(VVO0A € 2.(YW1B € 2.(((~((p VOA)A(p V1B)))e((~(
p VOA)V(=(p V1B))A((=((p VOA)V(p V1B)))&((—(p VOA)A(=(p V1B)))))))

(49)

Assume the following.
(VV0A € 2.(WVV1B € 2.(((p VOA)=(p V1B))=((—(p V0OA))V (50)

(p V1B)))))

Assume the following.
(VVOt € 2.(((p VOt)=False)<((p VOt)=False))) (51)

Assume the following.
(VVO0tL € 2.(VV 112 € 2.(VV2t3 € 2.(((p VOt1)= (52)

((p V12)=(p V2t3)))=(((p VOIL)A(p V112))=(p V213))))))

Assume the following.

(VVOtl € 2.(VV1t2 € 2.(((p VOtl)=(p V12)<(((p (53)

VOtL)A(p V1t2))V((=(p VOI))A(=(p V1t2)))))))
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
VYV 2p € ty 2Enum_2Enum.((p (ap (ap (c2Ebool 2EIN ty_2Enum_2Enum)
V2p) (ap (ap c2Eiterate 2E 2E_2E VOm) V1n)))<((p (ap (ap c2Earithmetic_2E_3C_3D
VOom) V2p))A(p (ap (ap c-2Earithmetic2E_3C_3D V2p) V1n)))))))
(54)



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0s € (24-270) (Y1t € (24-2T).(YV2f €
(ty-2Erealax 2Ereal*-*7%).(VV3g € (ty_2Erealax_2Ereal-2™).
(YV4h € (A27b4-279) (VV 5k € (A27a?-2™).(((VV6y €
A27b.((p (ap (ap (c-2Ebool_2EIN A_27b) V6y) V'1t))=((p (ap (ap (
c_2Ebool 2EIN A_27a) (ap V5k V6y)) VO0s))A((ap V4h (ap V5k Vby)) =
Voy)))AVVTx € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a)
V7x) VO0s))=((p (ap (ap (c-2Ebool 2EIN A_27b) (ap V4h V'Tz)) V1t))A
(((ap V5K (ap VAh VTx)) = VTz)A((ap V3g (ap V4h V7)) = (ap V2f VTx)))))))=
((ap (ap (c-2Eiterate2ESum A_27a) V0s) V2f) = (ap (ap (c-2Eiterate_2ESum
A27b) V1t) V39)))))))))
(55)
Assume the following.

(YVOf € (ty_2Erealax_2Erealty-2Enum-2Enum) (¢ 1q ¢
(ty2Erealax_2Erealty-2Enum-2Enum) (g om ¢ ty 2 Enum_2Enum.
(VV3n € ty2Enum_2Enum.((VV4i € ty2Enum_2Enum.

(((p (ap (ap c_2Earithmetic_2E_3C_3D V2m) V4i))A(p (ap (ap c-2Earithmetic_2E_3C_3D
V4i) V3n)))=((ap VOf V4i) = (ap V1g V4i))))=((ap (ap (c2Eiterate_2ESum
ty_2Enum_2Enum) (ap (ap c2Eiterate_2E_2E_2E V2m) V3n)) VOf) =
(ap (ap (c-2Eiterate 2ESum ty_2Enum_2FEnum) (ap (ap c_2Eiterate 2E_2E 2E
Vom) Van) Vi)

(56)



Assume the following.

(VV0a € (ty_2Erealax_2Erealtv-2Enum-2Enum) g\ ]y ¢
ty 2Erealax_2Ereal.(NV2y € ty 2Erealax 2Ereal.(VV3n €
ty2Enum_2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic_ 2EZERO))) V3n))=(
(ap (ap c_2Ereal 2Ereal__sub (ap (ap (c-2Eiterate 2ESum ty_2FEnum_2Enum)
(ap (ap c-2Eiterate 2E_2E_2E c_2Enum_2EQ) V3n)) (A\V4i € ty_2Enum_2Enum.
(ap (ap c-2Erealax_2Ereal__mul (ap V0a V4i)) (ap (ap c2Ereal 2Epow
Viz) V4i))))) (ap (ap (c-2Eiterate_2ESum ty_2Enum_2Enum) (ap (
ap c_2Eiterate 2E_2E_2E c¢_2Enum_2E0) V3n)) (AV5i € ty_2Enum_2Enum.
(ap (ap c-2Erealax_2Ereal__mul (ap V0a V'5i)) (ap (ap c-2Ereal 2Epow
V2y) V5i))))) = (ap (ap c-2Erealax_2Ereal__mul (ap (ap c_2Ereal 2Ereal__sub
Viz) V2y)) (ap (ap (c_2Eiterate_2ESum ty_2Enum_2Enum) (ap (ap c_2Eiterate 2E_2E 2E
c_2Enum_2EQ) (ap (ap c2Earithmetic2E 2D V3n) (ap c_2Earithmetic.2ENUMERAL
(ap c2Earithmetic_2EBIT1 c_2Earithmetic.2EZERO))))) (A\V 65 €
ty-2Enum_2Enum.(ap (ap c_2Erealax_2Ereal__mul (ap (ap (c_2Eiterate_2ESum
ty_2Enum_2Enum) (ap (ap c2Eiterate_2E 2E_2E (ap (ap c-2Earithmetic.2E 2B
V67) (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic_2EZEROQ)))) V3n)) (AVT7i € ty_2Enum_2Enum.(
ap (ap c-2Erealax_2Ereal__mul (ap V0a V'7i)) (ap (ap c-2Ereal 2Epow
V2y) (ap (ap c.2Earithmetic.2E_2D (ap (ap c2Earithmetic.2E_2D
V7i) V64)) (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic_2EZERO)))))))) (ap (ap c2Ereal 2Epow V1z) V65)))))))))))
(57)
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Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n))))A((YV25n € ty_2Enum_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.
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Assume the following.

(VVOn € ty2Enum_2Enum.(YV1m € ty_2Enum_2Enum.(

((ap c_2Enumeral 2EiZ (ap (ap c2Earithmetic.2E_2B c_2Earithmetic 2EZERO)
VOon)) = VOn)A(((ap c2Enumeral 2EiZ (ap (ap c2Earithmetic2E 2B
VOn) c_2Earithmetic22EZERO)) = VOn)A(((ap c-2Enumeral 2EiZ (
ap (ap c2Earithmetic.2E_2B (ap c_2Earithmetic 2EBIT1 V0n)) (
ap c_2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT2 (
ap c_2Enumeral 2EiZ (ap (ap c2Earithmetic.2E 2B V0On) V1m))))A
(((ap c2Enumeral 2EiZ (ap (ap c2Earithmetic.2E_2B (ap c_2Earithmetic 2EBIT1
VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c.2Enumeral 2EiZ (ap (ap c-2Earithmetic.2E 2B (ap c_2Earithmetic 2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c2Enum_2ESUC (ap (ap c2Earithmetic2E 2B VOn) V1m))))A(

((ap c_2Enumeral 2EiZ (ap (ap c_2Earithmetic 2E_2B (ap c_2Earithmetic 2EBIT?2
VOn)) (ap c-2Earithmetic2EBIT2 V'1m))) = (ap c_2Earithmetic_2EBIT2
(ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B c_2Earithmetic 2EZERO)
V0n)) = (ap c2Enum_2ESUC VOn))A(((ap c.22Enum_2ESUC (ap (ap c2Earithmetic.2E 2B
VO0n) c_2Earithmetic 2EZERO)) = (ap c_2Enum 2ESUC VOn))A(((ap
c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c22Enum _2ESUC (ap (ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1
VOn)) (ap c2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic 2EBIT2
(ap c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c2Enum_2ESUC (ap (ap c-2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT2
(ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c.2Enum_2ESUC (ap (ap c2Earithmetic 2E_2B (ap c_2Earithmetic 2EBIT?2
VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c22Enumeral 2EiSUC (ap (ap c-2Earithmetic2E 2B V0On) V1m))))A
(((ap c2Enumeral 2EiiSUC (ap (ap c-2Earithmetic.2E_2B c_2Earithmetic.2EZERO)
VOn)) = (ap c.2Enumeral 2EiiSUC VOn))A(((ap c-2Enumeral 2EiSUC
(ap (ap c2Earithmetic2E_2B VO0n) c_2Earithmetic.2EZERO)) = (
ap c_2Enumeral 2EiiSUC VOn))A(((ap c2Enumeral 2EiiSUC (ap (
ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1 VOn)) (ap c_2Earithmetic_2EBIT1
V1m))) = (ap c2Earithmetic_2EBIT2 (ap c_.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B
Von) V1im))))A(((ap c-2Enumeral 2EiiSUC (ap (ap c2Farithmetic2E_2B
(ap c_2Earithmetic 2EBIT1 VOn)) (ap c_2Earithmetic 2EBIT2 V1m))) =
(ap c2Earithmetic_2EBIT1 (ap c_2Enumeral 2EiiSUC (ap (ap c2Earithmetic2E_2B
Von) V1im))))A(((ap c-2Enumeral 2EiiSUC (ap (ap c2FEarithmetic 2E_2B
(ap c2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic2EBIT1 V1m))) =
(ap c2Earithmetic_2EBIT1 (ap c_2Enumeral 2EiiSUC (ap (ap c-2Farithmetic2E_2B
Von) V1im))))A((ap c2Enumeral 2EiiSUC (ap (ap c2Earithmetic 2E 2B
(ap c2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) =
(ap c2Earithmetic_2EBIT2 (ap c_2Enumeral 2EiiSUC (ap (ap c2FEarithmetic2E 2B

VOn) 2m))))))))))))))))))
(59)



Assume the following.

(VVOn € ty-2Enum_2Enum.(NYV1m € ty_2Enum_2Enum.(

((p (ap (ap c-2Earithmetic_2E_3C_3D c_2Earithmetic 2EZERO) V0n))<
True)A(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic 2EBIT1
V0n)) c2Earithmetic_2EZERO))< False) A(((p (ap (ap c2Earithmetic_2E_3C_3D
(ap c_2Earithmetic_2EBIT2 VOn)) c_2Earithmetic 2EZERO))< False)A
(((p (ap (ap c-2Earithmetic2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic_2EBIT1 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) V1im))A(((p (ap (ap c-2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c_2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) Vim)A(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic2EBIT1 V1m)))<(=(p (ap (ap c-2Earithmetic.2E_3C_3D
V1im) VOon))))A((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D

VOn) V1im)))))))))))

(60)

Assume the following.
(VVOt € 2.((=(—=(p VO1)))=(p VOL))) (61)

Assume the following,.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (62)

Assume the following.
(VV0A € 2.(WVV1B € 2.(((—((p VOA)V(p V1B)))=False)& 63
(((p VOA)=False)=((—(p V1B))=False))))) (63)

Assume the following.
(VV0A € 2.(WVV1B € 2.(((—((—=(p VOA))V(p V1B)))=False)= (64)

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (65)

Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)<(
(p Vig)e(p V2r)))=(((p Vop)v((p Vig)V(p V2 (
Vv
(=

p V2r))V(=(p V1g)A(((p V1g)V((=(p V2r))V(
((=(p V1g))v(=(p VOp))))))) )))
(66)
Assume the following.
(VVOp € 2.(WV1qg € 2.(VV2r € 2.(((p VOp)&=(
(p V1igA(p V2r)))<(((p VOop)V((=(p V1g)V(=(p V2r))))A((p V1g)

(=(p VOp)))A((p V2r)V(=(p VOp))))))))) )

67
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Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A
((p V1ig)V((p V2r)V(=(p V0p)))))))))) )

Assume the following.

(VWop € 2.(VV1g € 2.(((p VOp)&(=(p V1g)))=(((p VOp)V

(p V1) A(~(p V1g)V(~(p VOR))))) (69)

Theorem 1

(VV0a € (ty_2Erealax_2ErealtV-2Enum-2Enum) (yy/ 14 ¢
ty 2Erealax_2Ereal.(NV2y € ty 2Erealax_2Ereal.(NV3n €
ty 2Enum_2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic 2EZERO))) V3n))=(
(ap (ap c_2Ereal 2Ereal_sub (ap (ap (c_2Eiterate_2ESum ty_2Enum_2Enum)
(ap (ap c2Eiterate 2E_2E_2E c¢_2Enum_2EQ) V3n)) (A\V4i € ty_2Enum_2Enum.
(ap (ap c2Erealax_2Ereal__mul (ap V0a V4i)) (ap (ap c2Ereal 2Epow
Viz) V4i))))) (ap (ap (c_2Eiterate_2ESum ty_2Enum_2Enum) (ap (
ap c_2Eiterate_2E_2E_2E c_2Enum_2E0) V3n)) (AV5i € ty_2Enum_2Enum.
(ap (ap c2Erealax_2Ereal__mul (ap V0a V'57)) (ap (ap c-2Ereal_2Epow
V2y) V51))))) = (ap (ap c2Erealax_2Ereal__mul (ap (ap c_2Ereal 2Ereal__sub
Viz) V2y)) (ap (ap (c_2Eiterate_2ESum ty_2Enum_2Enum) (ap (ap c_2Eiterate 2E 2E 2E
c_2Enum_2EQ) (ap (ap c2Earithmetic2E 2D V3n) (ap c_2EarithmeticZ2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic 2EZERO))))) (A\V65 €
ty_2Enum_2Enum.(ap (ap c-2Erealax_2Ereal__mul (ap (ap (c_2Eiterate_2ESum
ty 2Enum_2Enum) (ap (ap c_2Eiterate_2E_2E_2E c_2Enum_2E0) (ap
(ap c2Earithmetic 2E 2D (ap (ap c2Earithmetic2E 2D V3n) V6j))
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1 c_2Earithmetic_ 2EZERQ)))))
(AVTk € ty_2Enum_2Enum.(ap (ap c_2Erealax_2Ereal__mul (ap
VO0a (ap (ap c2Earithmetic.2E 2B (ap (ap c2Earithmetic2E_2B
V6§) VTk)) (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO))))) (ap (ap c-2Ereal 2Epow V2y) V7k)))))
(ap (ap c2Ereal 2Epow V1x) V65)))))))))))
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