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Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V

Definition 3 We define c 2Ecombin_2EK to be AA_27a : t. N\A2Tb : 1. (AV0x € A 27a.(A\V1y € A27b.V0x))

Definition 4 We define c_2Ecombin_2ES to be AA_27a : 1. AA27b : 1. AA27c: 1. (AVOf € ((A,27CA*27Z’)A7276

Definition 5 We define c_2Ecombin_2E| to be AA_27a : 1.(ap (ap (c_2Ecombin 2ES A 27a (A 27a”-2™) A_
Let ty 2FEhreal 2Ehreal : ¢ be given. Assume the following.

nonempty ty_2Ehreal 2Ehreal (1)
Let ty_2FEpair_2Eprod : t1=>t=>t be given. Assume the following.

YV AO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)

(2)
Let ty 2Erealax_2Ereal : ¢ be given. Assume the following.
nonempty ty_2Erealax_2Ereal (3)
Let c2FErealax 2Ereal _REP__CLASS : . be given. Assume the following.

c2Frealax 2Ereal__REP__ CLASS € ((2(ty,2Epair,2E;m“od ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,2Erealaac
(4)

Definition 6 We define c 2Emin_2E_40 to be AAAP € 24.4f (32 € A.p (ap P 7)) then (the (\z.x € AAp
of type L1=>t.

Definition 7 We define c_22Ebool 2E_21 to be A\A_27a : t.(A\VOP € (24-27%)(ap (ap (c.2Emin_2E_3D (24-27

Definition 8 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2Erealax_2Ereal.(ap (c.2Emin_2E_40 (ty



Let c.2Erealax_2Etreal__add : . be given. Assume the following.

c2Erealax_2Etreal__add € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,2Ehreal,2Ehreal) (ty_2Epair_2Eprod ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Ehi

()

Let c.2Erealax_2Etreal__eq : ¢ be given. Assume the following.

c2Erealaxr_2Etreal eq € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,QEhreal,QEhreal))(ty,ZEpair,2Eprod ty_2Eh

(6)
Let c2Erealax 2Ereal __ABS__CLASS : 1 be given. Assume the following.

Q(ty,QEpa'M‘72Ep7‘od ty-2FEhreal_2Ehreal ty_2Ehreal _2Ehn

(7)
Definition 9 We define c_2Erealax_2Ereal__ABS to be A\VOr € (ty_2Epair 2Eprod ty_2Ehreal 2Ehreal ty_

c2Erealax 2Ereal__ABS_CLASS € (ty2Erealax_2Ereal

Definition 10 We define c_2Erealax_2Ereal__add to be A\VO0T'1 € ty_ 2Erealar 2Ereal \V1T2 € ty 2FEreala

Definition 11 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 12 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €

Definition 13 We define c_2Eiterate_2Eneutral to be AA_27a : t. AV 0op € ((A,27aA*27“)A727a).(ap (c_2Emin

Definition 14 We define c_2Ebool 2EF to be (ap (c2Ebool_2E_21 2) (AVO0t € 2.V 0t)).

Definition 15 We define c_2Ebool 2E_TE to be (AVO0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool _2E
Definition 16 We define c 2Ebool 2EIN to be AA27a : 1. (A\VO0z € A 27a.(A\V1f € (24-27%).(ap V1f VOx)
Let c2Epair 2EABS __prod : 1=1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod
2 A_27a
A27a A27b € ((ty_2Epair 2Eprod A_27a A_27b)(2"™) 7 )
(8)
Definition 17 We define c 2Epair 2E 2C to be A\A27a : t. \A27b : 1. AV O0x € A2Ta AV 1y € A27b.(ap (c2
Let c2Epred__set 2EGSPEC : 1=1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((2.4,27(1)((ty,?Epair,QEprod A_27a 2)A*27b))

(9)
Definition 18 We define c_2Eiterate_2Esupport to be AA_27a : t. AA_27b : 1t.AVQop € ((A,27bA*27b)A727b)./\$
Definition 19 We define c_2Ebool 2ECOND to0 be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(

Definition 20 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €



Definition 21

Definition 22

Definition 23

Definition 24

Definition 25

Definition 26

Definition 27

We define c_2Epred__set 2EINSERT to be AA_27a : t.AV 0z € A27a.AV1s € (24-27%) (ap (c-

We define c 2Epred__set 2EEMPTY to be AA_27a : 1. (A\VOx € A_27a.c_2Ebool_2EF).

We define c 2Epred__set 2EFINITE to be AA_27a : t.AV0s € (24-27).(ap (c_2Ebool 2E_21 (2

We define c_2Eiterate 2EITSET to be AA_27a : t.AA27b : LAVOSf € ((A27a427)" ™) Av:

We define c_2Eiterate_2Eiterate to be AA_27a : t.AA_27b : L. AVOop € ((A2764270") 2y

We define c_2Eiterate 2ESum to be AA_27a : v.(ap (c_2Eiterate_2Eiterate A_27a ty_2Erealax

We define c2Ebool 2E_3F to be NA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40

Let c2Erealaxr_2FEtreal It : « be given. Assume the following.

c2FErealax 2Etreal__lt € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,QEhreal,QEhreal))(ty,2E'pair,2Eprod ty_2Ehi

Definition 28

Definition 29

(10)
We define c_2Erealax_2Ereal__It to be \VOT'1 € ty_ 2Erealar 2Ereal \V1T2 € ty 2Erealax_

We define c_2Ereal_2Ereal __lte to be A\VO0x € ty_2FErealax_2Ereal \V 1y € ty_2FErealax_2Er

Assume the following.

True (11)

Assume the following.

(VVOt1 € 2.(VV1#2 € 2.(((p VOt1)=(p V1t2))=(((p

Assume the following.

Assume the following.

Assume the following.

V112)=(p VOI)=((p VOIL )& (p V112))))) (12)
VAJ?@.noZ?;n?Zt'%pA‘}%z;l)Z (Z)V‘(/)g Sﬁ.((\ﬂ/u € (13)
(Y0t € 2.(((p VOt)= False)=(~(p V01)))) (14)
(YVOt € 2.((~(p VOt)=((p VOt)= False))) (15)

Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO))A((((p VOt)=True)<
True)A((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A((  (16)

(p VOt)=False)=(=(p V01))))))))



Assume the following.

((VVOt € 2.((=(=(p VOt)))=(p VO)))A(((—True)<False) A
((mFalse)=True)))

Assume the following.

VA_27a.nonempty A27a=VV0x € A27a.(V0x = V0z)&
True))

Assume the following.

VA_27a.nonempty A27a=NVV0zx € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p VOt))
(p VOO)A(((Falses(p VOt))<(—(p VOt)))

p V0i)))))))

((((p VOt)yeTrue)=

N
A(((p VOt)=False)<(—(

Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).((~(VV1x €
A27a.(p (ap VOP Vx))))=(3V2z € A27a.(—(p (ap VOP V2z))))))

Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%) ((-(3V 1z €
A27a.(p (ap VOP V1z))))=(VV2 € A27a.(=(p (ap VOP V2z))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € 2.(vV1Q € (
24-27a) (((p VOP)A(YV 2z € A27a.(p (ap V1Q V2x))))=(VV 3z €
A27a.((p VOP)A(p (ap V1Q V31)))))))

Assume the following.

VA 27a.nonempty A_27a=(YVOP € (24-272).(VV1Q €
2.(((3V2z € A27a.(p (ap VOP V2z)))V(p V1Q))=(IV3zx €
A27a.((p (ap VOP V3z))V(p V1Q))))))

Assume the following,.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € (
24-27a) (((p VOP)V(3V2z € A27a.(p (ap V1Q V22))))=(3V3x €
A27a.((p VOP)V(p (ap V1Q V3z)))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € (24-277).(VV1Q €
2.((3V2z e A27a.((p (ap VOP V22))A(p V1Q)))=((IV3z €
A27a.(p (ap VOP V3z)))A(p V1Q)))))

(22)

(24)



Assume the following.

VA 27a.nonempty A27a=(VV0Q € 2.(WVV1P € (
24-27a) ((VV2z € A 27a.((p (ap V1P V2z))V(p VOQ)))=((VV3r € (27)
A27a.(p (ap V1P V3z)))V(p V0Q)))))

Assume the following.

VA_27a.nonempty A 27a=(VVOP € 2.(WV1Q € (
24-27a) ((YV2z € A 27a.((p VOP)V(p (ap V1Q V2x))))<=((p (28)
VOP)V(VV3z € A27a.(p (ap V1Q V3x)))))))

Assume the following.

(VVO0A € 2.(YW1B € 2.(vV2C € 2.(((p VOA)V(

(v VIB)V(p V20)) = (((p VOAN(p VIB)V(p V2O)))
Assume the following.
(VV0A € 2.(YW1B € 2.(((p VOAN(p V1B))s=((p V1B)V (30)

(p V0A)))))

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)A(p V1B)))<=((—(
p VOA)V(=(p V1B))))A(=((p VOA)V(p V1B)))=((=(p VOA)A(=(p Vl(B);)))))
31
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOP € ((24-270)4-27) (VW 1z € A 27a.(3V2y €
A27b.(p (ap (ap VOP V1z) V2y))))=(3V3f € (A2764-272) (
YVdx € A27a.(p (ap (ap VOP Vdzx) (ap V3f V4x)))))))

(32)

Assume the following.

VA_27a.nonempty A27a=(VYV0x € A27a.((ap (c_2Ecombin_2El

A27a) VOx) = VOx)) (33)

Assume the following.

VA 27a.nonempty A27a=(VVOf € (ty_2Erealar 2Ereal*-*7?).
(YV1g € (ty_2Erealar_2Ereal-27%).(VV2s € (24-279),
(((p (ap (c2Epred__set_2EFINITE A_27a) V2s))A((VV3z €
A27a.((p (ap (ap (c.2Ebool 2EIN A_27a) V3x) V2s))=(p (ap (ap c2Ereal_2Ereal__lte
(ap VOf V3x)) (ap V1g V3z)))))A(BV4x € A27a.((p (ap (ap (c-2Ebool 2EIN
A_27a) V4z) V2s))A(p (ap (ap c2Erealax_2Ereal__It (ap VOf V4z))
(ap V1g V4x)))))))=(p (ap (ap c_2Erealax_2Ereal__It (ap (ap (c-2Eiterate 2ESum
A27a) V2s) VOf)) (ap (ap (c_-2Eiterate 2ESum A_27a) V2s) V1g)))))))
(34)



Assume the following.

VA 27a.nonempty A 27a=(VV0s € (24-27%) ((FV1z €
A27a.(p (ap (ap (c-2Ebool_2EIN A_27a) V1z) V0s)))<(—~(V0s = (c-2Epred__set 2EEMPTY
4.27a)))))
(35)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV1y € ty_2Erealax_2Ereal.
((p (ap (ap c2Erealax_2Ereal__It VOx) V1y))=(p (ap (ap c_2Ereal 2Ereal __lte
Voz) V1y)))))

(36)

Assume the following.
(VVOt € 2.((=(=(p VOt)))=(p VOL))) (37)

Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (38)

Assume the following.

(VV0A € 2.(WVV1B € 2.(((—((p VOA)V(p V1B)))=False)&

(((p VOA)=False)=((~(p V1B))=False))))) (39)

Assume the following.
(VV0A € 2.(WV1B € 2.(((=((=(p VOA))V(p V1B)))=False)= (40)

((p VOA)=((~(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (41)

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)&(
(p Vig)e(p V2r)))e(((p Vop)V((p Vig)V(p V2r)))A(((p VOp)V((—(
p V2r))V(=(p V1g))A(((p V1V ((—(p V2r))V(=(p VOp))))A((p V2r)V
((=(p V1g))V(=(p VOp)))))))))))
(42)
Assume the following.
(VVOp € 2.(vW1q € 2.(VV2r € 2.(((p VOp)=(
(p V1igIn(p V2r)))=(((p VOop)V((=(p V1g))V(=(p V2r))))A(((p V1g)V
(—=(p VOp)))A((p V2r)V(=(p VOp))))))))) "

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A
((p V1ig)V((p V2r)V(=(p VO0p))))))))))



Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)=(
(p V1ig)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V(=(p V2r)))A((  (45)
=(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(» V1g)A((p V1)V (~(p VOp)))))) (46)

Theorem 1

VA _27a.nonempty A27a=(YVOf € (ty_2Erealax_2Ereal-27).
(VV1g € (ty 2Erealax 2Ereal-27%).(VV2s € (24-272),
(((p (ap (c-2Epred__set 2EFINITE A_27a) V2s))A((—(V2s = (c_2Epred__set 2EEMPTY
A27Ta))A VYV 3z € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a)
V3zx) V2s))=(p (ap (ap c_2Erealax_2Ereal__It (ap VOf V3zx)) (ap Vg
V3x)))))))=(p (ap (ap c2Erealax_2Ereal__It (ap (ap (c-2Eiterate_2ESum
A27a) V2s) VOf)) (ap (ap (c_2Eiterate_2ESum A_27a) V2s) V1g)))))))



